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1 RA—/IRN—NFEH

30 4E 3 H 8 H (R) iIfrbivz TEaBof Uity odiikGlaax TR L2
FMEIXIRD 2 DOTH - 7-.

HZoNT B (a > 0,0) ITHLT, p=aqg+b &BLELE p g NEHITHEHRS
(p,q) % a,b IZBALTD # (A—23—) WFHRBE WD,

1. B FREDPERIZH D a,b FEALSTMETE2T 0
2. BWFHBDEBRMED a,b IZAFET 2D

3. xo6NTz (0> 0,b) IR U TN TFEE MEIZAEKT 2 X (o(a),o(a) & H
WT kW) 2EN

1.1 DI bZ3DFFEH

HZ o607 B (a > 0,b,c>0,d) ITH LT p=aq+br=cqg+d B EE p,q,r
NEHIZEBLS (p,q,r) & a,b,e,d IZBELTDOIIV T 3DFFEBE WD,

o VLT 3DFREBMNIERIZH S a,b,c,d 1FEARGTMZHT=9 0
o VL LT 3DOFRMBMVAEBRMED a,b,c,d IZ/FET B

o G2 5N7z (a,b,c,d) IZX U TEMFFEE % MRIZ AT 5 A (o(a),pla) ZH
WT kW) 2EN

BRETERII B H B IR DS 2 FE 7.
A= IN—=HFZNZDONWT

(Ja+b=1 mod 2, (ii)a,b IFENIZH
p,q lEEBHLH2TRNVET S,

DNV E T 3DFREITONT
(i)a+b=1 mod2,

(ii) a,b T E\NIZHE,

(ili)c+d=1 mod 2,

(iv) ¢,d IFH T,

727U b#0 mod 3: (KA—IZ K BIEIE)

KE—=ZAETN T Z0FRBOBRINM & L OEEIZ T2 Z e 2 RELE

FE 1 (KB —, RASRMFOKEEL). ac= —bd #Z0mod 3 73T E VNV KT =D1HK
BUSATRAE (7272 1) % 3EH.



DAHG 22 & W F-ZHOME (ERIZH 5 & W5 P ICBL DO H - - @G Id 2 s D%
Bz EA—NR=NFEHP TN T =0 FFEBITEBIZH LD TRV, LW
Tz R AR,

Iz A—N—WTRHEPTVIVE T =ZDFEBIIODVTOEBOFEELIFERZ L %
RET 5.

2018 FE 8 H 2 H, BAEG®D TFT FA— )L TN HABFEHEF S 100 AEL SR
WO RFERETIORBIIRAZ—FRE LT RAaTIcARI N,

1o PL k5528 (I ST % DTV 5, B2 I3 Y — X B OMH), By Jun Titaka



2 FEEHDOm 1ZITETHE

I CHBHOFEIIBY, HTEPE LD » ST 5.

a DRBDOM % o(a) TR,

ola) =2a D& E a ZTREND. a=6,28,496,8128, 1% DHl

IVIVATA(2—=2 )y N) DEGROBRED FIRIE ¢ = 26T -1 FEHLS o = 2%
MERBIIHRD L VWS L THD.

NI RA—=Z m ZELO m ZITEFBEFUZRBOREN o ZIRO XD IZEAT .
q=2T 14+ mPBR RS e ilL>T a=2°qE TR E. m EIPEGBEL -
HEOTEHE VD,

a=22BLIN =218 L N=0(a),g= N+m = o(a)+m,q+1 = 2a+m
7= 9.
Ng=(2a—-1)g=2a—q¢N —q=-m ITHERELT

o(a) =0(2%0(q)
=Nq+ N
=2a—q+ N

= 2o — m.

MLLUTTE R o(a) =2a—m & a ZRABEADZ LIZUTETBE) m O5%E
BOFERNE AT,

Z D o & FATEE) m D (Jh3) 5688 (perfect number with translation parameter
m) &\,

WATRHE ZE A D Z LIZ K DRI NSRBI S E LR PEO NS
KDz,

m=0 OHEI ol s a=2%, (¢g=2"" - 1) BEE, L EFLZ 21 T—
MWRU 7z

HZ o0 m (T USFEATHE) m O (JRFR) BB eRET DI LIFEED m 1220\ T
HTETVAR,

3 RA—N—=2HDOm LITETEH
3.1 R—N—RLHDHE

q=2T' 1+ m PFEHTRDILE ¢ FHITED 0(q) =q+ 1.
ZDEMIZ 0(q) =o0(o(a)+m). HiiZ g+ 1=2a+m.

CITHAT, A=0c(a)+m &BEL. EEDPS, g=A DT I NIFHIRK
o(A)=q+1,q+1=2a+m IZXOVIRODAERES. 0(A) = 2a+m.
2T



A=oc(a)+m,0(A)=2a+m Za & A%2DDRHEE A7-HN FHFEN & BLE L
ZOREVTHE m DA—N—22BDHEREES.

ZDff a ZATHE) m DA—N—582HL VWS, £/ A% aDN—FF—2WnS.

m=00D&&o%a) =o(c(a)) LBEL L VITHBE m OA——%2HDHRENIX
0%(a) =2a 75D T, E2HDHER 0(a) = 2a LFBIL 72T D Z Off%E A —I8—
SERE & RS,

Z X D.Suryanaryana (Z & 0 1969 fFIZEA I Nz, F A —N—Z2HE 2
DRE, Thbb a=200R52H ANV RINSZ. ZHIEFZBLVWERTHS. E
XY AV THELTATHFHOMIIA D0 S 720

% 1: 0%(a) =2a D& EDfFR ( A—N—5E2H)

a FINE > i q q DAL R

2 2 3 3

4 22 7 7

16 24 31 31

64 26 127 127
4096 212 8191 8191
65536 216 131071 131071

I Tg= N(a) BAND ALty XK
BRE 1. a =2° PWEITBE m OA—N—228 ol q¢=2" — 1+ mITFEHEL 3.

& UZ 2%q 1T FATRE m DEEZRDRLBITR D, ¢ > 2 B 5 q IEETHT, m 1TMHE
L7232 T, m D& SEITBE) m DA—N—%28EH 722 LTH2REZ
ANCR AN
Proof.
KNo(ola)+m)=2a+m il a=2°2RATH L
o2t — 14+ m) =2¢" 4 m.

q=2"1 —14+m BLEE o(g) =q+1. £oT, gl FHK

End

ZZT,a=207DT,q=2a—1+m. 2XZDME% EFHE (regular solutions ) &
W,

B2 a=2Tqg=2" — 1+ mDBEHLS o FA—N—2B 5.

& IUT 2 [ZFATHEE m DIRF DRI LS.



Proof.

q EFEBLDT o(q) =q+ 1.

q=2"' —1+m=o0(a) +m,q+1=2" 4+ m=2a+m.
X->7T, o(0(a) +m)=2a+m.

End

EE 1. FIIBEH m ORA—RN—%2¥a 2L Tg=2a—14+m Z2HFA VL IHL
w3,

ER 2. FHNCH 72D L |m| < 10 M2 S a BMEBORERZ T TH a = 2¢ HPEIT 5 A HE
MWD 5. (KHIE m=-28DLEIlHD)



3.2 m=-18D& =&
ZOGLE2NEDMLINNE a=33=2T L a=3p(p#3,p: T L7RB5L . &
SIZ q=2p— T IFEBEHIT 5.
a=3plZHULTEDNN—bF AT A=0Bp)—18=4p—14=2q, 7272L q=2p—T.
#2:m=-18

a FEREDHE p=a/3 q=2p-7

15 3%5 5 3
16 24

21 37 7 7
27 33 9

39 3x13 13 19
57 319 19 31
64 26

111 3% 37 37 67
129 3 %43 43 79
201 3% 67 67 127
219 3%73 73 139
237 3% 79 79 151
309 3 %103 103 199
327 3 %109 109 211
417 3% 139 139 271
471 3% 157 157 307
579 3 %193 193 379
669 3 %223 223 439
831 3% 277 277 547
921 3 307 307 607
939 3 %313 313 619
1024 210

ERRTH S 2 DRELISNE 3p & FEITFB1ENIT,3% =27 b 5. ZHIIHEREEL
HhBHIEIPTELS.

