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litaka-Viehweg Conjecture and Riemann Conjecture

Kazuhisa Machara at Kurashiki

March 17, 2020

Abstract

In this article we recall the theory of the absolute Galois and LGalois groups for the
reader:s convenience. We give some supplement to the proof of litaka-Vieweg conjecture,
which equips a proof of extended case characteristic positive. We take an endeavour to

prove Riemann conjecture.

This paper is dedecated to professor emeritus litaka for celebration of 77 years old. litaka-
Viehweg Conjecture was his central theme for classification of algebraic varieties. He told the

author to solve Riemann Conjecture some 30years ago.

1 LGalois Theory

Let k be a field and €2 a separably closed extension of k with infinite separant transcendent
degree over k. Let K be a separable extension of k in (2. Let I' be the automorphism group of
27 which consists of all the automorphisms of 2} fixing k. A transcendent extension separably

closed over k is said to be LGalois extension of k£ and its k-automorphism group LGalois group.
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Let LGal(£2;/k) be LGalois group. One equips €25 with discrete topology and the set (Q3)% of
mappings from 27 to itself with product topology, topology of simple convergence in €2;.

Let z1,--- ,x, be separant transcendent elements over k for Q; and k(zy,---,x,) a pure
transcendent extension of k. Let A be the set of subextension of (2] such that they are extensions
of finite type over k, say, k(z1,--+ ,z,). For 0 € I' and E € A, Ug(o) denotes the set of 7 € I’
which has the same restriction on E that ¢ has. Thus Ug(c)gepn forms a base of filter of
neighborhood of ¢ € I'. Let A be a part of . A is open if and only if for any o € A there
exists an £ € A such that Ug(c) € A. The algebraic closure A of A consists of ¢ € I' such
that for any field E € A in the algebraic closure of the A-invariant field ((€23)4) in 3, there
exists 7 € A such that 7 € Ug(o). Hence the invariant fields of A and A are to be identified.
Note that the algeraic closure of A and the maximal fixed group of ((£2;)4) are identical. Let €
be the unit of I'. Let A’ be the set of LGalois subextension of €2} of finite type over k. The set
A’ is cofinal in A and the family of (Ug(€))geas is a base of filter of neighborhood of € in I'. For

E € N, the set Ug(e) is the kernel of the restriction homomorphism LGal(€2} /k) — LGal(E/k):

1 — Ug(e) — LGal(Q /k) — LGal(E/k) — 1

One has Ug(o) = oUg(€) = Ug(e)o for 0 € T' and E € A'. Since Ug(e) is a normal
subgroup of I' for every £ € A’ and since the family (Ug(€))geas is a base of neighborhood of e,
the topology of T' is compatible with the structure of group. In other words, (o,7) — o771 of
['x ' — T is continuous. If 7 € NgepaUg(o) and if there exists x € 2 such that o(z) # 7(z),
then there exists F' € A such that o(x) # 7(z) for € E. Note that we should have defined a

concept analogous with quasi-Galois.

Proposition 1.1. NgeaUg(0) = {o} The topology is separated.
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Each fibre of the projection of the graph
I C ()%
is Qf. If u is adherent to T', then for each couple (z,y) of 2, there exists o € I such that
wr) =o(x)  uly)=oly)  ulrty) =ole+y)  ulry)=o(zy)
Since ¢ is a homomorphism, one has
u( +y) = u(z) +uly), ulry) = u(z)u(y)

On the same argument, u(z) = = for x € k. Hence u is a homomorphism and (2} is separably
closed over k. Thus u is a k-automorphism of %, so u € I'. Hence I is closed in (£2;)%. Note
that every field is the increasing filtrant union of the subfields of finite type over the prime

field. Recall the following proposition.

Proposition 1.2. Let E be an extension of a field k and B a base of transcendence of E over

k. E is of finite type over k if and only if B is finite and the degree [E : k(B)] is finite.

Let L be a LGalois extension of k and L; an increasing filtrant family of subextensions of
L. Assume L, are LGalois extensions of k£ and assume L = U;L;. For each ¢ € I I'; denotes

LGalois group LGal(L;/k). For i < j in I one has L; C L; and one has the restriction

which are continuous homomorphisms. The family (I';, ¢;;) is a projective system of topological

groups.



Here ()\;) ia a family of continuous homomorphisms. There exists a homomorphism A : I" —
lim I'; by definition of projective limit. Let u = (u;);c; be an element of imI';. For ¢ € I w; is
a k-automorphism of L; and wu; is the restriction of u; to L; for « < j. Since L = U;L;, there
exists a unique element o € I" such that o(x) = u;(x) for x € L;. Thus A is a bijection. We say

an LGal group is a pro-Cremona group.

Proposition 1.3.

[' ~limI
Fundamental Theorem of LGalois theory:

Theorem 1.1. Let L be a LGalois extension of k and I' its LGalois group. Let K be the set of
subextensions E of L such that L/E are separable and G the set of closed subgroup of I'. For
each subgroup A € G, k(A) denotes the invariant field of L by A and for E € K g(E) denotes
the group of E-automorphism of L. Then A — k(A) is a bijection of G to K. E — g(F) tis
an inverse bijection of KK to G. For E € K, LGal(L/FE) is an algebraically closed subgroup of
LGal(L/k) with an induced topology. For a subgroup A of I, Let E be the invariant field of
A.Then the LGalois group of E is the closure of A in I'. Let M be the set of subextensions of
L such that if u : E ~ E’ then transcendent degrees of L over E and E’ should be the same.

Let E,F € M.

al.close inc

Hom;"(E,F) ~ Hom C/*(LGal(L/F),LGal(L/E))

where the left homomorphisms are field separable injections and the right homomorphism are
continuous algebraically closed inclusions. Note that we consider an fived algebraically closed
field containing all fields in the category of fields and on the other hand an fixed topological
group LGalois group containing all topological group LGalois groups in the category of LGalois
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al.close inc

groups. In Hom;”(E, F), F is to be abstract, in  Hom VCAE/K)(LGal(L/F),LGal(L/E))

LGal(L/F) is to be abstract.

Proof. Let a field E € K. When [L : E] < oo, it comes from usual Galois theory, we assume
[L : E] = co. Let Gg = g(E) be the algebraic closure of a subgroup of I' which makes F
invariant and E’ the fixed field by Gg. Clearly, E C E’. Let Lg be the algebraic closure of E
in L and GéE the restriction of Gg on Lg. Note that rest : Gg — GéE is surjective. In Ly we
have £ = E'|,,, by virtue of Galois theory. If £’ is algebraic over E, E'|, = E’. If E' is not
algebraic over F, then there exists trnscendent elements in E' over E. However, they are not
invariant by the definition of LGalois group. Thus £’ = E. Next let A be a group in G and
kE(A) the fixed field by A. Let G = g(k(A) be the algebraic closure of the group which makes

k(A) invariant. A is contained in G. Since A is closed, O

The category whose objects are the subfields of a fixed separably closed field of a ground
field such that it is separable over each subfield and whose morphisms are separable inclusions is
equivalent to the category whose objects are algebraically closed subgroups of the automorphism
group of a fixed separably closed field over a ground field and whose morphisms are algebraically
closed inclusions. Let k be the ground field and K a geven field in QF. Assume that K
is separable over k. Let G be the absolute LGalois group LGal(/K) fixing K, which is an
algebraically closed subgroup of I' = LCal(/k). Let a be an automorphism of K over k, which

can extend to Qf. Then one has a group homomorphism G — aGa™'.

This homomorphism
corresponds to a € Auty(K). Conversely, let Np(G) be the normalizer of G in I'. Let g € Np(G).
A group homomorphism G' — gGg~! modulo G — Gal(/k). induces an automorphism of the
field K over k. One has

Aut(K), ~ Nr(G)/(G — Gal(/k)
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In particular, one has

Aut(K); < Aut(G)/Inn(G) = out(G)

Note that the left inclusion is strict, which is important.

Let M be an extension of K in €2}. One has a commutative square:

LGal(/M) — LGal(/K)

i i

Gal(/M) — Gal(/K)

Here the two vertical arrows are surjections and the upper horizontal arows is injection. The

lower one is a composite as a surjection before an injection.

2 Iitaka-Viehweg Conjecture

We add a supplement to a proof of litak-Viehweg Conjecture.

We apply this to the case:

Let S be a variety over an algebraically closed field k£ and X, Y S-varieties. Assume
X =Xy x Sand f; X — Y a dominant rational map over S and that each fibre of Y/S is of
Kodaira dimension > 0. Let I, £ and G be topological groups the absolute Galois group, the
absolute LGalois groups assosiated to the generic points of S, Y and the general generic fibre
of Y/S. Then E has a section as groups over I'. Then FE corresponds to an extension of I' by
G, which is a member of H'(T', (G — Aut(G)). Since E has a group section, it represents a

member H'(T', Aut(G)), which maps to H*(T', Out(G)). However one has
Aut)(K) = Nr(G)/G

Hence an argument well-known implies that the member of the section is a trivial in H' (T, Out(Q)).
Thus the member of section in H*(T', Aut(G)) is purely in Inn(G)). Therefore it is ' — 1 €
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Aut(G). F is already semi-direct product I' and G and the action of I on G is trivial, which
implies that E is trivial.

In general, given a commutative triangle

X Y

N,

S

Speck

we see Mochizuki’s theorem:
Homgpeo(k(s) (Speck(X), Speck(Y)) =

Hom 1 x(s)) (Gal(/k(X)), Gal(/k(Y)))/Ker(Gal(/k(Y)) — Gal(/k(S))

Here k(S), k(X), k(Y) are p-subadic fields. Restrict this diagram over the algebraic closed field
k.

Consider the adjoint functors between the category of the spectra of finitely generated
fields over k and that of the profinite groups over the absolute Galois group of k. Mochizuki’s
theorem gives us the adjoit functor theorem which equips Monoids and Comonoids. The pull-
back functor induced by the morphism Speck — Speck gives arrows between Monads and
Comonads.

The argument above is valid for the absolute Galois groups instead of the absolute LGalois

groups. Let I' = Gal(/k(S)), G = Gal(/k(Y)). Hence one has
Aut}(K) = Nr(G)/G

One obtains the next proposition.
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Proposition 2.1. Let k be an algebraicaly closed field and S, X, Y wvarieties over k. Assume
f: X =Y is a dominant rational map over S and that the general generic fibre of Y/S is of

Kodaira dimension > 0. Then

var(X/S) > var(Y/95)

Theorem 2.1. Let k be a field and S, X proper smooth varieties over k. Assume f: X — S
is a separable connected surjective morphism defined over k and that the general generic fibre

of X/S is of Kodaira dimension > 0. Then for some m >0
/i(dAetf*w;@é%) > var(X/9)

Proof. Viehweg says that the assertion with var(X/S) = dim S implies the general one. Assume
var(X/S) = dim S.

In case of characteristic 0;

There is a generically surjective morphism X — Pg, where Ps is a pull-back of P, which is a
projective space over k. Take a general hyperplane Hp, of P, and Hp, the pull-back of Hp, to
Ps. We get a cyclic or Kawamata cover X’ of X with respect to Hy which is a pull-back of
Hg to X. The general generic fibre of X’/S is of general type.

In case of characteristic p > 0;

Since k(X)) is a separable extension of finite type over k(S), there exist a transcendent basis
xy, -, &, of k(X)) over k(S) such that £(X) is a separable finite extension of k(S)(z1, -, x,).
We have a dominant rational map from X to Psg, which is defined except a locus of codimension
2. By cyclic cover X with respect to the pull-back of a hyper-plane, we get a smooth variety
X' such that X'/S is of general type after an alterlation generically etale over X{.

In both case X'/S is of general type, the theorem is valid. Since var(X’/S) > var(X/S) =
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dim S, So x(det wa,/S) dim S. One has for some m > 0
wX, s = > Ax
where A is an ample divisor on S and Ay is the pull-back of A onto X’. One has
wX/S(HX) > Ox(Ax)
Since fi(w$: 75)(rA) has a global section, w?};”s(rA) has a global section. Hence
w?}%(TAX + Hy) > Ox((r+1)Ax)

Note that x(X;) > 0 impliess a power of wx/g does not need Hx and some power of wy/g is
effctive. Let LGal(/k(S)) denote the absolute LGalois group of k(S) by Gs. Act this group
birationally on the invertible sheaves w}@}%(rAX + Hx) and Ox((r + 1)Ax). Then the fixing
parts implies
(WiTs(rAx + Hx))%s > (Ox((r +1)Ax))%s
and
(wis(rAx + Hx))%s = (W{]s(rAx))"s

(Ox((r +1)Ax))"s = Ox((r + 1)Ax))

since Hx does not have any part at all fixed by Gg even if H = X decomposes itself. Thus

WX/S(TAX) > Ox((r+1)Ax)
Therefore one gets the assertion. ]

Definition 2.1. Let k be a field, S, X schemes over k. Let f : X — S be a surjective
connected morphism. Let the automorphism group over S denote Auts(X). When for any
generically surjective morphism S" — S, Autg (Xg ) has the structure of a group scheme locally
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of finite type over k,i.e., with at most countable connected components over k, we say that X/S

has geometrically locally algebraic automorphism group.

Instead of the etale morphisms we made use of the reduced morphisms and denote the
topological group w.r.p reduced morphism by I1(X) for a scheme X. We consider a presheaf of

a scheme X which is equiped with the strongest topology and we denote it by II.

Proposition 2.2. Let k be a field, S a k-scheme and X, Y reduced schemes over S. Assume
f: X =Y a geometrically surjective separable morphism over S and that all fibres Y/ S are of

Kodaira dimension >0 or X/S has geometrically locally algebraic group.. Then
var(X/S) > var(Y/95)

litaka proved that the proper birational automorphism of an open variety of Kodaira di-

mension |geq0 is an algebraic group.

Theorem 2.2. Let k be an algebraically closed field of characteristic 0. Let S°, X° be a
smooth Iitaka open varieties over k. Let f°: X° — S° be a connected surjective morphism over

k. Assume X°/S° has a general generic fibre of Kodaira dimension > 0. Then for some m > 0
k(det f.(Ox(m(Kx + Dx — f*(Kg + Dg))) > var(X°/5°)
where X, S are compactifications of X°, S° and where Dx = X \ X°, Dg =S\ 5°.

Note that for a noetherian scheme S, a proper flat morphism X/S has a locally algebraic
group scheme with at most countable number of connected components and that the automor-
phism group of a compact complex manifold is a Lie group.

As for non-commutative rings, it is known that a skew field which satisfies Ore condition
has an algebraically closed extension. A differential field is an example.
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3 Fj-schemes

We denote by Sets, Ab, C'Ring respectively the categories of sets, abelian groups and commu-
tative unitary rings. Let Mo denote the category of commutative monoids denoted multiplica-
tively with an absorbing element 0. A morphism ¢ : M — N in Mo is a homomorphism of
monoids with ¢(1) = 1, ¢(0) = 0. Given a commutative group H € Ab we set F1[H|] = HU{0}.
The collection of monoids like Fy[H] for H € Ab forms a full subcategory of Mo isomorphic to

the category of abelian groups.

Definition 3.1. To a monoid in Mo one associates a functor from Mo to Sets:
spec M : Mo — Sets N — Mo(M,N)

The functor 5 : Mo — CRing is defined (M) = Z[M] where the last ring is given by
the convolution ring. The right adjoint * : CRing — Mo is defined f*R = R. Consider
each monoid is a category and give Ab-richement together with the forgetful functor.. Then
the argument above by Alain Conne holds. Take the category of subfields of 2g and apply the
forgetful functor 5* to the category into Mo. The topological automorphism group of 5*(2q
contains LGal(£2g/Q) and is bigger that it. And we can define the topological group associated
to every submonoid of 5*()p fixing it and closed in a certain sense, which we call the absolute
F1-LGalois group and denote it by F1LGal(/M) where M is a submonoid. and the topological
groups associated to the usual absolute Galois groups can also be defined which we call the
absolute Fi-Galois group and denote by F1Gal(/M). Let X, S, F be varieties over fields k and
an algebraically closed field k(S), respectively. Assume f : X — S is a surjective connected

(separable) morphism and F is a general generic fibre of X/S. By forgetful functor we have

three extended abelian groups in Mo Ry, Rg, Rp, respectively. Apparently, we have an exact
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sequence:

Rs%Rx—)RF

FyGal(/3°R(S) (F)) < FiLGal( /8 K(S)(F))

|

F,Gal(/8k(X)) F,LGal( 16’%()())
F,Gal(/B8k(S)) F,LGal(/B8°k(S))
1

where the vertical arrows on the left side are exact sequence, the horizontal arrows are surjective
and the vertical arrows on the right side are injective. Applying the left adjoint of the forgetful
functor and another homomorphism to each group in Mo, we have three function fields k(X),
k(S), and k(S)(F), respectively. Thus given co-schemes X, S, F', we have many adjoint couples

and the corresponding topological groups. The diagram just like one above appears in each

stage of underlying schemes of oco-schemes.

4 Riemann Conjecture

In this section we work over the complex number field. Given a matrix A we have the eigen
polynomial P(X) of A. Then P(X) has A as a root, i.e., P(A) = 0. Conversely, given a
polynomial P(X), we have a matrix A which has P(X) as the eigen polynomial. Furthermore

the similar matrix PAP~! where P is a regular matrix has P(X) as the eigen polynomial,

Definition 4.1. A C*-algebra is a Banach algebra(A, || —||) over a topological field K (often

the field C of the complex numbers) equipped with an involution (—)* compatible with complex
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conjugation if a Banach star-algebra that satisfies the C*-identity
[|AA™[| = [[A][[|A™]
of complex numbers) equipped with an involution (—)* or equivalently the B*-identity
| AA™[| = [|A]?

A homomorphism of C*-algebras is a map that preserves all the structure. For this it is sufficient
for it to be a star-algebra homomorphisms. C*-algebras with these homomorphisms form a

category C* Alg..

Remark 4.1. C*-algebra is called C*-system if it is equipped with the action of a group by

automorphisms of the algebra.

Gelfant-Naimark says that every C*-algebra is isomorphic to a C*-algebra of bounded linear
operators on a Hilbert space, Note that a bounded operator is namely a continuous operator.
The complete Riemann zeta f satiesfies the action s — 1 — s and the complex conjugate
s — 5. Let ¢ be (s — 1)6 . It is a holomorphic function. Let A be an operator of a concrete
C*-algebra such that it is an infinite matrix whose elements are only consisted of diagonal
elements where there are distinct roots of the complete Riemann zeta function. We consider a

C*-algebra generated by roots of ¢ in the form of B(H).

Theorem 4.1. Let K be a commutative field. Let A and B be two K-algebras, Z(A) and
Z(B) their centers. Suppose that the algebra B is of finite degree over K and that the algebra
Z(A)®k Z(B) is a field. Let f and g are K-algebra homomorphisms from B to A. Then there

exists an inner automorphism 0 of A such that

g="0(f).
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Gelfant-Naimark theorem says this algebra is also a concrete C*-algebra. The automorphism

group of this C*-algebra does not admit a center.
Example 4.1. Any algebra M,,(C) for all integers n is C*-algebra.

Remark 4.2. Refer to automorphism of GL,(C). transactions of american mathematical so-
ciety volume 215 1976.

A(M) = x(M)PM° P!
A(M) = x(M)PM* P!
Here o denotes an automorphism of C and % a transposed inverse.

[Bourbaki A VIII 250] Let K be a commutative field. Let A and B be algebras. For a
homomorphism f : B — A, we denote by A/ the (B, A)-module where the right A-module is

A, and the action of the left B-module is given by (b,a) — f(b)a where a € A, b € C.
Lemma 4.1. Let f and g be homomorphisms B — A. The following are equivalent:

The (B, A)-modules A’ and A9 are isomorphic.

There exists an inner automorphism 6 of A such that
g="0(f)

Proof. The automorphisms of the right A-module A, are the mapping x — ax where a1A. This

mapping is B-linear mapping between A/ and A9 if and only if

This relation implies

for any b € B. That is g =60o f. ]
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We apply this lemma to the following situation.

Definition 4.2. Let Z be a functor from the category of C-algebras to that of sets.
Z: Alg/C — Sets
For R an object of the category of C-algebras
Z(R) = {s € RI¢(s) = 0}

Let M., be an C-algebra of infinite dimension and D, a subalgebra of M., consisting

diagonal matrices only.

Z(Doo)

is the set of diagonal matrices A whose elements are all the distinct roots of { = 0 and the
matrices in the form of PAP~! where P are the invertible matrices such that PAP~1! is diagonal.

We consider the next

Z(M-o)

which is the set of all matrices in the form PAP~! where P are invertible, where A is diagonal
matrices whose elements are all the distinct roots of ¢ = 0.
Define a subset of Z(M,,) such that PAP~! where P are invertible matrices with the

components of real numbers, which we denote by Z.Then
((PAP™YH) =0
Note that we also can consider the next
Z(B(H))

We have the automorphisms of Z as follows:
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(I) S+ PSP~! where P is an invertible real matrix
(I) S—1-S8
(III) S+ S where S is the complex conjugate.

We denote the group of these automorphisms by Aut(Z).

Note thta Aut(Z(My)) is a profinite group since thie group consists of inner action by the
profinite group M, plus involution and note that there exsits a subgroup Aut(Z) is a profinite
group since it is a closed subgroup of Aut(Z(My,))

We study the linear representation of this profinite group.

Note that Z is representable by C{S}/C.

Proposition 4.1. The second automorphism type II commutes with all the first automorphisms
of type I. Any first automorphism of type I cannot commute one another among them excet

trivial one. The third automorphis type III commutes with any one in Aut(Z).

Proposition 4.2. Let S be quasi-compact, quasi-separated, X, Y, of finite presentation over
S. The limits X and Y are isomorphism if and only if there exist A\ > « such that X, and
Y\ are isomorphisms. Moreover, for any S-isomorphism f : X — Y, there exist p > X\ and

S-isomorphism f, : X, =Y, such that f = f, x Is.
Example 4.2. Any algebra M,,(C) for all integers n is C*-algebra.

Proposition 4.3. Let D be a skew field, V' a left D-vector space, non necessarily finite, A a
ring Endp(V) and f an automorphism of A. Then there exist an automorphism o of D and a

bijective o-linear mapping w : V — V such that

fla) =uoaou™
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for any a € A.

Proof. Let K be a skew field, Va non-zero right K-vector space,and A a subring of Endg (V)
which contains all the endomorphisms of finite rank of V. Then V' is an A-simple module. p.41
Let A be a ring with a left minimal ideal I. Then every faithful simple A-module is isomorphic
to to A-module I.

Let V7 be the A-module the underlying additive group of which is V and the action is
equipped with (a,v) — f(a)v. Then there exists an A-isomorphism u : V — V/. uDu™! is
equal to the bicommutant of D-module V' and so it is D itself.

We have the commutative square:

V—=V

u u

Vf&)‘/f

]

Remark 4.3. There exists a finite group S, in M, (C) where n is a sufficiently large number

such that the centralizer of S,, in GL,(C) is {1}.

For AP € GL,(C), a map X — A™'P7'XPA = P'A'XAP for any X € S, implies
that [A, P] = APA™' P~ commutes X for X € S,,. Hence [A, P| = 1. We can consider
Aut(Z(Dy) is written by

S PSPt

where P is any invertible copmplex matrix which makes Z( Dy invariant, S +— 1 —.S and
the complex conjugate action. However the P is factered into DR where D is a diagonal
matriz and R is a real matriz such that RAR™' is diagonal. Hence PAP™' = DBD™! =

B where B is diagonal.
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When P is an image of an automorphism of Aut(Z) which forms type I, we take A to be a

non identy matriz such that [A, P] =1 for all P.

The automorphisms of M,(C) consist of the inner automorphisms and the automorphism

induced by the complex conjugete action only.

The image in Aut(M,,(C)) for sufficiently large n of representation of the automorphism type

II S+ 1— 8 should coincide with that of type III S — S.