EE 3. 18 FUEAEBEI U A= =% 2T 2 DRI DANE 3p & EIT B Z & DYEEH
TEhEXS5 LWV,



* 3 m=-—18

a HRKBOMHE A FRREOMW

15 3%5 6 2%3
16 24 13 13
21 37 14 2% 7
27 33 22 2% 11

39 3x13 38 2%x19
o7 3x19 62 2% 31
64 26 109 109

111 3x37 134 2% 67
129 3 %43 158 2%79
201 3% 67 254 2% 127
219 3%73 278 2% 139
237 3x%79 302 2% 151
309 3103 398 2 %199
327 3 * 109 422 2% 211
417 3 %139 542 2% 271

R 3. m= —181ZX U,a =3p(p # 3,p: TE) 1D q=2p—7TWHEBLS a = 3p 13fif.

Proof

m=—-18 ZEHEXN ITRATEHL A=0(a) - 18,0(A) = 2a — 18.

a=3p,(p#3) B L A=0(a)—18=4(p+1)—28=4p—-14=2(2p—-7). T Z
T,q=2p—T7IFFEHEHRETS. A=2q 0(A)=0(29) =3¢+3.

—J,2a+m=6p—18 =3(2p—6) =3(q+7)—18 =3¢ +3. £>T, 0(4) =2a—18.

End
Z DWDIR DI T RYAL.

& 4. o(o(a)+m)=2a+m, m=—-18 DL ZE
a=3L,(L#0mod3) LEBMENHL70, p=L,qg=2p—T 3L HITEH.

Proof.
a=3LIZXLT, A=0(3L) — 18 =40(L) — 18 =2(20(L) —9) &5 DT
Q=20(L)—9 &BL L& QIFHHT A=20Q,0(4) =2a—18 =6(L — 3).



o(A) =6(L —3) IZT TITRINTWVWEDTT R THEFHKL.
60(L) —24 = 6L +6 — 24 D ZIZ

o(@Q)=Q+1,0(L)=L+1.

EoTg=,BLE L=p,q=2p— 713 HIZFEE

Pq=2p—TIREBITEBLZDTINFA—N=NFEBIZR>T W5,

End



4 m=-280 A—/IN—5ZLH

Fd:m=—28 A—IN—5E2H

a factor quasiMersenne  factor  a/7
16 24 3 3
26 2% 13 23 23
35 5% 7 41 41 5
77 7x11 125 53 11
98 2 % 72 167 167 14
107 107 185 5% 37
119 717 209 11%19 17
128 27 227 227
161 7x23 293 293 23
203 7x29 377 13%x29 29
329 7«47 629 17«37 47
371 7%53 713 23%31 53
413 Tx59 797 797 59
497 TxT1 965 5%193 71
623  7x89 1217 1217 89
707 7101 1385 5%277 101
917  7x131 1805 5192 131
959 7137 1889 1889 137
1043 7% 149 2057 11217 149
1253 7% 179 2477 2477 179
1379 7%197 2729 2729 197
1589 7% 227 3149 47 %67 227
1631 7% 233 3233 53%61 233
1799 7% 257 3569 43%83 257
6491 6491 12953 12953
29339 29339 58649 223 % 263

m=—28 ZEHEVN ITRATEL A=0(a) —28,0(A) =2a — 28.

a=Tp,(p#£T7) B A=0(a) —28=8(p+1)—28=4p—-20=4(2p—5). T Z
T,q=2p—5 XEHEBETS. A=4q 4,¢ lTANZERDTo(A) =0(dq) =Tq+7.

—H,2a+m=14p—28 =T*2p—28 =T7(q+5) — 28 =T7q+ 7= o(A).

Z DWEDIRDIE THEL.

E 5. A=o0(a) —28,0(A) =2a — 28
a="7Q,(Q #0mod7) LEFBMENHE7E, p=Q,q=2p—5 l¥& HITHEHK.

10



Proof.

ola) = o(7Q) = (Q) DT, A=o(a) —28 =85(Q) — 28 = 4(20(Q) — 7).
R=20(Q) -7 t® < NIZAIT, A = 4R.
o(A)=o(4 ) ( )-
—7i,0(A) = 2a — 28 = 14Q — i)
To(R) = 14Q —

£oTo(R)=2Q—-4>R+1.
WZIZ,2Q > R+ 5.
R=20(Q)—7 #RALT

20 > R+5=20(Q) — 2.

£oT,Q>0(Q)—1. L7D5T,Q=0(Q)—1DEDVHL, Q IFFEH &b,
o(R)=R+1 HHILL, R IR

p=Q,q=R &EL &, a=Tp,q=20(Q)—T=2p—5. (p,q=2p—5) lFA—/3—
IS¢

End

figz RS 5 &,

i. 2¢ (IERIfR)

ii. 7p( p: FE) CEFEMR)
i, BHME 107 2 &

iv. 2% 13,2 72 {BEfR

11



4.1 R

—fRIZ A= N=5E2 A =o(a) + m,0(A) —m = 2a IZDWT a=p: R p OfiF
NHHET5H.
A=oc(a)+m=p+1+m DT, p=A—m—1

o(A)=m+2a=m+2(A-m—-1)=24A—-m—2.

m=—-28 D& & g(A) =2A+26.
T T ATRE —26 DREER A IZOWT, A—m—1=A+2T BEBp=s Th
DI

x5 LT E m = —26 DB

A factor A+27 factor
80 24 x5 107 107
1184 25 % 37 1211 7% 173
6464 26 % 101 6491 6491
29312 27 % 229 29339 29339
78975  3°%52%x13 79002 233 %x7x11%19
510464 29 % 997 510491 41 % 12451
557192 23 %172 %241 557219 13 % 42863

A+27 BEBIT D D1F107,6491,29939. TN 5 I EATRBEE m = —28 DA —/3—5¢
BEOFELIR. UT-1 > T, 107 IS DOFZEFR 6491,29939 D3A DD > 7=,

12



5 m EIFETBRELLVILNSTEH

0(2a) =4a—1,0(c(a) + m) —m =2a 72D T

o(o(o(a)+m)—m)=4a—1

2135, Ik a ZRNBEZEAZZDRE m ZIFFATBE LYV b 758280 RN,
ZOff a % m EIPFETBELLZTILE I5%eHE V.

E%E 2. o(o(o(a)+m)—m)=4a—1 &7%225X%, a ZRABEEZZDAXNE m 7ZIFFE
TBE LTV IR BO AR, ZOM a 2 m 721 FATBEI LDV b Z5ee
W,

ZORIIEMARDOTERZP L CEN ARRICET RO LS 12k 5.

A=o(a)+m, B=0(A)—m,o(B)=4a—1

DD a ZFATBE m DUV FEERELE VS m=075 03(a) =4a—1 12
RO INDEEBD I TREBMOERANTH S,

WHENE 4 FEEDOERBENE NP A —NR—ZL2HOEHEANE R To(a) =4a -1 242
EADN

ZNZIZEPINTLE 572 NV IVTHARZ L ZOAENZT a 1ZPRIED 20X
LWV S LW, UL LEEIARTER W, ZTZTIOME VIV IZE2BEES Z &I
LS eSo7 m ZIETBEILZUV N 7582 8EE X TEHE LD 4E0 8 L
W5 UL,

13



6 DINTEREHIIE

a=2°(qg=2a—1+m:FH) DL E N=2"1 1285, 0(a)=N=2a—-1=
q— mtﬁo)f“q:a(a)—i—m.
(@) +m &BL. (A=q¢RE, 20/ THL)
1®:q+1_A+1E®T<B_JM)—1KB<%B:q§%L%®ﬁTB<)
B)=q+1=2a+m.

Q

(
(

ZZT,a=2%(qg=2a—1+m: FEH) DIRED FTHOLN/ELR
A:a( )+m B—U(A)—l o(B)=2a+m
W,

A%RNX=FF—= BZ2IYRI2WVWI M =2a—1+m ZELA LY IEE NS,

XAlD 7=z u@ﬁfi&bbmﬂimlxl\775%%&(5:13?”&\9. Fr-EEDoIIIV T
HEREEES.

IV IEEHINME IV N IR =—a—RA TeE VD,

ZDE L THEONZIN N IR INMITE - DITHEERTHEOSNZED
DEITHEINVNEEEAERTHAD EATFERZEAHTHALPTVWATH 2.