Aut(Z(My)) can be embeded in the Aut(lim, M, (C)). And Aut(Z) can also be embeded in

the Aut(lim,, M, (C)).

Aut(2) Aut(lim,, M, (C))

Aut(M,(C))
[Bourbaki A VIII 250]
Let K be a commutative field. Let A and B be algebras. For a homomorphism f: B — A,
we denote by A/ the (B, A)-module where the right moA-module is A, and the action of the
left B-module is given by (b,a) — f(b)a where a € A, b€ C.

[Bourbaki A VIII 254]

Theorem 4.2. Let A be a semi-simple ring, Z its center and u an automorphism of A. Suppose
that A is a Z-module of finite type and that u(z) = z for any z € Z. Then u is an inner

automorphism.
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Example 4.3. Let V' be a vector space of finite dimension over a commutative field K. FEvery

automorphism of the K -algebra Endg (V') is inner. In particular every member of Aut(M,,(K))

1S inner.

Lemma 4.2. Let f, and g be homomorphisms B — A. The following are equivalent:
The (B, A)-modules A’ and A9 are isomorphic.

There exists an inner automorphism 6 of A such that

g="0(f)

Proof. The automorphisms of the right A-module A, are the mapping x — ax where a1A. This

mapping is B-linear mapping between A/ and A9 if and only if

This relation implies

for any b € B. Thatis g =600 f. ]
There exist adjoint functors L and U between the categories Group and Ring;:
Homping(C(G),C(H)) ~ Homgrou(G, H)

Hompging(L(G),C(H)) >~ Homgroup(G, U(C(H)))

One can embed every finite group into some general linear group.
Note that the complex numbers can be represeted by matrix and the action of complex

conjugate A — PAP~!.
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G —> M,(C)
at J{Ga
G —7 M, (C)
Here 6, is in the form X — PXP~!.
a —b
w= (1)
b a

W= 2)

The action above indicates the following first map, which means the complex conjugate

automorphism on M, (C).

SpecC — SpecC — GL,,

We conclude the following

Theorem 4.3.

l—s=35

We can propose another approach here.

Definition 4.3. Let Z be a functor from the category of C-algebras to that of sets.

Z: Alg/C — Sets

For R an object of the category of C-algebras

Z(R) = {s € R|((s) = 0}
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Let M, be an C-algebra of infinite dimension and D., a subalgebra of M., consisting
diagonal matrices only.

Z(Dx)

is the set of diagonal matrices A whose elements are all the distinct roots of ¢ = 0 and the
matrices in the form of PAP~! where P are the complex invertible matrices such that PAP~!
is diagonal.

Then

((PAP™Y) =0
Note that we have the automorphisms of Z(Dy) as follows:
(I) S+ PSP~! where PSP~! is diagonal.
(I) S—1-2S5
(III) S+ S

We can consider these automorphisms as a fundamental group and study the linear repre-

sentation of this profinite group directly instead of detour.
Note that Z is representable by C{S}/(.

Recall Lefschetz principle here.
Autg(Z(Da)) = Autg(Z(C))
Proposition 4.4. The second and third automorphisms commute with all the first automor-
phisms. Any first automorphism cannot commute all the others.
Definition 4.4. A field associated to Z over Q is defined to be

Q({s € Cl¢(s) = 0})
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Let K be the field defined above for Z over Q and G be LGal(/K).

Proposition 4.5. K has the three type automorphisms above.

We have the following isomorphism:

Ath<Z<(C)) ~ Ath(Z(DOO>>

Autg(Z(C)) ~ Autgy(Spec(K))
Autg(Spec(K)) ~ Aut®™(G)/ ker(G — TI)
Aut®?(G)/ ker(G = T') ~ Nyr(G)/ ker(G — I)

where I' = Gal(/Q), LT = LGal(C/Q).

One can embed every finite group into some general linear group. Hence we expect to

separate 0,(f) from f for any non identity element g € Nyp(G)/ker(G — T).

Proposition 4.6. Let S be quasi-compact, quasi-separated, X,, Y, of finite presentation over
S. The limits X and Y are isomorphism if and only if there exist A > « such that X, and
Y\ are isomorphisms. Moreover, for any S-isomorphism f : X — Y, there exist p > X and

S-isomorphism f, : X, =Y, such that f = f, x Is.

Example 4.4. Any algebra M,,(C) for all integers n is C*-algebra.

Note that since all matrices for commututing type II and III should have components of
real numbers, the automorphisms of the complex number field should have real number field as
the fixed field of the automorphisms. Hence the automorphism of the complex conjugate can

be admitted only.
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The following diagram contains a cocartesian sqaire.

Q({sl¢(s)})

(%
Note that an absolute Galois group Gal(f( /K) is large enough to contain the absolute

Galois group Gal(Q/Q) which is monstraously big like S,.

Remark 4.4. There exists a finite group S,, in M L, (C) where n is a sufficiently large number

such that the centralizer of S, in GL,(C) is {1}.

For A,P € GL,(C), a map X — AT'P71XPA = P YA XAP for any X € S,, implies that

[A, P] = APA™'P~! commutes X for X € S,,. Hence [A, P] = 1.

When P is an image of an automorphism of Z which forms type I, we take A to be a non

identy matriz such that [A, P] =1 for all P.

The image of representation of the automorphism type Il should coincide with that of type III.

Gal(K/K) can be embeded in the limit lim,, M L, (C).

Gal(K/K) = Gy lim,, M L,,(C)

ML,(C)
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The image of ker(Go — I') or ker(G — I') in ML, (C) is written by 1,,. If T1_s is represented
by A, then P4 = A~'PA would be in the same class P modulo I, for P € S,,. However
I, is a finite subgroup of the imege of Go. If nesessary, we can use Z(My,). Hence
PA = A~'PA would be in the same class P modulo I,, for P € Gl = L,,. It is impossible.

Thus The T_5 cannot be represented by a conjugate by a usual matriz A in GL,(C).

One can embed every finite group into some general linear group. Hence we expect to
separate 0,(f) from f for any non identity element g € Nip(G)/ker(G — I'). where I' =

Gal(/Q). Note that we can take
K = Q({sl¢(s) = 0})
We have the following cartesian squares:

LGal(C/Q)<— LGal(C/K) <——ker(G — I)

T

l
Gal(Q/Q) =—— Gal(K/K) < ker(Gy — T)
where I' = Gal(/Q).
Here G = LGal(C/K) and Gy = Gal(K/K). Hence for two automorphisms the complex
conjugate s — § and s — 1 — s in Autg(Z(C)), 7— and 71—, are representatives in Npr(G)
modulo ker(G — T'). Aut”"(G)/ker(G — I') ~ Nip(G)/ ker(G — T') where I' = Gal(/Q) and

LT = LGal(C/Q). Hence we have
Nir(G)/ker(G — T') =~ Aut”"(Gy)/ ker(Gy — T)

Moreover, if 7 and 7_, are mapped on the identity in the Gal(K/K) by the canonical
surjective homomorphism, then 7;_,7=! will be in ker(G — T'), which implies that they are
the same automorphism in Nyp(G)/ker(G — T'). Therefore it is enough to consider group
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representations from the absolute Galois group to general linear groups. Since the absolute
Galois group is profinite group, the image of linear representation is a finite group. But when
we consider all linear representations for M L, (C), two automorphisms induced by 7 and 71
are to be separated. Note that the complex numbers can be represeted by matrix and the

action of complex conjugate A — PAP™L,

¢ —L ML, ()

|k

G — ML,(C)

This map can be factored through the next

Go—2 ML,(C)

GO *fz MLn<C)
Here « is in the form « : 2 +— gzg™* for g € Nir(G)/ker(G — ') and 6, is in the form

X — PXP L

w = (4)
1LO|[b a|]10

where I' = Gal(/Q). The action above indicates the following first map, which means the

complex conjugate automorphism on ML, (C).
SpecC — SpecC — GL,

Proposition 4.7. Aut®™(G)/ker(G — I') are consisted of the automorphism induced by the
complex conjugate and g € G +— ogo= € G for some o € LGal(/Q).

43



We conclude the following

Theorem 4.4.
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B110 R(1.5)ETHBEBKNOIRZEEDOT —& 25T Hkk+

#11%, RASDREEEDT—XTHY, M1 1120777 Thb.

#1 ROAS)DREHE L A

=t =1 =1 =t
‘lf—:T\ DL ){_:T\ DL llf_fl; DN lﬁ DL
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#2 R(1.5)® FFT OfsH

w FFT O#ER (a + bi) C(w) | E(w)
0 46.120 | 0.721 | 0.000
1 5.61-0.169i | 0.088 | 0.015
2| 1.077x 1072-5.414x 107%i | 0. 001 | 0. 000
3] 1.076x 1072-5.413x 1072i | 0.031 | 0.017
4 -1.983+6. 287x 1072 | 0.014 | 0. 006
5 0.890-0. 100i | 0.016 | 0.013
6 0. 980-0. 259i | 0. 002 | 0. 000
7 8.733x 1072-0. 130i | 0.011 | 0.012
8 -0. 717+2.718x 1073 | 0.016 | 0. 031
9 0.990-0. 141i | 0.009 | 0.013

10 0.492-0. 280i | 0.004 | 0.003

11 0.195-0. 130i | 0.004 | 0. 003

12 -0.223+2. 384x 1072i | 0.017 | 0. 084

13 1.090-0. 100i | 0.006 | 0. 011

14 0.289-0.220i | 0.004 | 0.007

15 0.272-5.413x 1072; | 0.002 | 0. 002

16 8.301x 1072+0. 113i | 0.018 | 0. 160

E,:(1.5) | 0.379
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RREAT NTHZexEBEZILLE, BATUHRT L7 0T A% EDZ LIXTER
otz AL, 1 2OM a4, ROMZHIK & &I, ERIZBWTHRRZh e Y
EANRBSTED T N THT NI ZALTT T LEEole. £, d= 1728 Dk
RYDIFZRN 2ER TR SERULOBEEELZ D, 20X RIGAEITBET LY
—PNSLKFEEINDOT, LFOTF—2 THEHR L7, LUFIZ, 05<d<1.60OR(d)IZH
T DRI RNF —Ep () D— KA RADT — Z & BT 5.

4 R(0.52) DAL s E =
2 - hY ~
HILF—
0 _
1 4 71013161922252831 Ep:(0.52) = 586.508

13 —u—KER(0.52) L RHBED ST 7

220 —— R(0.72) DA i &

200 TR
180 E,:(0.72) = 67.402

1 4 7 10131619 22252831

14 —u—fEER(0.72) L XEBED T T 7
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1 4 7 1013 16 19 22 25 28 31

Jb—1 —HEEER(0.83) & R ED T T

1 4 7 10131619 22252831

Jb—8 —EER(1.03) E R EEED 7T 7

1 4 71013161922252831

J—u —EER(1.23) E R BEED 7T 7

1 4 7 10131619 22252831

J—u —EER(1.32) E R MEED 7T 7

1 4 7 1013 16 19 22 25 28 31

J—u —EER(1.52) E R BEED 7T 7
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R(0.83) D %2 B JiE
TR F—
E,(0.83) = 24.118

R(1.03) DAL R FE
TR F—
Ep(1.03) = 4.435

R(1.23) D A2 Hi i
TR F—
Ep.(1.23) =0.705

R(1.32) DAL MR E
TR F—
Ep(1.32) = 0.6477

R(1.52) D7Z R FE
T RILF—
Ep(1.5) = 0.344




7. RADIERRBEIRILF—E, (d) & DEAKRK

R(A)D d LAZRBETINF —E,(d) L DBRREZRD 572012, d—Ep(d)DT —4
BEREL, TOSI72EBRTLHILICLE. 2ok, fifichbid X o, Bz,
d=10%%, 6 ERIETORBEEL 2> THDN (K6) , Ep( @i 2 Emois 1L L
THVY b T 20T, 6 HADHAITS E LTIV ML, E,(1) =8724%F57=. 2k
KU E 2 IR RBEET L — 2 AR ARE I RILE— L,

Ept(d)l.o

ERT LTI, Ep(d)1 ol FFT OF —ZBITKIFE L RN B DL LTEX TR TH .

=, o ieT =% Dd — Ey, (D7 T ZITHEHBH O 77 7D X 91227 (M2 0).
Z 2T, d—log(Ep(d)yo) PEVREMZRDTZ (K2 1) .

K
100})t(d)1,0 %Ongt(d)LO

L.‘.« ’
0 0 0.5

0 0.5 1 1.5 2
20 d-Eu( D77

y =-7.2103x + 7.1918

21 d—1log(E,(d))DV 57

ZDOFER, log(Epe(d)ro) = —7.2103d + 7.1918 Th 0, HHRIRErIZ, r = —0.982CHRL VA
Moz, L1, 0<d<2THY, lim log(Epc(d)10) = +, lim log(Epe(d)1) = —0
ThHhOHZEaBETHNENDD. £ZT, d=10L X log(Ep(d)1e) =0 THDHZ b
EE/LT,

6.3(d—1
f(d) = ﬁ
LV S 10g(Epe(d)1o) DUTBIBIME % 2 7. £ E AT TESH D, SEIFZEH,
PRSI E TRV —Epe(d) 10 & DBRAZE, Ep(d), o g & EFNT,
Epe(d); g = 7@
ELTCMHRRABETRNLF—2RIROREL L. £ 31TV < O00dIicxt T HE,.(d),
Epe(d)10, 108(Epe(d)io), f(d), Epe(d)gPEMET —% Thd. LLFOFRANGELNT,

FE —u—BERR(DIZOWT, dIZBET DM REETRLF—Ey ()T, HDHH
ARSI TR END. 2L, lim Epy(d)1o = +oo, lim Epy(d)10 = 0Z W72
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#3 dE (DT —%

d 0.52 0.60 0.72 0.83 0.90 1.00
Epe(d) 586.508 175.850 67.402 24.118 12.396 8.724
Epe(d)1o 67.229 20.157 7.726 2.765 1.421 1

log(Ep:(d)10) 4.208 3.004 2.045 1.017 0.351 0

f(d) 4.645 3.173 1.692 0.815 0.416 0
Epe(d) g 50.872 20.086 6.781 3.013 1.890 1

d 1.12 1.23 1.32 1.41 1.52 1.60
Epe(d) 1.913 0.705 0.647 0.519 0.344 0.217
Ep(d)1 0.219 0.081 0.074 0.059 0.039 0.025

log(Epe(d)1o) | —1.519 —2.513 —2.604 —2.830 —3.244 —3.689

f(d) —0.321 | —0.490 | -0560 | —0.583 | —0558 | —0.510

Epe(d) g 0.464 0.217 0.106 0.045 0.011 0.003

8. IL—AO—EBHR(A)DXAE—* FXERF
N—a—ERR ()% U o & LTV 5D &, D LIEERD MR
B4 5K R A= TS, ZHUCOW T HERERBESD
MR R BNEEL TS XY ICE AT,
FAMZZANUTHOWT, RHHRZ L E L2 RDE—
Ay MIBRTH2OTIERVWrEB . T772bb, A
BERAE LY LTHIIN A% 2, ZOELMNNICH S 22 RRTALE
SR (yilh) X0 EANCE D & EITEMAEL
BT, ARCSZWE X ITAMNELS K TS, REbIIsEE LD & &, ko % —r 0
HLFHMABET O LN LR TW, FRFICELDE—A L NOZELERE UH> T
BBz T £ THRBIOE T, ETICRRTH DMhA iz &0, il - TR & 1T
B Lol LT, TBEIT 58 1 OMSERAN OIS0 (FLE O & 722 %) yilllZ B4
LHE—AV NOBMOT—2%2L0, HonicT =2 %227 8L TFFT ffrz175 2 &12
L.

AN, T — 2 %28 = 64TO FFT @M 24772\, IRETE W 9 $ERICEE L TV DR(A)D
P& LTUTZER L.
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XRE— A FRERFOEE

FATRE) L T2 7 — Z BUSMEIR Cd 2 ATV T, ZOyillc BT 558 moE—
AU NOEMET 2L LTED, ZNHD FFT @& LNLRIEAST Mv
Co(0<w<32)HEMDOREIWVIEICIE NS, ZDLE, HRRC,DEEEw, &, 2FHIC
KEWC, DS w, &, TRIFLC,(1:2) = C,,/CWo, P 3 ODELZR(ADPRRE—F U bX
BEF L L0, (0,w,]Cyp) & %7

(#11) R(0.65)D7EHE— 4> b ZEEF1E (w1, 0,]C0(1:2)) = (2,1]0.73) Th 5.

40
N,

i\
o :
o :
:m)‘é‘iq), RS "ipi‘é‘q), 9o 1 5 9131721252933374145490&8

‘\‘P’ S “" ‘Y
eXie el ey 0

WA@'JE"’JAE%A@

K23 —u—EER(0.65)ERMDE—RAL FDT T T

(512) R(0.81)DAREE— A ¥ b3 F1E(wy, w,]C(1:2)) = (4,5]0.80) TH 5.

20
w
r1

4 k‘-l‘ 0

"1"“ .‘1 !

:!::Q, '.’ 1 5 91317212529333741 949535

i - _

SaNese 10

24 N—o—fEERO0BDERRDE—AL DT T 7

(#513) RODEME—A 2 b HER 1 (wy, 07]C,(1:2)) = (1,2]049) TH 5.

1 5 9131721252933374145 =

A M O N A

/

25 N—u—HHRR)ERRDE—AL NDT T T

BlLEFI21E, EBEHRME— AL FIER T (w1, ;] Ch(1:2)) D FEFE w0, w, DR
DAL BEWVWHDLHEDTHD. RADEHAITIw, =1, 0, =2THDHH, RIELA049T
w, = 1DEERRNEDTHD.
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9. XAE— AV MXERFICEAT SER

F 4 TR EE— AL MFERERO—HT, 0.5 < d < 16D E, (d) 5 & (w1, w,]C,y (1:2) )DL

RT—HThb.
#4  ERRA)DEy(d)g & (01, ,]C,(1:2))

d 0.54 0.6 0.7 0.8
Epe(d)1 5 39.5 20.0 7.98 3.72
(w1, @,]C,(1:2))|  (1,3]0.28) (1,3]0.96) (1,4/0.20) (1,4/0.85)

S
. i)
FEARR (d) ST T =
d 0.85 1.0 1.1 1.2
Epe(d)1 o5 2.63 1 0.53 0.27
(w1, @,|C,y(1:2) (3,2]0.67) (1,2]0.49) (1,0]0.18) (1,3]0.39)

FEER (d)

LOVAL VAL VN
RO
RYRARVEA Y,
PR
A YA T AYAY
R
SRS

d

1.3

1.4

1.5

1.6

Ept(d)m &

0.13

0.049

0.015

0.003

(w1, ,]C,(1:2))

(2,4/0.82)

(2,30.93)

(4,2]0.86)

(1,2]0.52)

FERRR (d)

ANaaa
NN\

10. ARTHLNI=HE

ARl —a — RO RS A BERIC R TIRIC T v LY L, L, miffiok 4 %
RRBEZXNLF = VoL RESCREE—A L MER T o7
REZ, FFT O80T — 2 BIEFE LW L2 EE LD, MELMELERZLEL,
REZRDTUIT =X ERFTTHIEE2BVIE L. £ LT, R Tl 7= 48 U5 fE = %

FEHDHFETIT,
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VF—E,(d) & ZRE— AV FERF (0, 0,]C,(1:2) 2 EFKT 2 &N TE .

ET, FADPSbMNHEIIT, d=1.0sd = 1.6DKEE— A P HERFIZEND JEHK
I LB L bw; =1L w, =2TC,(1:2) HOSFHEIT, SIFEED LRV, LL, Ep(d), 5
DIEAR(ITITH Y, R(1.6)1F0.003 & EN AR L TS, Z4UE, R(0.54) & R(1.2) DL
ICBWTHRRTH D, Epe(d), o gPTEITBARDIR S 2R T REICR>TVDHLEXLND.

R(0.54) L R(0.60)IZOWVTIE, wy =1, w, =3TEp(d), o gPEHITNDS, €, (1:2)DIEIS
BRE I E W TV D, R(0.6) THDC,(1:2) = 09D ERIE, TKFTHDEEE w,=1&
w, =3DWENF L HNWTHDLIEEEKRL, TDHw, =3DFEBNHEL TTVHL
EBWRL TS EEZBND. R(0.54)TDC,(1:2) = 0.281%, A $kw, = 3O E K
B oy = 1ORIBIZEARDR VNS NWZ EZBRT 5720, w, = 1OZERR TTNDHHEE
HAEBEWRLTWD EEZOLND.

LLEDZ Lint, BIAEFR LT REE T R F —Ep (d) o IEFEDR S AR T EL LT
Bz oh, £, BHE—A Y PXERT (0, 0,|Co(L:2))E, BREOEMSZRTEE L
THRZOLNTND EBEZTND. (0, 0z|Co(L:2DNTDNTIE, wy & 0y DELEA 1IZITIE
CRRRIZ SR &I S, Cp (1:2) DFENE 0 1ZUTVME ERAER () 138 I w, DR A 8 < %
FTWBEEEBEZLND. Cp(1:2)DIED 11U & JEH I S w, & w, DIRIFIXEE L2 & &2 &k
L, wilw, b9 ELLDRKEBOREGR(A)IIFFIIZTTNDLEEZLND.

11. SEOHEDFE
A TE], AR 0 FH R AL U B = KL X —Ep (d) 10l S DWW T, R D B S JE = R L —
Epe(d), g gZfIVZ.  F72bb, Ep(d),,g=e/@PE Lzt %, f(d)%
6.3(d—1
f =2
EVWIHIKTERI L7, LrL, FEELEEEDOT —Z LIAENKEL, MG TEHHOTIE
720N, f(d)DIEMEZR AR A SRD T2,

HET
AR SUZH LT, AARZHEERAE - KFEMROLETNOEELL S OT FAf X
EWIZEE, LTHBECRVELL., ZZIUEHPR LT ET.
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1. AEDEHEEHN

KFZELX, 77 78O [ 7Z 7 O hf~OHE b IA R
RHRE] L) BBEICE Y flTe. Zauid, BEMBEE LTE

A ~DOEA LS TND, 75781, [/ —F (JHA) 2 g
Loy () OEAETHRSN-LO] Ths. Bl L
1, B AR ORXHY AR ORXH, — A g A

FYOFZEIHENIBOEIEL, TOEEWITHDINOEK
%, T (genus) EFEQY, gbtWIHFLETET. £L T, M

K1 SfEHD/—KE&
8ROy VEFESOT T T

i Zg THETED LW EHENHHNTND.

g=0 g=1 g=2
X2 PRl oLy

T, SEIOWET—~Thd [ 777 OMihE~DOHEDIARME] &3,
[757%b5MthiE FIZ, PO2o0 vy PEZbLRNE I ITHIC & X,
Z O i O e/ MER g % R D K]
EVIHIHLOTHD. ZoEERELRFET y Vidthinl ECHRICEE TE S LT 5.
77 7OHIZIE, BETIITEMINDLERRbORS S, T, HEEO 2{E D /
— FEBSzy UPMNTHET SV 7 7] 2T, £ LT, BRI T 70Ty UKIT,
nn—1)/2 THYH, EHIT, BRI T 7T,
(n—3)(n—4)
g:[ 12

ThHAHMAtmEIZHEDIAEIL, ZOgHRE/NTHD END ZERHMLATWND ([2]5H).
THERETSTORMERARX LIS, 22T, B8« i%, x0tv LiFaRd. L
L, 887 T 7 ThRWI T ZIZONTUIHOIABARII D> TV au,

T, nfdd /) — REFO%Eer T 72K, TERT. e ziE, B87 T TKuwEZD

63



L, THIESESS T 7 ORNESARL Y, g =[50 < 1omiliE A b,

BARR RO IAB DS Z N2 b OB 3 Th 5. ZZCHlhmz Enrb Rce &, E
EICHDIAE Ny VEERT, HEHICHDIAENTZZ y V2 FHRTRLTND.