FEEEIIV N ZRERITFUZE VT m = —28,-18, —14, —58 DL X DEN S TV N F
ZTEBPHTL 5.

14



7T U IRERINBEOEKRER

RDOFERIE TNV D Z BB N UTOREHIIODOWTOAA 7 — 12 X5 EHDOHHLT
H5.

EE 1. m=0DEEVIVINIRREIIE THS o FMEEERET DL, a=2° D
qg=2a—1 FFEHIHY a=aq FZEREBUIRS.

Proof.

Ztiro, A=o0(a), B=0o(A) -1, 0(B) =2a &jii7=7.

a \TMEBIRDOTEH B LIZED a=2°L, (e > 0) LEIT 5.

N=2"1 1 28L& A=0(a) =0(2%)0(L) = No(L). £<IZ A= No(L) %
DTN &o(l)ix ADKETHS.

L>1%KRETSH. §5&,0(L)>L+1.

A o(L) 13 A OREZRDT

o(A)>1+o0o(L) + A.

MR o(B)=2a=2%2°L=(N+1)L, »D o(B) > B+1=0(A).
£-o T,

o(B)=(N+1)L>B+1=0(A)>140(L)+A>2+L+N(L+1).

&

(N+1)L>2+ L+ N(L+1).
CNEFE. £oT, L=1,a=2° ZZTIROMEZFHT 5.

AE 1. VIV IREMIMDEa ) 2RE, Thbb a=2°%56, A=q=2a—-1+m
(EE 37

Proof.

WELD A=0c(a)+m=2a—1+m. EE»PSo(B)=2a+m=A+1.

o(B)=2a+m>B+1=0(A)>A+1=2a+m.

EoT220FENKV VS, 0o(B)=B+1,0(4)=A+1. £->T, BIEFEHK A
FEH A=2a—14+m=q7RDT, g=2a—1+m ITEL

End

ZOWMREIZED, g=2a—1=2°T" — 1 IFFEH (ANt XFEH), 124D a=aq &
Lot A

15



#£6:m=—-18 VNV IIZEH —a—%14 7

a factor p=a/3 q=2p—-T7 r=6p—19 r+1 2a+m

15  3x5 5 3 11 12 15
16 24 13 14 16
21 3x7 7 7 23 24 21
29 29 39 40 29
39 3x13 13 19 59 60 39
64 26 109 110 64
129 343 43 79 239 240 129
201 3%67 67 127 383 384 201
219 373 73 139 419 420 219
309 3x103 103 199 599 600 309
669 3%223 223 439 1319 1320 669
729 36 243 479 1439 1440 729

71 m=—-18 DEEIIINIREH Za—49147
m=—-18 DEEITINDNIZEH —a—RA TEFHNT.
EE 2. m=—-18 DL & pqg=2p—T,r=6p—19 WIXRTEHLS a=3p =2 —

RATDUI N T REBITRD.

Proof

m=—18,a=3p ZRAT S &,
A=c(a)+m=4p+4—-18=4p—14=2q,q=2p— 7. q: FHELIRET S &,
r=B=0c(A)—1=3¢+2=32p—7)+2=06p—19. r: FEHELIRKET S &,

o(B)=6p—18=2a+m
End

X SIZZ DDA LD,

8 6. p:FEW a=3p, A=0c(a)+m=2q,q=2p—7
EUTB=0(A)—1,0(B)=6p—18=2a+m ZRET D&, q,r IF&HITEHK.

Proof.

o(B)=6p—18>B+1=0(A) >A+1

A=oc(a)+m=2¢12& Y, 0(A) = 0(2¢) = 30(q) > 3¢+ 3 = 3(2p — 6).
o(B)=6p—18 12& D, 0(B)=6p—18> B+ 1=0(A)>3(2p—6).
o(B)=32p—6) IZX DI RTESDVHDIH, fERE LT, ¢,r 1Z&HITEL

16



End

TIVETEDFHERE 2 — XA TOIIN T REBOBBRN IO X SITHRILL 2.

CORERIIKERBREEF R 5.

Za—XA TDVINV LT ERBOFER O 2018 £ 7 A 2 HEFIEIZ H 5 KF Wil
DOHT DHHHFREREFT DR N IZE P NT=R Y FTHESN, T DOERIEEDFIZH DHL%
BEREHETE & o MRV E LN

ZD XD EIT - 2B, BRED A —R=NFEE, VIV s 7 =ZOFFEBTH%E
Mg AsZ L ThoT-.

m=-18 DL E a=3p DINEZEHEDDZ L ZAALD.

fit a =3p (3,00 HWZHK) 2FDLT 5.

A=oc(a)+m=4p+4—18=4o(p) —18 =2R 772U R =20(p) — 9.

$T5¢, RIFAHLEDT o(A) =30(R).

B=0(A)-1=30(R)— 1.

o(B)=2a+m=6p—18> B+ 1=0(A) =30(R).
o(B)=30(R)>B+1>0(A) =30(R).
REEZDEFTIE T R THEALITER D Z DFGR,

o(B)=B+1,0(R)=R+1,0(p)=p+1.

p=pFEBq=R=20(p)—9=2p—T,r=B=30(R)—1=06p—19.
p,q=2p—T,7r=06p—19 XTIV T =DFFEK

End

8 m=—-28 DRA—/N\—%LH

17



FT:m=—28 DA—I— 5ZL

a factor A g-mer factor
16 24 3 3 3
26 2x13 14 23 23
35 5% 7 20 41 41
77 7Tx11 68 125 53

98  2x72 143 167 167
107 107 80 185 5% 37
119  7%17 116 209  11%19
128 27 227 227 227
161 7%23 164 293 293
203 729 212 377  13%29
329  7x47 356 629  17x37
371 753 404 713 23x31
413  7x59 452 797 797
497  7x71 548 965 5% 193
623 7x89 692 1217 1217
707  7%101 788 1385  5%277
917 7131 1028 1805 5%19?
959 7%137 1076 1889 1889
1043 7x149 1172 2057 112 %17

INZREEZATm=-28 VIV EI%EH Za—X1 T&HfHR5.

9 m=-20DVI KNS EH Za—%147

FUOITNY IV THREHT.
TIVEIEE —a— XA TOEHRERNIm=-28 ZRATIELIRDLDIZR5.
A=o(a)—28, B=0(A)—1, 0(B) =2a— 28.
m=-28DLEDHKRERDEL a="Tp, (p#£T FE), DENL N LIZ&DK.
a=Tp &BLLE, A=0(a) —28=8p+8—-28=8p—20=14q,(¢q=2p—5)
FIT q BEBREIRETZ24,q FEWVICERDT, o(A) = o(4q) = T(q + 1).
B=0(A)—1=7¢+6. r=T7q+6 LBEZINELEEHLINET 5.
o(B)=r+1=7q+7=72p—5+1) =14p — 28 = 2a + m.
W 2T, IRDFERZFEHT & 7=
EE 3. p,q=2p—5,r=T7¢+6 DENERZBLS, a=Tp ldm=-28 VLI IF%ELEK
—a—XA TOMBITI S,
ZDCE(pq=2p—5,r=Tq+6) ZVILFTZDFHRBME VD, ZOLETp TV
W IRER —a—R41 7 12725,
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£8&Em=—-28DINVEIFBEH —a—&k17

a p=a/7 g=2p—5 r=14p—-29 r+1 (r+1-—m)/2
16 24

26 2%13 0 1 14.5
35 5% 7 5 5 41 42 35
98 2% 72 14 23 167 168 98
128 27 18.28571429  31.57142857 227 228 128
161 7%23 23 41 293 294 161
413 7%59 59 113 797 798 413
623 789 89 173 1217 1218 623
959 7137 137 269 1889 1890 959
1253 7% 179 179 353 2477 2478 1253

ZTITBWTr=7¢+6="7(2p—5)+6=14p — 29.

9.1 HEE

aZINVIIRRM —a—RA4T L L,a=7C,(7 & CIFHWIHR) LIKET 5.

L72D 5T,

A=o0(a)—28, B=0(A)—1,0(B)=14C —28

Z iz 9.

A=0(7C)—28 =80(C)—28 =4(20(C) —7) 278D R=20(C) -7 &BL & &
A=A4R.