BE

DHLDIA T

Z T, FIKsDg = 1O~ DAL TREEENFRZ © D K 5 72 Bl IA [ Z BBk
H ol RFEE WO RIS D LKA S B /SRR R E, 5 DOHFIME & W 5 xR
EFEo TS, RO THMICIRRDR, 2827 T 7N T 7 7 THIMEEZ b o72b D
WZOWTHE, BANEL DAL Z ENTEXH2MENHFIET DO TIH W EE X, D
F0, EOXI MR FFS7 T 7R ED L D RHEICHDIAEN D0 E W D A
b5, 77 7T 01T O Z LT L.

2. BEY S5 TK, EKDEFIRIEA~DIEDHRAH

HIEi Tl _7= L 912, BRI T TKATHOWTIE, g = 1O MhE~REESFHEZ oL 9 72
HDIABDFIE LT, T, E2T T 7KK DDA I DONWTIIE S 724 9 M

T, n=7TT v U He =212 L% T 7K, OMDIARIZONTIHAT S, ik
SERT T 7 DR/ NMEBARDN O g = 1OAMEICHOIAEND. K& R L X912, FAAE
HLUZHDIARE, UTDOM4THS.

3 4
TR T 7 Ky (e =21) K; D g =1 Ol ~0OHE HiA s

x| 4

ot

27T TKAL, FTNHE THBEEZE > T\, ZhUE, 1/7EEEGFRE, 7508

64



BeCH 5. LT ERICHIWZg = 1O ~DOH DAL, FITEE S JETL/7I0lHE%S
PNt e = e QAT

WIZ, n=9Tx v Ve =36%bOERT T TKeDHDIAIIITER Y T 7 O/ NEEA
Anbg =30MMmICHEOIAEND. ULV, BER LIZHDIAZIE, BLTFDX 5 Th
5.

\
ST T T Koy (e=36) Ky D g=3 O ~DmE»iAL

X 5

TR T T KeDXFEIL, 1/9lfisdFr e, 9D TH L. F LT EICHIV g =3
DA ~DOH DAL, RITEE S B TL/3MEESHME 2 F-> T 5.

Uboz End, AL, BR27 77 TROVWHDIE, KiEflkg%z R D AK0N 7200l
2, L, HIEIBFEOHREOFTIE, AXBMENDLOTIE W EBZ 2T, T7bb,
FTUTEE DL X ICmy VEMDIATL LW ) RS T 7 OMDIALE B 2 M L TxFE
YOV T 7 EEBEZIE, MODLOFERPELNDLDTIIRNNEE X T

3. _EARBDIERETIZTDAAT

SERT T TK N, 1/nEHERIFRE, nffO8EMEE 2. 20 SI3BROEF TR, =
EAECKEIFE L VW OMEEHNTRELSND. 7, ZNUOZUTICHIT 5.
ZEREED, : BIx1E, E=ARIE, 1/3 [EESERE, TEA & LA D EAC BT D %t
Pt (i) b0, EREIE, 1/3 EEEOHIMO Z LA B L, ERekEs E=AFoZ
EAREED; &\ D — RIS, EnfARICERT 2 1/n FEEECHOER2EE, Enfafgo—
HRBED, &V D .

S [ B

-/

X6

WEBEZ, © EARED, O OB AR 21 /n BIERZS T OVER RO Z L 2457
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ST, V97052060 E&, ZDOTT TN, DAETHD LI, 1/n [HfEonf# 08
BEOIEH CEL LW T 7 2487, RERIS, Z,AETH D EE, TDOF 7 7031 /n [blis
OVERATEL LIRWT T 7 457,

FIRT 7T 7%, 10O /) — R L 254K
DTy PEFFOTT T T, DAERLDT
DTy VERSE LT D RFREE ST X
ERO T &, 2 METH DL EI0AEN 1
#, Zs RZE TH D ESAEN 1M
(0,2,4,6,8,0), Zs AR ThHEMESHIEN
118 (1,59,3,7), VI, ZsTBYV A ) E X 7

25 518 ((0,5), (1,6), (2,7), (3,8), (4,9)) & 725

TW5.

LIF, RF3CTlE, 1E 10 A %2, C, IESAECREMIESAIFAZ,C, £ L CHMAREZZ, T
EblL, ZOI7I77%

Gio [5Z, & 2Z5 @ Z1o; 25] (D57F2§)
ERTLICL, 777634 TEMR, -, LLTICBWT, G &l 28077
TEZNTEN, Z,(0,5), Z,(1,6), Z,(2,7), Z,(3,8), Z,(49), Z5(0,2,4,6,8), Z5(1,59,3,7),
Z10(0,1,-- 9K T. ONITH DT 77D ) — FOFEZFERT.
— I, pEFEE, qEHHEOEKRLE L L X,
Gap [ipZ, © ipZp @ lgpZap; e] (Zp;f:%)
EEWED, UL, FOEED, pEOEMRZ i H, Z, NEREpATERLME, Z, L7k
EqpATEDig, TR SN TNDS ZEEEKL, IHIZ, qpfl /) —FlefdDT vy V&b D7
FZ7THHZELRTHEDOTHD. 22T, e=ipp+iy p+ip ) ThHd. LT, =
N&ET T T6,MD34 T LS.
IOEREHEIL, WOTEET T ITK,OMDIAREZEZ DL, K,DHXA T,
G7[3Z7;21] (D, A%
THY, g=10HMEA~Z, AEIZHOIATZ LN TEX D, F2, 58827 T 7K DX A 713,
Go[4Z4;36] (D3AZE)
T, g =30 ~Z;AZICHOIAT Z LN TE S,

4 NTEFEARLEOHRAH

77 7 OAME~OWDIALZ, 2D G0 RT<ATR IO, FifFE T L
WO bDEERLI. ZHIZHOWTRFTRRDIAL 2R LM 8 2> Tl ¥ 5.
FefEORIT /) — FOFFERPL, FSHOZOMIMAMEOROETEERT. £ L
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T, hy, hpXBAME O EEIZEE ST (LT, EENT LV D) &, hy, hy (XA
DO TEICHEE ST (LLF, TENTEWD) 2R, hg he AR O 7R E
ST (BUF, mENTEVn)) T, FEEPOLARICBTERHEZRZTHLOTHS.

& 5\ Zhg, he VX PR O ST E S VWA T T, SR D BRI T&E &2 R
LDOTHD. LEOZ b, NTEESTRINTRITNRKTIE, =y POHDIAL
Z ) — RPN ERRLO FRZT TIT O D E LTHEIWOT, UFZED X HITT

5.

8 (V77 LR &ENT Z N HDIAT)

X 8 (X2 D 75 7 % do 5 BIIE DX 3 &K 6 DJE 0 ITHLDIALTEREF T, 7 & Fn
THLELOTHD. BEMICIE, v P(1,4)E (LO)ENTh b hy BB LT, Ty
ADEANThg Ehy BRI LT, = VA3 N The Lhy 248 LTHDAEN TS, £
LT, =vP(24), 25)E@NDITFNTRHE AT iRl LTHDIAEFR TS, D kHIC
NTEMD &, BORAENTZZy VORTRALNDL bOEFANT E1ADTZ vy 2L LT
KEDHT0, Hid =y PORBKELRLTED LV FEDD .

ETE1. ToI(s,t)PNThZRHLTHEDIAEND & X, (s,t)ITh BHTEDIA
HAEETHD LW ).

EE2. i5h(liyin i Ui D%, hiBEOBRFEDRAAE V). DL EF
Bl jelX[ WD ) — FOFESTHY, ENLEICWARIBEOE ST, jldi, DAEITALE
T 5. SBITig,ip i )BNTRAZAD ) — %, [, jo o jrlBINNT RGNS ) —
REEWRT 5.
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P _E OISR T ONEOEE DN —T"% 1 SICIUE (AW )) TEHHLOEH
HfEEE VWS (K1 0). AT, F770M
DA LT, Pl EoPAfERNIC L —T &
L CTHDAENT-#HRRICHOWTIE, "Wi#EZ2iT-> T
&P ORI AL L. LR -> T, HaE

FEAEI N C OB AL E O TH LW B R TR
B 10 (FE%k 3 P il b o> HHRs )

REFHSAA 22 351F B Y a V2 O TP %
BT 5.

DAy RO TEE. HEEEED FICEN B R EE BT WERERED (Y a v
2o 1%, DEPNEIE MU B,

ROMEIE, ¥ and HBROERNOELIREND. r

fHEE 1. BLEEMEIEDINOD Y a X BT O NN B 5 Ha

AN H D HbEEZD. ZDEX, =y P(a b)ITERE

5.
K X 9
2. 22°o0x v V(a,b)&(ac)Piimm EoFEMAEEDNIC, BORRZE LWt e L
TENENHDIAEN, LNL2O0HBRIILREL TS (ERZEZDOBEAS L ET) &1
L, ZOLE, FNOLOREEEGLERICL D A TH L THERE LRWEE(D, a,¢) & T
AT EMWTEA.
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Yj/‘di, /\7h*7‘%:|X:EE ®%@Tiﬂ&)ﬁﬁh*([lll iZf"'iin]l []1,]2,,]r])ﬁ:|%§‘a—%)u7:@ 3 /)@/PLEEF_E
ZREAT 2.

M3, NThIXEEANATELIETERAT E L, hAEHORFTEDIAS E R, ([i1], U1, j2]) &
T5. ZLT/—Rs,tiZOWTELFD (), Q&5 x5, 12120, tidsOAMICH D &7
5.
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Mfiaooa 7 vy VI » BN 777 Lov—2 0L, EE2200HE0N15DD L
D% <, BEMRHIREY 52 5.

4. BEIATYYEHA

v av3Th, 72X, €571 7, Int(L5x7) = 10,5, Int(L5x5) =7&
5720, WERBICILEL RV, BICKTREBIGET 2A%2F 257201, UT2ERE
L 7.

EEL 1<ay) < NOTEDayIZ DWW TCylag)| P LEIRREICET 5L &, A%1<a, <N
BT I2REATYVYEBMENS, A1 <ay<oilBII2LET v VEKDL XL
HICRE 7 v VERE WD,

ERADPS DX BRADBRED T v VEBICRD 0] LI REPMRRENS. Th
AT YYBELE R LT L 7.

A7y VREEREL 72012, 1<a, < 10°OHP T, A= 14113 20 Ha, A2 7
vV EIClapglZ T v E 2 — X TCHELZL A, ZOHPEDTNTDay T LTIRE 1,1
WETHZ e Bbrol. IHIT,

A =14142, 141421, 1414213, 1.4142135, 141421356, -

mEDAT T VEINC[ap]lCBVTDH, 1<ay<10°D T X TDay T LERRE 1,11CEL
2. ADKEZ XY EFCavea—2CHEL, UToMREEE.

BRATHEET. A= 14142135623 F%. COLE, AlF 1<a,<105CHF2LET S
vV IEBTH D,
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| , ARCAI

e t(RERED i
4 5
(A = 1.4142135623, a, = 45) (A = 1.4142135624, a, = 27721))

t (REfE)

GEE2) MR 1123V TA = 1.4142135623D KD EI3 % 4102 2 721.4142135624
i, RE27 v VEHTIERY (K53H1).

A =141421356230 A =20 PRI N, Filvwa sy VRTEAERT L BT
7-.

TR, A=2ELET v VERTH 3.

T 1 ZV2a5yYBEE Rz 2L 7.

5. REIATVYEBADRE

BHEAT Yy VEBABEDFFHICH 2D VW IFEEZIT-72. SEOHETIE, A%/N
BEUTEIMECORHEE L, VlfHa %l <a,<10°0HiH & L7z, £/, n<
30000, 37 HZAHDMEIZ30000[HLAT & L 7.