0(B)=14C —28>B+1=0(A). A=4RIZ& YV, R: &F#R DT,

0(A)=0(4R)=T0(R) > TR+T.

0(B) =14C — 28 > 0(A) > TR+ 7 272 5D T
14C —28 > TR+ 7 % 7 TH|> T,

2C —4> R+ 1.
R=20(C)-TICkBY, R+1=20(C)—6 &%

2C —4 >20(C) — 6.

L7=->T,C >o0(C)—1.
—fRIZIZC <o(C) =1 DRDIH, C=0(C)—1. £oT,CIZEMp. ZNED T
RTDOREZSWEBIZRY, R=20(C)-7=2C-5=2p—5 IFFE M q.
o0(B)=B+1,0(B)=14C —28 {2 &V, B+1=14C -28 =14p—28. B=r & &
FiEr=14p —29. < LT, p,q=2p—5,14p—29 &V )V b 7 =D FFEH
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10 m=—14 DR—/N\— B2

F9: m=—14 DA—I3— 5ZLK

a  factor A  gmer factor

16 24 17 17 17
37 37 24 59 59
43 43 30 71 71

64 26 113 113 113
67 67 54 119 717
79 79 66 143 11%13
127 127 114 239 239
128 27 241 241 241
151 151 138 287  7x4l
199 199 186 383 383
247 13%19 266 479 479
271 271 258 527 1731
317 317 304 619 619
331 331 318 647 647
367 367 354 719 719
379 379 366 743 743
439 439 426 863 863
487 487 474 959 T 137
512 29 1009 1009 1009
547 547 534 1079 13 %83
619 619 606 1223 1223
631 631 618 1247 29 %43
691 691 678 1367 1367
907 907 894 1799 7257

Z 2 TIE BB\,

11 m=—4 DIIIIREH —Za—4947
m = —14 TOERIIZLBDOGE I LI hb.
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K10 m=-14DINVIIREH —a—X1 7

a p A=p-13 ¢q=A/6 B=r=12¢+11 r+1 r+1-2a
16 24 16 3 0.5 17 18 —14
37 37 37 24 4 59 60 —14
43 43 43 30 5 71 72 —14
64 26 64 51 8.5 113 114 —14
127 127 127 114 19 239 240 —14
128 27 128 115 241 242 —14
133 719 133 120 20 251 252 —14
199 199 199 186 31 383 384 —14
247 13%19 247 234 39 479 480 —14
317 317 317 304 619 620 —14
331 331 331 318 53 647 648 —14
343 73 343 330 55 671 672 —14
367 367 367 354 59 719 720 —14
379 379 379 366 61 743 744 —14
439 439 439 426 71 863 864 —14
512 29 512 499 1009 1010 —14
619 619 619 606 101 1223 1224 —14
691 691 691 678 113 1367 1368 —14
919 919 919 906 151 1823 1824 —14
1027 13%79 1027 1014 169 2039 2040 —14
1051 1051 1051 1038 173 2087 2088 —14

12 m=-2—-2u, u: T2

m=—2-2u, (n: T DEEa=pp: FH) PINVIIREH =a—K17
WZRDDIFEATREENERD.

ZMEDS A=0(a) —2—2u, B=0(A) -1 %i/=79.

ST, A=p+1-2-2u T QD ufEr35. Thbb A=p+1-2-2u=puQ.
Q& uldAWIIELT 3.

o(p) =2p 12&27T, 0(4) = o(pQ) =2p0(Q) = 20(Q + 1).

B=c(A)—1=2u(Q+1)— 1 IFEHLIKET 5.

HELTHAB L

o(B)=B+1=2u(Q+1)=2p—2-2pu

2p—2—-2u=2a+m7EDT,o(B)=2a+m. ZHIZTLD.
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a=pp: FH) DLE, A=p+1-2-2u=pQ (Q: FH), B=2u(Q+1) -1 &
FHETDE a=plE VIVNIREH =2 —XA T 1Tk5.

12.1 MEHE

m=—2—2u, pu: TR IFMEINTNS.

a=p BHERETE. ZNREIIVEFITREM —a—RA T IR LIRETS. §74&
HbH

A=o(a)—2—-2u=p—1—2u, B=0(A)—1,0(B) =2a+m = 2a—2—2u %
72995,

A=pQ, T T Q,u FAWVIZREMRETS. A=pQ =0(a)—2-2u=p—1-2u
&0 p=pQ+1+2u.

o(B) > B+1=0(A)=2u0(Q) > 2u(Q +1) =2u+ 2pQ.

p=puQ+1+2pu I2KDE 2u+2uQ =2u+2(p—1—2u) =2p—2—2u.

—7,0(B) =2p—2—2u DMRERDT, REBNITRTERBIZRY, 0(B) = B+
1,o(Q)=Q+1. B=2uc(Q) — 1 »FEH.

(Q,p=pQ +1+42u,2uQ + 2 — 1) IZ VIV~ T =D7FEH.

pu=067%55(Q,p=6Q+13,12Q + 11) V)V h 7 =D FFH.

SEEBENTFEZRL, RO FEBIHRIZE X H SN2 0 — kb e
WFZED— BRI D EDIZHEOTDODWIZDTH L. BERE\NVNHRE D,
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Deformation of Categories by Group preStacks

Kazuhisa Machara at Kurashiki

September 16, 2018

Abstract

In this article we extend the theory of the absolute Galois and LGalois groups to
apply it to extensions of the presheaves of toplogical groups associated to deformation
projective separable morphisms of a family of projective separable varieties over a base
scheme. Furthermore we generalize it to deformation of categories using Tannaka-Krein

duality.

We refer to the theorem which we gave last year at Kurasiki symposium. Fundamental Theorem

of LGalois theory:

Theorem 0.1. Let L be an LGalois extension of K and I' its LGalois group. Let IC be the
set of subextensions E of L such that L/E are separable and G the set of algebraically closed
subgroup of T'. For each subgroup A € G, k(A) denotes the invariant field of L by A and for
E € K g(F) denotes the group of E-automorphism of L. Then A — k(A) is a bijection of G
to K. E— g(FE) is an inverse bijection of K to G. For E € K, LGal(L/E) is an algebraically
closed subgroup of LGal(L/K) with an induced topology. For a subgroup A of T', Let E be the

invariant field of A.Then the LGalois group of E is the closure of A in I'. Let M be the set of
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subextensions of L such that if u : E ~ E' then transcendent degrees of L over E and E’ should

be the same. Let E, F € M.

al.close inc

Hom!®(E,F) ~ Hom I®a/E)(LGal(L/F),LGal(L/E))

where the left homomorphisms are field separable injections and the right homomorphism are

continuous algebraically closed inclusions. Note that we consider an fixed algebraically closed

field containing all fields in the category of fields and on the other hand an fixed topological

group LGalois group containing all topological group LGalois groups in the category of LGalois
al.close inc

groups. In HomyP(E, F), E is to be abstract, in  Hom LCAE/K)(LGal(L/F),LGal(L/E))

LGal(L/E) is to be abstract.

Proof. Let E € K be a field. When [L : E]| < oo, it comes from usual Galois theory, we assume
[L : E] = co. Let Gg = g(E) be the algebraic closure of a subgroup of I' which makes F
invariant and E’ the fixed field by Gg. Clearly, E C E’. Let Lg be the algebraic closure of E
in L and G’éE the restriction of Gg on Lg. Note that rest : Gg — GJLEE is surjective. In Lg we
have E = E'|,, by virtue of Galois theory. If £’ is algebraic over E, E'|,, = E’. If E' is not
algebraic over F, then there exists transcendent elements in E’ over E. However, they are not
invariant by the definition of LGalois group. Thus E' = E. Next let A be a group in G and
k(A) the fixed field by A. Let G = g(k(A)) be the algebraic closure of the group which makes
k(A) invariant. A is contained in G. Since A is algebraically closed, A = G.