FK1IIZOMETH Y, HlZIFTFR1.333, ER1.335 &5 %Ki, 1<a,<105CFE
FBREDT Y VERADL1333 <A< 1335CHFHEL- L 2EERT S, R120UTFD
R e PHES.

fRMTFER2. 1.333<4<2000D8 %, 1<ay<105ICBITELETT v Y EHAVEET
5.
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B (G279 Y ERASEES 2 ORMO FIR< 4 < FRO 7= )
ADFIP © A% /INEURLATH 3 1% TR E L0 < 4 < 3.000,

WAl a,HEPH 1 < ay < 106,

2o |5 : 30000 LA T

TR | £R TR | £ER TR | £ER TR | £ER TR | LR TR | LR
1113331335 | 11 | 1.622 | 1.624 | 21 | 1.777 | 1.779 | 31 | 1.854 | 1.857 | 41 | 1.905 | 1.910 | 51 | 1.953 | 1.956
2| 1335 | 1.346 | 12 | 1628 | 1.630 | 22 | 1.780 | 1.782 | 32 | 1.859 | 1.861 | 42 | 1.913 | 1.916 | 52 | 1.956 | 1.958
3| 1349 | 1.361 | 13 | 1.679 | 1.682 | 23 | 1.786 | 1.791 | 33 | 1.863 | 1.865 | 43 | 1.918 | 1.921 | 53 | 1.962 | 1.965
41363 | 1.371 | 14 | 1.712 | 1.714 | 24 | 1.801 | 1.804 | 34 | 1.865 | 1.867 | 44 | 1.926 | 1.928 | 54 | 1.966 | 1.969
51371 | 1374 | 15| 1.722 | 1.724 | 25 | 1.810 | 1812 | 35 | 1.874 | 1.878 | 45 | 1929 | 1.932 | 55 | 1.972 | 1.979
6| 1374 | 1.382 | 16 | 1.73 1737 | 26 | 1.826 | 1.828 | 36 | 1.886 | 1.888 | 46 | 1.933 | 1.937 | 56 | 1.979 | 1.982
711382 | 1.397 | 17 | 1.737 | 1.742 | 27 | 1.829 | 1.832 | 37 | 1.892 | 1.894 | 47 | 1.938 | 1.94 57 | 1.982 | 1.985
811397 | 1415 | 18 | 1.766 | 1.768 | 28 | 1.832 | 1.835 | 38 | 1.895 | 1.897 | 48 | 1.941 | 1.944 | 58 | 1.985 | 1.987
91614 | 1616 | 19 | 1.768 | 1.770 | 29 | 1.842 | 1.844 | 39 | 1.900 | 1.902 | 49 | 1.945 | 1.947 | 59 | 1.989 | 2.000

10 | 1.62 1622 | 20 | 1.771 | 1.773 | 30 | 1.845 | 1.847 | 40 | 1.902 | 1.904 | 50 | 1.951 | 1.953

1<a,<10°D BHEFANIT1333<A<2.001ICH BT R0, IHLICKERT
v Y ERAD KE O FHICHEL CA 7=, Thbb, fitsy 3 v TRADEEZ
1073k LT/, Zhx10°xCe L, XEDEBOZIZT~T-. ZDMELUT T

»5.
ADFAEHIPH : 1.1 <A <142, apDHiFH 1 1<a,<10°
£2 (RE27 v VERADXE DL
ADFEE 1072 1073 10™* 1075
N 1 8 28 149

NIl < ay <10°1C BT 2 RIEEHAD X[E DEE % K 5.

(BR) ADWE* LT 5L, 1<a,<10°DOREEEAD XEOMEEND% L 7> 72D T,
1<ay < 105D RUEEHADE XM DIER LA LANIL hdEEZLNE, 2D Lp

5, ADEXEIED 2R T 20 Livanwe Bbins,

FHE2.
(1) AZRE2T vV ERET .
FIES 5.
(2) A=20 &%, NFRE=ZT v VEBTIZZR .

TDEE, AlF1.333< A< 20T, BEEY I ERRAE

84




6. 2OREFEDHZE LI-LREIAS v YTEHA

T2 [20XEFICEHTIKER Ty VERBIEARDDOBD 5] L) [E
WK 2R o 72, Z L CEMARNAR2DREFORE LR ET vV EBAZHREL, 2
DREFDOHE LELKETT v VEBADT =250, LLTD XS RBDADE Z 23 FH A
7Z.

1I 1 1 1 1 1 1 1 1
dr _ Tt girer tgivsr Ut gienr
297 = 2\@tatg d d

ZZT, ndériZiFoBETH 5,
ATITOnT, 2<d<51< r<21<n<10% 1<a, < 105DHPHT, AL HLE=
TYVEBPEIPERE L. ZORE, ROTFEMRIL- 7.

FH3. (20EFFEDOKE LELED T v VEKAL)
LUFOAM 3 RED T v VERTH .
(1) A2 (7272 Ln = 41z <) (2) A3r=v2 A3 (7 Lln=2)
(3) A% L A%? (272Lln=>2) (4) AL7#2 pAL7242 (7272 Ln > 16)
(5) ALY LAY (7277 Lln=>8)  (6) AL L ARCe*2 (7277 Ln>12)

7. ASVYEHNEADT VG| D LB

a7 v VEIIC(ag) & AT T v VEHNC(a) DEINDENZ ITBE VDB B L HICE X 7D
T, TOZEITDWTHIZEL X5 &#x7-.

BN ORI B Z 13X, C(ag)dCalay) dap A THNIEay DEUEIXa X Y £33
B, apPMEECThNILa  DBIEIZa, XV THEZ e THD. FFiCaud 2 DXEFETHN
i, a3 LR T2 —RICTAVUGET S, 2D erb, BIOHICHEDE
BELEENNETEENBI1E L, BOID AT 2RI T 720, FEOMEEIC X > TH
FDENHBHNDE DT AW, EEZ, 2 LT, UTOoBZERL, chix LREEHL
LU, Wit d 5 &icL 7.

N(ay) : ag2 LA X Nz, D3ATEE 7n B EEL

FAEHEP (1) 1<ay <105 (2) 10°5<ay<2x10% (3) 2x10%<a,<3x10°
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%2 (1<ay<3x10%cBF3 a7y VEIOEA

7720, 37y UEBC(a)lE, apFHED L ¥C(a) =1.5a+05 & L7,

7 #i (1) (2) (3) 1<ay<3x10°
N(ay) D F¥#) 38 42.8 446 41.8
N(ao) DEFHER 72 20.1 21.1 21.5 21.1
N(ay) D KAl 129 141 164 164

#3 (1<a,<3x10%ICHFBV2a T v VEIIOEE)
A (1) (2) (3) 1<a,<3x10°
N(ag) D4 20.1 22.7 23.9 22.2
N(ay) DI 2= 7.6 7.9 8.1 8
N(ag) D i KMl 70 69 71 71

4 (1<a,<3x10%cEF 22527y VI OSE
A 7 #i (1) (2) (3) 1<ay<3x10°
N(ag) D ¥ 23 26.4 27.6 25.7
N(ay) DIEHE(R 7= 9.6 10.3 10.6 10.4
N(ag) D KAl 81 87 91 91

%5 (1<a,<3x10°%ICHT2V232 7y VS OGE
A i P (1) (2) (3) 1<a,<3x10°
N(ap) D4 25.2 28 30.1 28
N(ay) DEEHENR 7= 10.2 10.8 11.2 11
N(ay) D& KMl 73 86 94 94

#6 (1<a,<3x10%iCEF2Y2%5a 5 v VEIOBE)
A 2 # (1) (2) (3) 1<a,<3x10°
N(ay) D ¥ 25 28.6 30.2 27.9
N(ao) DEFHEfR A 10.4 11.2 11.7 11.3
N(ay) D i KAl 83 89 97 97
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(EREH#N(a)IcETEER)

(1) N(ag)DF¥Hic2n»T
a7 v VEIIC(ag)ITBWTIE, N(ay) DFHEB40RE I LT, A3 T v YT
Ca(ag) I ZZ ¥ L VDfER L o7z, THidl<ay,<3x10%CH T2 a7 v Y ES
DOV EREED, A2y VB0V ERBR IV RE W L2 ERT 5.

(2) N(ap) DIFEHERZZIC DWW T
a7 v VHHIC(ay) X, N(ag) DEEMERZEI2IBETH 2 DI LT, A2 7 v Y EF
Calag) IF8~10FRETH 5. ZnlE, EHRFBEDITLOXFICEL T, 1<a,<3%x10%C
BUI2a7 v YEINDOTH, Aa Ty YEINHT, WlHHEe I L2152 F K
TN EREKRT 5.

(3) N(ap)DEAKfHIZ DT
a7 v VBIIC(ap)iE, N(ag) DRAMEH129~164F2EICHI LT, A3 7 v v EF
Ca(ag) 1Z70~1002ETH 5. i, EABEKORKAMEICEL T, a7y VSO
23, ATy YEH LY RAREPKE YIAEa, B FEL TWE T L2 EKT 5.

PUbhozltzagyviEiAa 7y VEZES L WOIHELOEZTHLE, A2 T
yVMBEIY a7y VREO, HAERECHEL > TWwEDTIERVDEE X
2. bLESITHNE, Az Ty VREEZRRT 52 L3, EkoaZy v REZ RS
2RO DTIE RV LB o7z,

8. 17wV 3ftrE

a7y Y REIARE B LBLNIL—ALTHY, TNEREIC-FADWIETH
A7y VREIR, V2ZP20REFELPEBBDH L LETFRLTCNE. 22T, FEOHARK
Al 2 &M% 3 X2 — VI FgA, oL vwa gy VEEEZEL LT
DTV EER T,

Ko Tazy vEHC(QZRET L, BAKaICH L TC(a)lE, adwmD & ¥ &HED
LETENTNEBARERIN TS, ThiFa%2TEH >RV P10 EE L, &Y A0
DEETXHLTCWwE2dDLEZXL., £25F 5L, 3TH-7=R/RVICIGL T, L%/
T, Firma gy VEEMENDS A S LE X, EHET 2 &, ==, BN, R
DX [311C3THEH 5 72 AR 0 I U =B R OMIEr H - /2. e, DUToLHEA
EEEL -
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E#6. (27 vV 3EH#C(a,3))
(2a—1 (a=2 mod.3 D& %)
Ca3)={4a+2 (a=1mod.3 D& %)
| 5 (@=0mod3or#)

%, OA5YYIEHE &L,

EHR7. nxHARKE L, V% ay b LTza, = Cla,_1,3) %, #¥EEq, D35V Y35
kb\b‘, C[a0,3]“C“§E'§_.

7,4%x7+2=30,10,42,14,2x14-1=27,9,3,1,6,2,3,1

WIAfEa, D 2 7 v 3BHNEFR7FER, 1<ay<10°D LA ayd TEIKRELE2,3,1
LT (a0 fiFIZ LHTIATCw3), 2ol erb, UToffRe PHEEZE:.

RMTHEES. 1 <a, < 105125 \TClay, 3]1E, KTINEL6,2,3,1ICET 5.

F484. (=7 v 3[HE)
TR DO HREay\c 2T, Clay, 3]IFREIRTELG,2,3,1ICET 5.

9. AaASYYIE#ELATSVYIET
a7y 3BA LA T Y 3EWELTFTDOL S ICERT S.

E&8. (W27 vy 3% ARIEDEKEL
pa—1 (a=2 mod.3 D& &)
Cs(a,3) = 4Int(Aa) (a=1 mod.3 D& %)

% (a=0 mod.3 D& %)

Z, AATYYIEH LI5S,
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TE. nk ARB L L, W% a & Lza, = Ci(an-1,3) %, ¥HfEa,DATFVY3H
FlE v, Cylay, 3] TERT.

Fix, A2 7 vV 3B, A=VE3BKEI T v VEMERLLICERLZDDTH
5. Thbb, A=\BBPLREI Ty VERLERD LI RTERSEGLICTE0IC, TR
6 LEHS HMEIDHIIZ, ava—2%2fio/2%  ORTHEILLINLDERE
WEEXE72., 2L T, UToRELEFEEZG.

fEMTEERA. A =1.7320508075 5. ZDLE, AF1<a,<10°CBFIZREaT
vV ERTH B,

F45. (V3= 7 v 3HE)
A=\BEREIT v VEKRTH 5.