We show the last statement. Given an extension F' of E in M, there exists an injection
LGal(L/F) — LGal(L/FE)

Conversely, given
w: LGal(L/F) — LGal(L/E)
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one has an algebraically closed subgroup u(LGal(L/F)) in LGal(L/FE). Hence one has an
invariant field F” of w(LGal(L/F)). There exists an isomorphism u* : F' — F since LGalois
groups are isomorphic,which will be proved later. By hypothesis, u* can be extended to a
K-automorphism v* : L — L. Hence for x € I’ one has o(v*(z)) = v*(z) for 0 € LGal(L/F).
Thus 0 — (v*)"'ov* gives u. Hence one has

[0z

LGal(L) EY 2 Gal(L) FY)

T

LGal(L/E)

If F and F’' do not have the same equipotents of any separant transcendent bases over K,
LGal(L/F) and LGal(L/F") are not isomorphic since a transendent element has conjugates as
all transcendent elements of L over K, the set of which is equipotent to that of L. Thus F' and
F’ have separant transcendent bases A and B which are equipotent. Since K(A) and K(B)
are isomorphic, the separable closures of them are also isomorphic. Hence the isomorphism
of LGal(L/F) and LGal(L/F’) induces that of their absolute Galois groups Gal(#*/F) and

Gal(F”°/F’). Hence F and F' are isomorphic. O

The category whose objects are subfields of a fixed separably closed field of a ground field
such that it is seaparable over each subfield and whose morphisms are separable inclusions is
equivalent to the category whose objects are algebraically closed subgroups of an automorphism
group of a fixed separably closed field over a ground field and whose morphisms are inclusions.

Let S be a noetherian scheme. Let C be the category the objects of which are reduced
schemes projective, geometrically irreducible and reduced over S and the morphisms of which
are surjective separable morphisms over S. For a sake of simplicity, assume S is an affine
scheme. Take an object f : X — S of C and a hyperplane H on X ample over S. Then
X \ H is affine and the ring of this affine scheme is a subring of the function field of X. The
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automorphism group G of Specf,Ox over S is a finite group and the trajectory H' of H on
which the group acts is affine. So X \ H’ is G-invariant. Consider the automorphism group LG
of the function field of X over that of S and the dual of the automorphism group Aut(X/S)° of
X over S. This group is the intersection of the duals of the automorphism groups Aut(X \ H').
Hence

LG — Aut(X/S)°
is a surjection of topological groups. Take a pro-object of C and the dual of the automorphism
group over S.

Definition 0.1. SGA1{

1. Let f : X =Y be a morphism of schemes of finite type. f is said to be etale at v € X if

f is flat at x and unramified at x.

2. A scheme X over a field k is said to be separable over k if for any extension K of k
X ® K is reduced. Let f : X — Y be a morphism of schemes. f is separable if f is flat

and if for any y € Y the fibre X ®y k(y) is separable.

Proposition 0.1. SGAI Let f : X — Y be a proper and separable morphism over Y and
Y a locally noetherian scheme. Taking the Stein factorization f' : X — Specf,Ox and g :

Spec Ox — Y, we have g is finite and etale.

Let € be an algebraically closed field with infinite transcendetal elements. Let S be a

locally noeterian, connected scheme and

a:Spec P, xS

a geometric point of S. Let C be the category of finite etale covering of P* x S. We take a
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functor F' such that for a finite etale covering X of P" x S, F(X) is a set of the geometric

points of X over a and n. Then F is a functor on C into the category of finite sets.

Proposition 0.2. Let X be an element of C and G a topological group operating X over S

through S-automorphisms. Then G acts admissibly and X/G is in C.

F is left-exact. We can find a projective system over a filtered order I:
(F)ier
in C. We take a limit P = lim;c; P;, a pro-object in C. We have an isomorphism
F(X) = Hompo(c)(P, X) = lim Hom(P;, X)
We define a topological group with respect to a point
® = Aut(F) = Aut’(P)

and we denote ®1(S,a). Let f: X — Y be in C. Denoting an algebraic fundamental group by
m1(X, a), we have

O(X,a) —= P1(Y,a)

| l

m(X,a) —=m (Y, a)

where the vertical arrows are surjections and the upper horizontal arrow is injection, the lower
horizontal arrow factors an injection through a surjection, arrows are topological group homo-

morphisms. Let g : S — T be a morphism of locally noetherian schemes. We have

@1(5, CL) - cI)l (T7 g(a))

i l

m1(S,a) ——=m(T, g(a))
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Let S be a locally noeterian scheme. We consider the presheaves ®1(U) and m;(U) over the
category of the subschemes U of X neglecting a geometric point and we denote them by /X
and II/ X, respectively. These sheaves corresponds biunivolally to a variety. Consider a fibre
scheme over S with a fibre X and translate it to a extensin of sheaves ®/X and II/X. In
particular, let k£ be a field and X a projective separable variety over k. Given a general generic
point on X

a:Q — Speck(X) = X

we construct the sheaves ®(a)/X and Il(a)/X of presheaves U +— ®1(U,a) and U — (U, a),

respectively. We have the cohomology:
H'(T, (G — Aut(G)))

where G denotes ®(a)/X or II(a)/X and where I' is the absolute Galois group of the function

field of S.

Theorem 0.2. Let k be a field and S be a projective variety over k. Let' Y be a projective
separable variety over k. Let f :Y x S — X be a surjective separable morphism over S. Let
X be a projective separable variety over S. Assume every fibre Xy of X over S is a projective
variety over Speck(s) of s € S. In particular, we denote by X a projective separable variety

over Spec k(S). Assume the following commutative triangle:

Y xSl x
S
Then X is locally trivial over S.

Proof.
HY(T, Aut(G)) — HY(T, (G — Aut(G))
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where G denotes ®(a)/X or II(a)/X and where I' is the absolute Galois group of the func-
tion field of S. G has a section as a group homomorphism which determines a member in
the cohomology H'(I", Aut(G)) such that it is in the algebraic part of Aut(G). Note that an
automorphism group of a scheme flat projective over a noeterian scheme is a group scheme.
Hence it implies

[ — Aut(X)

Then replacing S by S’ through a generically finite separable surjective morphism, X7 is locally

trivial. O

Theorem 0.3. Let S be a complex projective variety and X a non-singular complex variety
projective flat over S. Let H be a hyperplane of X such that H is normal crossing on X and
that each fibre (X \ H)s for s € S is of log-Kodaira dimension > 0. Moreover there is a proper
surjective morphism from a Yo \ Io X S onto X \ H over S. Then X \ H is locally trivial after

base change through a generically finite morphism S" — S where S" is a pprojective variety.

Proof. Note that the automorphism group of an open variety of log-Kodaira dimension > 0
defined by litaka is a scheme in algebraic groups. Hence the argument is similar in the proof
of the preceding theorem. Left to the reader.

]

From here we will discuss the arguments using Tannaka duality, which is originally a duality
between affine group schemes over a field k£ and the categories of their representations proved by
Saavedra Rivano, Deligne-Milne. Tannaka duality can be extenced to affine groupoid schemes
acting on Spec K for some field extension K of k. An affine groupoid scheme G acting on Spec K
can be reconstructed from the forgetful functor RepG — Vecty. A functor w : A — Vecty is
equivalent to the forgetful functor RepG — Vect if and only if w is a k-linear tensor functor
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and faithful, exact, where A is an autonomous symmetric monoidal abelian k-linear category,
which is called a rigid tensor category. Here an ’autonomous’ monoidal category means that
every object has a dual. Let k£ be a field. There exists the contravariant equivalence between
affine schemes over k and k-algebroids. The affine groupoids correspond to Hopf algebroids,
i.e., an associative bialgebraid with antipode. An affine groupoid G' = Spec H acting on Spec B
over Speck is a Hopf algebroid (B, H) in the monoidal category Vect, where B and H are
k-algebras. H can be thought as a (B, B)-bimodule. In addition a Hopf algebroid has a
comultiplication H — H ®p H and a counit H — B, which correspond to the composition
operation and the map to send an object to its identity in the affine groupoid, and an antipode
H — H which corresponds the map to send a morphism to its inverse. A (B, B)-coalgebroid or
coring is a (B, B)-bimodule C' with a comultiplication C' — C®pC and a counit C' — B, which
are coassociative and counital. Since k is a field, a (B, B)-bimodule is an abelian group with a
left and a right B-action such that the two k-actions coincide. If B = k, every (B, B)-coalgebra
is a k-algebra. A C-comodule is a B-module endowed with a coaction M — C' ®pg M. In the
case Spec K is generalized to Spec R where R is a commutative ring. For a technical reason, we
need a symmetric monoidal categories to be complete, cocomplete and closed,i.e., a condition
that a tensor functor x ® — has its right adjoint [z, —], which we call a cosmos. Note that an

R-module has a dual if and only if it is finitely generated and projective.

Definition 0.2. Let R be a commutative ring and B a commutative R-algebra. A Cauchy
comodule of a (B, B)-coalgebroid C' is a comodule whose underling B-module is finitely generated

and projective. The category of Cauchy comodules of C' is denoted by RepC'.
The Tannaka biadjunction is the following
(B,B) — Coalgebroi%ieﬁ R — Cat/Modp
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which has a left biadjoint L(—). Here B denotes a fixed R-algebra, and R—Cat/Modp denotes
the 2-category whose objects are R-linear functors with codomain Modp. Considering the case
B is a finite etale R-algebra, which is a Galois covering over R, there exists a finite group G
and G-modules, RepG® which the forgetful functor sends to Modg. We find a Hopf algebra
H such that G = Spec H. A ring homomorphism R — B is pro-etale if it is a filtered limit
of etale morphisms of schemes over Spec R and we call it an ind-etale algebra. Then we have
a profinite group m(Spec R). Hence for a noetherian scheme X we have a presheaf m;(—) on
the category of affine subschemes of X  and we can extend a presheaf on the category of the

subschemes of X. Furthermore let N be a cosmos.

Theorem 0.4. Let B be an enriched category, i.e., N -category. Let

R : Comonadyjeqny(B) = N — Cat/B

be the 2-functor which on objects sends a Mod(N')-comonad to the forgetful functor from its
N -category of Cauchy comodules to the Cauchy completion B of B. The 2-functor sends a
Mod(N)-comonad C' to the forgetful functor Rep(C) — B. If the categry Comonadyi,acn)(B)

is regarded as a 2-ctegory with only identity 2-cells, then R has a left biadjoint L.

We denote the tensor product of N' by — ® — : N x N' — N, the unit object by I and
the internal hom by [—, —].A category A enriched in N has objects a,d’,--- and instead of
hom-sets, it has hom-objects A(a,a’) € N. For a small N-category A, there a P.A of enriched

presheaves on A and an enriched Yoneda embedding.

Definition 0.3. Let N be a cosmos and let A, B be N -categories. A module M : A — B is a

N -functor B? @ A — N and composition of modules M : A — B and N : B — C is denoted
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by N ® M and specified by the coend
beB
N@M@@:/ N(e,b) ® M(b, a)

This composition is associative up to coherent isomorphism and the representable modules are
identities up to isomorphiosm by a form of the Yoneda lemma. We get a bicategory Mod(N)
with 0-cells the small N -categories, 1-cells the modules and 2-cells the N -naturaltransfomations

between them.

Definition 0.4. Let B be a N -category. A comonad in the bicategory Mod(N') on B is a
coalgebra in the category Mod(N)(B,B) of endmodules of B, whose monoidal structure is
given by composition of modules. The category of Mod(N)-comonads on B is denoted by

Comonadyieav)(B).

Note that an endomodule of a N-category B with a single object,i.e., an algebra in N is
a (B, B)-bimodule. Hence a Mod(N)-comonad on B in Mod(N) is a (B, B)-coalgebroid. If
B = I, where I is a unit object in A, it is a coalgebra in N. Let B be a N-category. An
object F' € PB is called a Cauchy object if the representable functor PB(F, —) is cocontinuous
in the enriched sense.The Cauchy completion B of B is the full subcategory of Cauchy objects
in PB. Since colimits in presheaf categories are computed pointwise, it follows B C B. Let
N = Modp, be the cosmos of R-modules for a commutative ring R and let B be an R-algebra
which is to be considered a one object N -category B. The presheaf category PB is isomorphic
to the R-linear category of right B-modules. A B-module M is a Cauchy object if and only if
it is finitely generated and projective. We want to apply the generalization to a deformation
of compact Kaeler manifolds, differential manifolds and topological manifolds and any other

categories. Let M be a 2-category,i.e., a category enriched in Cat.
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Theorem 0.5. Let B be an object of M. Then there is a canonical 2-functor
L : Map(M)/B — CoMonad(B)
If M has Tannaka-Krein objects, then there is a canonical pseudofunctor
Rep : CoMonad(B) — Map(M)/B
such that Rep is the left biadjoint to Rep

Assumption: M has a terminal object. There are sufficiently many Galois objects in M,
which has a pro-monad. Note that a 2-category biequivalent to the bicategory Mod(N) for
some cosmos N has Tannaka-Krein objects. Let B an object of M. A comonad on B is a a
comonoid in the monoidal category M(B, B) with monoidal structure given by composition.
The category of comonads on B is denoted by CoMonad(B), which is thought as a 2-category

with only the identity 2-cell.

Definition 0.5. Let M be a 2-category. A map between 0-cells A and B of M is a left adjoint
f A — B, together with a chosen right adjoint varf, unit n and counit €. A 2-cell between

maps (f, f,n,€) = (g,9,m,€) is simply denoted by a 2-cell f = g. The 2-category of maps in

M is denoted by Map(M).

Theorem 0.6. Let M be a 2-category satisfying conditions above. Let f : X — S be a 1-cell

of M. Then there exists a distingshed element in the cohomology
HYT, (G — Aut@))

which represents an extension of presheaves G of monads associated to a fibre of f. Assume
furthermore that every fibre of f has an aumorphism of any fibre of F' to be algebraic even after
base change and that there exists an epimorphic 1-cellY x S/S — X /S even after base change.
Then X /S is categorically equivalent to locally trivial after some base change.
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Corollary 0.1. Let X /S be a fibre space of (compact) differentiable manifolds with Lie groups
as automorphismss over a differentiable manifold S, If this fibre space are dominated by a trivial

fibre space via a surjection even after base change. Then X /S is locally trivial.

Proof. Elie Catan’s theorem says that any closed subgroup of a Lie group is a Lie subgroup.
On the other hand a profinite group is compact and its continuous image is a profinite group.

No profinite group is a Lie group except a point. Consider
HY(T, Aut(G)™)
and the continuous group-homomorphism
[ — Aut(G)“™
maps to a point. Hence the member representing the extension in
HY(T, (G — Aut(Q))

shows that the corresponding extension is trivial. ]
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s> € s =10
0.6 0.6
0.55 0.55
0.5 0.5
0.45 \ g 0.45 \ 8
0 50 100 150 0 50 100 150

9. 0<e<e, THAME ) —O—=FFR[c]|DHEHABRMK, D

0<e<e &T2. 0 K&E<TDHEL, h=ADRKEL D720, HDHOD L ZLKITh = I(P) &
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WOARBLIZZ2 D, LEn-> T, R 1 X0, #iIBREELE X DT, ES
I(P)D#Iy % R[e] N TS5 Z L &5 X, S/AP2RE/INERDED
RIPHI AN E NS T EEB T L.

(1) 0<e<1iE, PHL, PH2ETFHEINENLIELW2D, [(P) =
I(Pe) = /N EBEZBID.

(2) 1<e<ey<0390%4, P11, PHR2ETFHANENDLIELW:
5, I(P)=1(P) =3/ EZEZLND.

UEDZ EDE, 0<e<enllBd L TIZR[e]DBRKIEK, DHf B ZI 2 D Z LN T 2.

IHR (PHESB) 0<e<eMMEIL—O—=FAMR[|DBMARMK, X, h=I1P) Z#&E-THLD
THd.