GEE3) MR 4123 \\TA = 1.7320508075D KB DEGE % 6% 2 7-1.7320508076
X, BE2 T v VIERTIE R,

v av5 LK, REIT vV EBAOTER, AZ/NBUSLITE 3L coRMH
e L, PIffa,%1<a,<10°D&IFATIT>7. 727201, n<30000, $abbEHD
[FI%E30000[H LA & L7z, RT7IxZ0fERTH Y, HIZIFETR1.307, ER1.311 &5
KilL, 1<ap<108CBVWTRED T v VEHADPL307 < A< 131IUCHFEL 2 L 2K
USERR
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61

62

63

64

65

66

67

68

69

70

K7 (BEEBADKE O TR< A< ERDOF—%)
ADHFIPH @ AZ/NELITHE I ETORMEL L0 <4 <3.000,
WAl a,HEPH 1 < ay < 106,

2o |5 : 30000 LA T

TR | £ER TR | LR TR | ER TR | £ER TR | £ER TR | £ER
1.307 | 1.311 | 11 | 1.402 | 1.415 | 21 | 1.726 | 1.728 | 31 | 1.919 | 1.922 | 41 | 2.049 | 2.064 | 51 | 2.116 | 2.119
1315 | 1.317 | 12 | 1.417 | 1422 | 22 | 1.728 | 1.733 | 32 | 1.922 | 1.924 | 42 | 2.064 | 2071 | 52 | 2119 | 2.122
1320 | 1.325 | 13 | 1.422 | 1.443 | 23 | 1.857 | 1.866 | 33 | 1.984 | 1.986 | 43 | 2.071 | 2.076 | 53 | 2.181 | 2.185
1326 | 1.336 | 14 | 1.448 | 1.450 | 24 | 1.866 | 1.869 | 34 | 1.986 | 1.988 | 44 | 2.076 | 2.078 | 54 | 2.193 | 2.196
1.336 | 1.351 | 15 | 1.464 | 1.466 | 25 | 1.869 | 1.871 | 35 | 1.988 | 1.990 | 45 | 2.078 | 2.080 | 55 | 2.213 | 2.228
1.353 | 1.355 | 16 | 1.466 | 1.471 | 26 | 1.871 | 1.874 | 36 | 1.999 | 2.018 | 46 | 2.090 | 2.097 | 56 | 2.233 | 2.235
1357 | 1.369 | 17 | 1.472 | 1.475 | 27 | 1.874 | 1.876 | 37 | 2.023 | 2.025 | 47 | 2.099 | 2.105 | 57 | 2.237 | 2.239
1.369 | 1.375 | 18 | 1.476 | 1.501 | 28 | 1.877 | 1.890 | 38 | 2.025 | 2.027 | 48 | 2.106 | 2.109 | 58 | 2.242 | 2.251
1375 | 1.392 | 19 | 1.714 | 1.718 | 29 | 1.901 | 1.907 | 39 | 2.031 | 2.038 | 49 | 2.110 | 2.112 | 59 | 2.368 | 2.382
1392 | 1402 | 20 | 1.718 | 1.725 | 30 | 1.907 | 1.917 | 40 | 2.039 | 2.047 | 50 | 2.112 | 2.116 | 60 | 2.571 | 2.573
TR | £BR TR | LR TR | LR TR | LR TR | LR
2573 | 2576 | 71 | 2.670 | 2673 | 81 | 2.796 | 2.798 91 | 2.833 | 2.835 101 | 2.884 | 2.888
2578 | 2580 | 72 | 2.677 | 2679 | 82 | 2.803 | 2.805 92 | 2.841 | 2.843 102 | 2903 | 2.906
2580 | 2589 | 73| 2.682 | 2686 | 83 | 2805 | 2.811 93 | 2.846 | 2.849 103 | 2908 | 2911
2592 | 2599 | 74 | 2689 | 2695 | 84 | 2811 | 2.813 94 | 2.849 | 2.852 104 | 2911 | 2913
2.647 | 2653 | 75| 2.695 | 2699 | 85 | 2813 | 2.816 95 | 2.853 | 2.856 105 | 2923 | 2.925
2.654 | 2656 | 76 | 2.699 | 2.702 | 86 | 2.816 | 2.818 96 | 2.856 | 2.860 106 | 2.926 | 2.928
2.658 | 2.661 77 | 2703 | 2.705 | 87 | 2.818 | 2.822 97 | 2.861 | 2.863 107 | 2976 | 2.978
2662 | 2665 | 78 | 2.706 | 2.708 | 88 | 2.822 | 2.827 98 | 2.863 | 2.866 108 | 2.978 | 2.980
2665 | 2667 | 79 | 2.746 | 2.750 | 89 | 2.827 | 2.831 99 | 2.866 | 2.876 109 | 2980 | 2.983
2667 | 2669 | 80 | 2.788 | 2.792 | 90 | 2.831 | 2.833 100 | 2.881 | 2.883 110 | 2997 | 2.999

RMTHFERS. 1.307 <A <2.999D & X%,

1<ay <100 BT BRED T v Y ERAPFAE

3 5.
F186. (A= 7 v v 3RHE)

(1) AZEREZT vV EBAL T 5.

(2) A=3DE%E, ANZLEZT v VEHRTIZ R,

ZDLE, 1<A<3Th5.
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10. AASYYIEHRITHITHRETEEHRAD X

€7 vav6kitic, S, BANAR3IORNEFEDOIE LELET v Y ERAZH
HFs2Liclz ZLTC, 3DORZIFOVELAEZLETIT v VERADT — X025, 2D
NREFCR- AV LRBICER L TR TE 20 Cldhvwh e HE il Thid,

1I 1 1 1 1 1 1 1 1
dr _ Tt girer tgivsr Ut gienr
297 = 3\atatg d d

ThHb., ZIT, ndiriZF0EHTH 5.
LT, 2<d<51< r<2,1<n<10% 1<qa, < 10°0HiAT, AYBLEaT v Y
EBDE D 0l L 72FE, RO FEBLo 72,

FH7. (3OREXFOIE LELEDT v Y ERAL)

LR DA 3 REaT v IV ERTH S,
(1) A3 =V3eA3r (1277Lln=2353k<) (2) a4 =33&4" (=7 Lln=>1)
(3) A3 =43 A3 (275 Ln>5) (4) AZO00%T g 200041 (4 22|y > 25)
(5) AZZe A3 (7=72Lln=1) (6) AZ2e A (=72Lln=1)
(7) A eAr® (=77Lln=1)

11. KRR THELON-HER

AKiTEIZ, 27 v VEIIEIGHLT, Ly, WAWwAhaf 7oa 7y vEIEES
TEEHMNELZDDTH 72, X LT, A7y VEBMEBERT L LKL, 2T
DoffA R EAATOaTyvEANL, a7y VREABEET L LICHKILZEE XS,
Thick Y, agy VO aEEE R T LR TEZLEE XD,

12. SEOHEDFE

(1) a7 vy 5484#iC(a5), 27 vy TE#C(a,7) % EET 5.

(2) A3 7 v 5&HC(a,5)°Aa T vV TEC,(a,NEEEL, AT T vV 55T
a7y TEINEREL, KEaTy VERAZNET 2

(3) XAz Z7 v ynEHOMimE RS 5.

(4) BiE2 7 v VEBTHRVADIHERIT). Thbb, TOX4 TDATE, Hbak
Y E 32427 v Y EFHIC[ag] Tl 2 ET R VA —TITET 2D OVBFEET .
ORISR Baylc O WTHIFET 3.

(5) ZEMN Ty VR EEET 5.
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Bt
KEICx LT, HABFHBA2ESE - REME0KETI o BERL DT P54
AxkWIz7ZE&, LTCHBFEICRY L2, SIWIKRHHL LT ET.

]

ZE Xk

[1] VF v =¥ - 74, BEwicH T2 RBREEE, a7V v h— 727 7-IK
5, 1990 25 2 Jill, pp.174-176

[2] T. Oliveira e Silva, Computational verification of the 3x+1 conjecture,
http://sweet.ua.pt/tos/3x_plus_1. html

[3] =ZZH, PEAREA, FRE— 27 vy FPHIcoWT, BBKREFEBAI L v
2 —fFee 16, pp.143-147, 2003,
https://www.media.hosei.ac.jp/bulletin_archives/vol16_25.pdf
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AOT#EAZL D5 RAER

TrE A
HEI T3 S PR O B TR (44F)

1. [FC&HIC
SHEADOHBORE (ERMWEE 1) ITBWT, BPRoEEE2Z#E L. ARIT (o
HEmZEML L) Lo bDOT, FEmeifim, TL Tnk 5L LB L L s 2—fi
@nb’tﬁ%%fi/\“%*ﬁf‘ﬁ’ﬁ’kﬁif%fib\kb\oiﬁ BT FRIUL, —EOnR G
K S5 5N DnKFEES, A, n =50 & AR CRnC &:dﬁmﬂ%ot_

— ORI ORILS, THDH. TLT, n=50 & XS IXAFEETRW D, — KD
MR FRERUIR IR CTHES ZENRTERY. —FH. S, OIEHE \ﬁifﬁf@?ﬁf%zﬁén/ﬁx
REEA, b AIREE G2, LMo T, A& bonk HRAE R BT = LR TE
RN Apx b oniRARRIL, S, & bonk FRENICHS, EEECEIZD 20T T £
N2 HlE, A% b OonkKGREULMA O NDOFEEFF OO TIXRWEA 9 0. ZD X H 7kl
RN S AIE A A X — b &8, BARANC, Ash b OSITREROEICET 27821772
S, LT, aryva—F 2o ns, Ash b OS5 FRNUITITY = I EIZ R
THLORHDHLEWIFERESZ. Z2C, nEADOY 2L, L1, Ly=2,L, =17,
N=20E &L, =Ly 1+ Ly ;O EONEOZ L THS.

2. ETHEDEH
ZIVETOSR GO EIZRI I 232 Tl, Spearman & Williams[2], [3], & D\ ME
Kavanach O#FFE (6112 L Dx5 +ax + b b x® + ax? + bOWZENRHDH. LvL, b iﬁfﬁqa
7R, Thebb HEEEDs T B XU AR, e E b0 5 RO TH 5.
x5 +ax + bDOHFE[2], [BIDOKEHRZ LV BARMICHR~D &, ZHUE, e=11,c20,e#0
<,

_ 5e*(3 —4ec ) b= —4e>(11le + 2¢)
c2+1 "’ c2+1

molE, FRAx tax+b=01F, NESMTHESZLNTELLEVIBDTHD. SHIT
ZOIGHELT, p=4n+3 iFAREK) 2FE L Lzl &, HEAXS + 2px+2p2 =00
BRI A ERE CII AWV EDVREN TV D, LdL, THDSsAsD EH LINNT /2 D D2 D0
TIFTRA~NH TR0,

—77, JuE XHEOWIE[111E, S5 RITBEROBEZWNITHS IET HNnEN I T—v 5
ST bDTHDLIWD, AN LIFONTAs% b OSRITERN Y 2 W EBRT L&D
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FERIZOWTIHEL STV,

3. AR

g (1<j<n-1DZAHHEEARQDILL L, nikITHEK

"t apx" T ta, x4+ ax+a; =0

EZ2DH. LT, ZOFBRRXOMEOMNETEENDHQ EDOK/NDIR (F/Nyf#k) %F
ET5. ZolE, nfEOREAVICERLH > TANBRX X, FAZELNnE 57
BT DT A Z2niR TR DOFEL W ) .

— W ONR TR DG E O FFEEXOBELS, TH Y, TOMEKIEInTHD. £ LTS, DOfEE
BN 72 T REPI IR EEA, TH Y, ZONEKIIn!/2TH D,

4. 71—y 7 b SageMath ZAHUL\=A: % £ D5 X ARRKXDHE

ARIFEDT —~ T HAs% b DS FFER DK E > if % I T 5.