10. BMARMK,De & EmiES/I2DER

FRER (PH5) ZoLlc, AR De L S/R2OBURRIIMNICO VTR L LS -7, DIF
L, TOT—H LT T7T7THD. 0<e<38<ell 7V TE, h=I1(P)DEXDS/W>ODT—XTh
D, e>39>e, ICONWTIE, P4 LY, S/RPICIFHR/MENTFET D EEZOLNDLDT, THIZT
AEPUE A 51128 UTe. hOfEDEEE D eg 2 BEIZ L L TV D L9 End. £z, e = o DAL,
WA —a — = AR[eIZIE=AETH Y, TOBRRIEK,OHEEII1/N3THD I LTy TH
5. Thbb, e KELRDHIZON, EEN1DE=ZAFOHEMTS = 1/V/3 ~ 0.57735125< .

e | S/h? h e S/h? h
0| 03925 05928| | 36| 04112 36.8488
01| 03925| 05872| | 37| 04169| 59.9657
03| 03925| 05418 | [3.77| 04224| 1051393 | we
05| 03925| 04500| | 38| 04253 | 154.7409 |  o=o
08| 03925| 01807| | 39| 04295| 62.1497| °
1| 03925 03115 4| 04351 | 652343
11| 03925| 0.1323 5| 04740 | 69.3959
15| 03926| 0.8357 6| 04961| 757719
2| 03930| 21257 7| 05105| 83.6316
25| 03941 46462 8| 05205| 954220
9
0

2.8 0.3955 7.0830 0.5279 | 100.3259

3 0.3971 9.5513 1 0.5337 | 123.2668
3.4 0.4039 20.2123 11 0.5381 | 135.1291
3.5 0.4070 26.3044 12 0.5419 | 147.0194
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A, el S/ OBRETRT 7T T nbZOBBRAREZ RS IHT Z LT TERPST2N, BLTFTOF
BEILTTND.

FH6. elLS/WORERT I T 7 OEMAITe, (3.8<ey<39) THD.

11. SEBEOMELE

ABOMEE LT, B nfaATEOMERE 2 NS, 2o
WTIE, M. Bloom and I. J. Schoenberg OWFZEfE B2 5E(1Z L
NWEBEZTND. ZhuL, nfHOREE b SREA ORI IEIn - ‘ R
0 @k &L (5-2vZ) < TS 2 & AR LB ThH S, B Vi
ELT, MEAEAANEL TWAMICERT 5 E2MOXKEN BT |
57 (1965 4F) . HICEZ LTV
IEDLREE HLOEE DM

A, B ZATKACONWT, S OKIEFHEEIT-7-. £ LTENLDOTF—F b, 6 OD&
HfER (P 252t Tcal. ZhbH0iH%E 2 iR ER A AV TR THIZAN,
FRANHEVICHEMCR ) TETOWE L. JOT7 AT 4T 2B TN IATHD.
F72, eLS/RPOBMRO T T 7N ED L S BB TERINDENDICOVTHME LN EZ L TND.
THUSHEATLT, €239 > e BT D MRBIBOKMAERNIES 5 TETHS

—J, AEIFML—u— ZAGICOW TR bR 28, 7 UK 5 255 B2 5D al et
BEOTD, TNHICOOTHEBALHEL, WML —r— =5 L OB 6 4 T < FiET
b5, ZOWEOT-DHIZ, TMEJL—A—=AFKOBARE LMEIL—0—=AFOBRARKIE &
ZREOREE VSBEFRERDEAS] EVSHERGEZITTND.

S E XAk
[AR1] SHTH=Z, NA_—THEp L EBEODANEERME D, AT S BEE £ 78535,
2002 4
[AR2] FrHfZ, MY 2 — ha—X, WEB iR BUNECF AP GERE Vol. 1 (2009 48 H 14 H),
http://www. araiweb. matrix. jp/semi208/KakeyaProblem. html
[DD] David L. Duncan, Constructions Regarding Integration in the Plane and the Rotation
of Segments, University of Washington, Department of Mathematics, 2006.
https://sites. math. washington. edu/ morrow/papers/duncan—thesis. pdf
[Ke!] Kelsan AJECEBITEKNLDFHE YA b, https://keisan. casio. jp/exec/system/1343633437
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BHOERTAELGY 5 70FAHA~NDEDAAHDHE

LT RmFHMER REE TR 34
B =24
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1.[XL®HIZ

HIUESHEORS T 77 Tl, #F, —7 0 F % ALK DO XL

(BASEC, Y B — L 2N S AT BE R A - C, 3RILZERDIES ]

HRR 4 R ILZE R O E L IR O BRI A BUYE L, R LTS, ///ijxf\\\

T4 FRT 4T T, (VAR — REMEENAELAK 18mm D 9 -
3 4

ABS BIERORN— Mz, BHEEHOY A X - BRE S 2T A T > ’
L (ABS BB OHE) ZZExfILCTEY (bbb U A Y — -
TU—2A) BHEETS) EEAIh TS,

B DO, UL, VDYV TES TR E, %2 TH D 7
FI7DEIE L. 5 7&E T/—F (JEA) &TvP (0)
DEETERINZLD) THD.

7T THERIZOWNTWNANA LR THRD H BT,

(BEZ oNMtiz0 5 7 4FMmEICEOAL LS, TORNMEHgERD K]
EV ) MBEICHER 2R -7 ([1IBR). e b, VA — LV TlE- 72 SIREZER O EL RS 4
WOCZERIDOTEZRUED, 77 7 %0 X 9 7 ECREICHEOIAAL TS L IZEX 26 TH 5.
Fi-, BEMEE LTETRE~OEHALH L L b7 ([11BH).

ISR AR RIS B DB &1, BRSO AR OFE IO AR OF X iy, —RIInAFEL O
FEEWEVWD bOLIREL, ZTOFIWmWIZIH DL RNOE %, BE (genus) LIFW, g& W HFLFTET.
ZL T, FAMAEFgTHETETDLI LWV ) EHENALNTND.

5D /) —RE8AKRDT v

g=0 g=1

77 7O, BETI T EMEINIFRRLORHD. €
i, MEEO2@D/ —FORIZBT IO HIT57) % 1
By, 2L nflo /) — RERO%ES T 75K, TRT. =
DEE, BTV, n(n—-1)/2 THH. 612, 2T

K, 2 5
_ n-3)Y(n—4)
9= [T
THAHMAMAITEDAFND] L) ZepdmonTng ([2]
BW). 2T, @ERNE, x08Y EFERT. Lal, w4 3 4
7T 7 TIRNT T ZIZOWTUTHDIALARIT DD > TR 5D/ —RKE1 0Dz

W BN, TR T TK, DG VT T TR ER b oo b DIz EROV7T7 BRI T7)
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SN, HANME LD IAT Z ENTE HHENFET DO TRV EEZTZ. DFD, ED

KO HRMEERFE OIS INED LS HHEICIEOAENEIMNE VWS RAN D, TS5 TIZET L

RETIEICIL, TOHER, FOHDOTEE1LETHOEE 2 Z2AT L ENTE.

2.5 7DFBEANDEDHAHEE

Z 2T, AT T & o7 775 7 O~ B ¥ IA Z- [ RE |

(2 DUV TCRA
T5. F7, FOMBEE EMHEIZBRRS.

MRE: V2 7%HHFAHELIZ, ED2DODTyIELERbLHEVEIICHEL EE,
TOFHEORIEERgERD K.

Bz, 5D/ —F T8ROy VAL DOTDT T 7k g=0DMhm (BK)

1 1
QA- p
3 4

(ZHLDIAEIND.

ZOMWDIALB T AT 5. £7, KEaMEL, ToRE LIISMEOREZITo. RIS, =y

1-2,2-33—-4,4—55—-1ZmsEicHi<. &6, =y P1-3,1—-4%E@EICHI<. LT
v V3 —5&HHICH< Z LT (RTHAMTELTND), 207 T 7ikg=00Fhm (Ek) 12
Oy IVHE LWL ITHIK Z N TE 5.

SERT T TKAZOWTE, HRIEEEAE RO LAXLY, n=5THHDT,

[(5—3)(5 9 _,
DPMEICOAENS. TP, Ksitg=10MME (— AR OF 2 H)

Iz, Yoy
RHOOLRWEIITHi< ZENTES.
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ZOWDIAL T WA T 5. £7, g=10MlE (— AR OFEm) ZHEL, £OXRME L
(5D AT, I, =Y 1-2,2-3,3—4,4—5,5— 1% —FIMUDEELERICHI< . &5
Iy V1 -3,1—4%E@ICHi<. ZLTmyP2—4,2 -5 mIcHi< G5, &#Eilc, =
V3-5%{< DOTHLHN, TUIZNLFLONE CTERICH X, ZORIIHEHIISE TH< (R
M), £99T5H2LT, g=10MFlHE (—AFEDOFEZER) 12, FOT vy IERbLRNE I ITHE
ZERTE D,

3.%2YJ 5 TK, EK,DEEADIEDHIAH

AEORFZET, FANEIEEZ & S 725887 T T K, OMDIAR RN T 5. —fKIC, 2827 T 7K
g=1[m=3)(n—4)/12|OAEICEDIAEND Z D00 TWDN, ZOMDIAR T IXT72—
WOINCRE S TVDEDIT TIERL, WANWARBODIARLTNFETS. LHL, FAEEFHRMLZIESD
AHFICEHEZERES, Thh, SEOHREICEL -1

SEET T 7K, DMDIAFAIZOWNTIEAT 5. ZIUTRIERFEEARX)N D g = 1O MDA F
o, ANEFER LEHDIARE, LTORTHD.
()

o
—
<

3 | .
TRV T7 Ky (e=21) K; @ g = 1 O dh g~ s A2
STE2TIIK,1E, FhESTHAHEZE >TSS, ThiE, 1/7RE&ER#KE, 7208 TH
5. L TLRIZH I WZg = 1OFAMBEADIEOHAAIE, NIZEEZT OB TL/7EEXNHREZF > TL
5.