F9, AsONENI5!/2=60TH 5. HuT7HmICLE, Zo60d VoL, AHEEIK
Q) B E/INIFRIEFE TOIRIEIC 725 ([6]Z8) . BARBICIE, QELFORMDEZ AN,
QcKcMcFCTH-T, QCKDILRKEMN 5 THY, KcMOIERKEN 4 THY,

M c FOYERKELIS 8 L 72D X 9 Iy RK MIMAEST 2D TH L. DL &, ZRH DL
RIREOFENRE x4X3=60L725.
L7zm-> T, 5T
x>+ axt tagxd +tax?tax+ag=0

DD 2= RBOME L TO BT, BKOFT, £l

(x = A2)(x* + b3x® + byx®* + byx + by) =0,  A,b €K, A, b €Q
B RS L, AMOFTIE, i

(x=2)(x =) +ex? +ex+¢9) =0, A, EM, ¢ €K
EIRE RS NS, £ LT, RKOFTIE, Al

(x =2 = A)(x =) (x = A)(x —245) =0, A3, A A5 €EF, 3,444 €M

LIREM RS NG, BLED XS RRBUMREORE A & O 5 IRFTBEROIENA; TH 5.

ARIOMFEIX, 7 U — 7 b SageMath version 8.6 Zfii > CT{772>7-. SageMath I,
Z DRy =2 PARIGP Z## LBV, FBRAOHEOFANAELE > TWVND.
SageMath |%, 2005427 AU AU > F KO William Stein 2338 L TR L7-.

SageMath # W2 B flORAAIE, 5 RFRN AR, £ DR RERHLT, TOREE
WETHZEThole. T72bb, BIRTBRAELZED, 20 5 RGO —2Dffxal L,
A GTQ EORNERIEEK = Q@) & L, 5WAAKDT SageMath (2R 7 St
5. b L, SIRAN 1R E ARKUCHES N2 D, EDT 5 IRFGTFERITA; D ATREMED &
. FIT, WIGEoNTZARKNS ARFBEAEIEY, TOEbe L, b2 ETK LD
INRPERIREM =K(b) L L, 4k AEMOH T SageMath ([ZREOfESES. b L, 4Kk
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A 1R e s s nicie b, EDTZ 5 RFRAUTA O REMER HDH. £ LT, 1%
bz 3N D SWFRAREEY, ZOfREck L, cx2GeM EOR/NRILRIKZF =
M(c)& L, 3IAZFOF T SageMath ICRE RS ES. b L, 3WAD 1 KA S
N0 b, BOTSIKFRENITA L 72D . Lo L, ZOHEE, KEHERT % 7= N2 SageMath
DRE IR DD ETEBENHZ, — DD S5 RARKDP A THDH Z EZHETHDIZ, 10
S LA EDORFE A2 EE LT

PRI ERAE L CLNRWAS, BRC[4] 72 P A RS &, SageMath 23FHE CIEONM T Magma &
Gap {213 Transitive permutation group C, ZEDNEN 32 LLTFTD U X MBS AIAENTE
D, ZnEflo THRXOHOMENHFETE 270 AY ZLNREEESNTND. ZOZ L
225, SageMath [ZIZHF RO Z EEICRET Ha~ 2 RBRH 2O TR By,
LR

G=f. galois_group (pari_group=True)

EWoavw s RiZlEDone, Zoa~vr REfAnd L, =D 5 RGBANBA;THDH Z
CHERYIETHZ T THoT-. FD1k, SageMath FTHEI< Python2 Z{fi~7=7ma /o
LaEEZ, ZORRE, FRHETEZ O RFBREANPHRZ D LR, TR 6O OT—4
EFLZENTEDLL DT R0,

5. BIZRETHE

A% DO 5 RHREAERET D720 D SageMath ETHEI< Python2 #ffi~7=7' 0/ T A%
BV, AsZx &> 5 kTR

asx® + agx* + azx® + ax®*+a;x+ag =0
DT —BEDFTHI LT LT, 22T, aqildBEEE L. NI RKEDAZ L D5
BROT—252B[5ZLIXTEDLERSN, BoNlT —2DEIN0, L0
FEHIZR T 52 LT L oTc. 22T, REDONRTA—=FZsbtih EO 2 ICRE L
I AuE, OV LARRT =235 0N, IROBENTE LD TIERWNEEZT-.
Z LT, AEIOFITIT,
xX°+sx+t=0, x> +sx24+t=0, x> +sx3+t=0, x> +sx*+t=0

EWVS FATDOHBAER S Z &iT L.

6. AKX xS +sxt+t=0 OWEHER
FREX x5 +sx* +t = 0DHEDPA;ThHHsLtZAE LT E A, FFIZ, s=50& ZtlZD
WTLLFOT —2 B3 5oz,

t = 64,320,7744,20480,53824,141120,369664

t = —320,—1280,—3136,—8000, —54080, —141376,—369920
INHITETHOERTHIt=64ulT DL,
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u = 1,5,45,121,320,841,2205,5776

u = —5,—-9,—49, —125, 845, —2209, —5780
Thb.

ZIZTC, EHLEESNEILy =2 DV 2 KL, THY, n=>1DL,IT,
1,3,4,7,11,18,29,47,76, --
THY, LA,
1,9,16,49,121,324,841,2209,5776, ---

Thbd. 22T, ¥, (n=D%,

w=L02=1  u=L2-4=9-4=5, u;=L%=16,
U, =Ly2—4=49—-4=45 u;=L?=121, ug=Lg%—4=2324—4=320,
u, = L,% =841, ug = Lg? —4=2209—4=2205  ug=Lg 2=5776,
TRbb,
Upp—1 = Lpn2y, Uy = Lpp® — 4

LiEL L, 1Sn<9THLEHNICHONT, HEEA x5+ 5x* + 64u, = 0 (uzlIhr<) ORF
[TAsTHD EVx 5. £ix, HEN x5 —5x* — 6du, =0 (uzlIRL)DEELATH 5.

Rk, Flv, (m=1D%,

v=L2+4=5 v,=1,2=9, vy3=L;%+4=16+4=20,

vy=L,2=49, wvs=L%24+4=1214+4=125  wvs= Lg% =324,

V;=L,;2+4=841+4=845, vg=Lg?=2209, vo=Ly 2+ 4=5776+4 = 5780,
TRbb,

Van-1 = Lan2 +4, Von = Lon?

L L, 1<sn<9, THLIEHnZONT, KX x5 +5x* — 64v, =0 (vslIhi<) &
x5 —5x* + 64v, =0 (v3lIBR< ) DOBEITATH .

ROTREHELZ LN TET.

FE1. L, m21) V2% ETH Zo0LX,

(1) Uppo1 = L2, , Uy =Ly2—4LENZEE, ugZabR< NS + 5x* + 64u, =
0 Lx®>—5x*—64u, =0 OFITIVWTNHLATHS.

Q) vgpo1 =Lp2i +4, vy =Ly, 2 EEWVWEEE, vyER TR + 5x* — 64v, =
0L x>=5x*+64v, =0 OFIIVTNHATHD.

FAE 11%, SageMath {2 XAvidn = 10000FE TIXIE L V.
7. FEX S +sxd+t=0 OFRLHER

AT C, AsZ b O HRERXS +sxt +t =01 a WM LHELNDL Z ENTRINT. 5
B xS +sx3+t =012\ TH ZOBLEANGAIFE LT, ZTORER, A% b oSN
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TUTOTFT =03 G560, Ziuie THEHRIIHRZ b D72,
x5 4+ 15x3 + 81u, = 03 BfA 2 H DU A |k
u, =4,11,29,76,199,521
x5 —15x3 + 81y, = O3 EfA 2 H DU A b
v, = 3,7,18,47,123,322,843
LN OF R SE L.

FHE2. L, m=21) 2V ah$KLTH Zobkx,

Uy = Lonyq, Up = Loy
EiE L, HREKX x5 +15x3+£81u, =0 & x°>—15x3+ 81y, =0 OFEITV TN H AT
H5b.

T 2 1%, SageMath |2 J2LiEn = 10000 F TIXIE L V.

8. AKX x> +sx?+t=0 OAEHFER
FRERXS + 5,22 +t, = 0l DWW, s, = +10L, , t, =+24L, (EZRIE) 2525
VR ST. LTFTORIBZEDT—XThDH.

#1

n 1 2 3 4 5 6 7 8
Ly, 1 3 4 11 18 29 47
Sn 10 30 40 70 110 180 290 470
tn 24 72 96 168 264 432 696 1128
fiEd A Ss Ds Ss A Ss As Ss
n 9 10 11 12 13 14 15 16
L, 76 123 199 322 521 843 1364 2207
Sn 760 1230 1990 3220 5210 8430 13640 | 22070
tn 1824 2952 4776 7728 12504 | 20232 | 32736 | 52968
ic As Ss As Ss As Ss As Ss
n 17 18 19 20 21 22 23 24
L, | 3571 5778 9349 15127 | 24476 | 39603 | 64079 | 103682
s, | 35710 | 57780 | 93490 | 151270 | 244760 | 396030 | 640790 | 103682
t, | 85704 | 138672 | 224376 | 363048 | 587424 | 950472 | 1537896 | 2488368
it As Ss As Ss As Ss As Ss
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1 LVUTOTFENMEONT.

FHE3. L, n>1) %) 2 bl Th ol x, FRAXS+10x2+24=0 (EE[FIE)
DOREEFATHY, &HIZ, n=>37T

Sp = 110Lyp,_4, th = +24Ly, 4 (5 [FIE)
EEL L, HENX O +sx2+t, =0 OFITVTRBATH 5.

FHH 31, SageMath (2 XAiEn = 10000F TIZIE L.

9. AR x*+sx+t=0 OHATHER
TR x5 +sx3 +t = 01T T D4 DFEZ O H XL LT,
x>+20x+16=0, x°+95x+76=0, x5+145x+232=0
REMAOMNoTZ. FLT, Thbk
x5+5nx+4m=0
LELLE, Mm)DY AMELT,
(n,m) = (4,4),(19,19), (19,133), (29,58), (44,44), (44,132), (64,128),(79,79), (124,124), ---
RENRFENRST. U a MEITHERYD 20T — X BB LT, TOREE,
n=m=44x11,11 x 29,29 X 76,
ThHhLHbDERR L. T7hbb,
x5+ GxDx+(@x4)=0, x°+GBx4x1Dx+(4x4%x11)=0
x5+ (5Xx11x29)x+ (4%x11x29) =0, x>+ (5x29x76)x +(4X29%X76)=0

1%, AsDOFZ L OTBRATHhH 7. ZHEV U TOTFREBELNZ.

FHRA4. L, n=21) ZV2WEETH, ZOLE, n=>0Zk LT
Up = Lany1Lonys

EEL L, FEKA x> +5u,x+4u, =0 ORIV TNHATHS.

TA 41X, SageMath |2 4vidn = 10000F TIZIE L.

10. AARTHLONI-HKE

AW TIE, AsOBEZ B O W AR x5 +sx*+t=0, x5+sx3+t=0, x5 +sx2+
t=0, x5+sx+t=0CBTIMIELITR-T-. TORE, UV WEICBEFRT I TFHELND
TRAZNTDHZENTEL. W ONOFRLERBR LN, THETADOREEZ S D5 IR
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R E Y 2 VL DOBRER ST bDITR SN S Reh o7, LIehi> T, SREIOMFZER RIE
TRETWZ, FILWERTHL Z eI D.

11. SRORREERDOARENE, SROMEDFE

SEDOMFEORE L REAICOWT, RO ZDOEFTLHZENTED. —2HIE, AL
HOFRER x> +sxt+txd+u=0, x5 +sx* +tx?+u=0, x> +sx*+tx+u=012FT 2%
METHD. ZHHIZOWTIE, Va0 T 7 0 Ry FHESNE ORRRMEN R 2 T
TS, “oRIE, ARZETZ 450 FHEOGEHICOWTTH S, wmXblofEEsza o
T RAAL AR EMBEZOF MR RAICRATETND., ROBRICZOZ LWL T
UTEZEZTND.

Bt

AGHCITHR LT, HARBHZESER - REMEOLEETNOEERL DT R3A A&
7-77%, LTHLBEHEICARDE L. Z ISR L BiFET
SEXHR
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