FERT T T KgDHDIATII DWW T T 5. ZHUTRIERFEE AR g = 30 dhm A
N5, R0, BAER LIEHOIARL, UTORTHS.

FTEI T 7 Ky (e =36) Ky g=30MhiE~0MHHiAH
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RTET 5 TK,DXAFMEE, 1/9EEEFE, 9 DDEERTHS. = LT LIcHI =g = 3DFRE
~DEDHRAAE, NIZEZED T/ ORERFEEF>TWS.

x, BRI I I7THEVEDIE, REEHRGZRDILXNLZVLDES, LhL, HEIBEDSE
HOT T, 2XIMENDZDTIERLNEEZ-. Thbh, RICEESI LTy VEHDIA
e WVWIERT T T OMDIALL v M UTHIRNR 7T 7 %25 21U, MLrDOERN GO
DTV INEE 2 7.

4 BOERETZ D547

SRV T TR, 1nEEENFRE, nflOMEE >, 202 SIS0 HFE L, kR
RMEF L VN HOBMEEHWTRELSNS.

ZEAEED, : Bl xE, E=EMAIE, 1/3 BlERkEE, TER S EOZE D EMRICBET A (8
) 2o, EREE, 1/3RERCHERO - EE2EL, FREREE=ZAROZEAKED; -\ ).
—fRIZ, EnfARIERT 2 1/n BERCHEMOIER 2K%, EnfFO HEFED, & .

-/

= [ Bk

WEIFEZ, © “HEAREED, D O A RN 21/ [BER7E T OEH RO Z & Z1ET.

ST, V970520l &, TOT T TN, D,2AETHD LT, 1/n[AlfEonfl &5 1E H
TEALRNT T 752563, FERIS, Z,AETHD &1, 2077 7031 /n BHEOEHTEN L2
75 7 E¥eT.

FIRT 7770, 100D ) — RE25KDT v V% Ff
DT T T T, Dy RERLDTH D, it Z2 R EEL
BT L, Z R ETHLEI0AEN 1, ZRETH
HIESAIN 1M (0-2-4-6—-8-9), ZZARETHD
BERIESAHEN 1 1-5-9-3-=7), EDIL, Z,"E
THHEMNSME (0-3,1-6,2—-7,3-8,4—9) L7
S>TWb. ZOT T 7&K TI,

G10[5Z, @ 275 @ Z10; 25] (DsAE)

M\ 3 o
Z () <45 2§

1 18
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ERTEITL, V7T 76 PRATEMSEZ LT L. — KIS, paFRE, b b EOREE Lz
L&,

Gap [iZZZ D ipZy D igpZeps e] (DPJFE)

EENDL, UL, qp ) —FleflDx=y P b 27T 7T, TDOHERIL, Z, NEREMDE,

Zy NEIRIEpATED 8, Zgp FEIREqpfATEBig A THE SN TS 2 La2RT. £ LT, Zhz
777Gy A T EFES,

5.2 7DOMAMEA~ADZ, FAERIEHAH

SERT T TK,DHA T,

G,[3Z,;21] (D,AE)
ETED. ZLT IThldg = 10FHEANZ, AEICEDADZENTES] LWV D.

1]

o

3 1
RV T7 Ky (e=21)

K; @ g = 1 Ol -~ ¥ A7
SRS T TR DEA TN,

Go[4Z4;36] (DygAZE)
ETX, ITNEg =3DFAMEAZAEICIEDAD I ENTES ) L0 2D,

RIS, R T TKDIA T, 6y [ 2™ (0B L TES. ZLT, KOTHE

SNTTWD.
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FHE1. T2T 5 TK,0E, nhgDHBTHSHEE, BHRGOFAMBANZ, FTEICTEOAL T EMNT
5.

6. Z, REH G, Dg = pDEFHEANDIEHRAH

RE2T T ITREVGERIE, KEBZ,FELTZIICOVTHEETI-.

TP, T T T CousDEA T Go[10Z, @ 4Zs @ Z419;40] (ZsAE) THDHHDE, 7T 7G6yny
DEATIN Ga[14Z, B 4Z; @ Z14;56] (Z,ARE) THHHLDIZHONWT, THUHEZNENED LD
22PN (CHDIAT Z LN TE D2 EMIE LTz, BARINTIE, —MRITZyp 138 5 0NTKIEIREZ, &\
IR HEE RO Z LinD, fifg = pO PN ~Z, R ZHLDIA T D RIREMEIZ DUV THFZE L 7.

LIRTIE, #A 7D Go[10Z, @ 4Zs @ Z19;40] (ZgRE) TH DT T 7 Gyus DFEELg = 5D FAHN
T~ Zs R IRD AT DWW TR T 5.

]
2

- ,.-'
N,

-~

-
=t

AN

4 D 3

G10[10Z, @ 4Z5 @ Z1;40] (Zs %) g = SOFME~DM AL (ZgRZ)
GroZ W 28077 71%, Z,y(0—1—=2—+-=9), Zg (0—-2—-4—-6-8), Zs (0—4—8—

2—6), Zs (0—-6—2-8-4), Zs (1-3-5-7-9) L5 AKD=vZ, (1-6, 3-8, 5—
0,7-2,9-4) L5 AKD=vZ, (1-8,3-0,5-2,7-49-6) ThHd.

(1] AMAZ02 59 F TOFHE 5 A KRFEHE 0 ITEF L <HR-> 72
UG L, BEE B OSMHIIZREEY, g =50 &5 x
5. ZLTINT, TGP 777 CToHZ1y(0—1-2—
= NHOIRENTZZ LT D.

[2] =20 - 2% S CREICHS. 22T, ARIZMthmmo
HHEIZHOAEND Z L2 EWKT 5. £ L Pl a1/504: L
THYIAEN Ty 20— 2% Mdhm Lic= v — L, 2tk 5 [E
MRS Z LT, Gy 7 7 ThDHZs (0—2—4—6—18)
DHEDIAENS.

[3] =Tv 0 —40#biALE, /— R0L4DRITH D RO %%
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HLT, 0026 R@FETEMT, RONHAE THRETHOFLMEITIERWER TS, = L Chdh

mZz2/5EERL CInEat—L, & 5 EVIKT Z LT, GoDPHlw /77 ThbH2OHDZs
(0—4-8-2-6) NHEDIAEND.

(4] =v 2 0-6DHDIALE, /—ROL6DMIZHDLRNOEKH LT, 0MHROFE TEMT, K

@O H6FE THRAATHOHF LM TIEARWEIK TRES. £ L CHlimA /5L T ez ae—L

Ik 5 YIRS Z & T, GoDin 7 77 ThbH3OHDZ; (0-6—-2—-8—4) 75>i$bba/ii7h

5.

[6] —vP1-32RQLRNODOMENR@DENRODMEZMELANLERTHS. £ L CHihms1/5

FEAL TNz abt—L, ZTNEZLSEEDIRTZ LT, GoDEn 7 77 Thd4DHDZ; (1-3—

5—7-9) BHEOIAEINS.

(6] —>P1—-6DDIARE, /—F1E6DMIZHLRNOERHB LT, 11HIROETERT, K

@ H6FE THMATHOFLMIITIE R WiEK TS, £ L CRHlhimz2/5EEL Tt —L, %

5E#EVIRT Z LT, G oD 77 ThHhHEART Y VZ, (1—-6,3-8,5-0,7—-2,9—-4) 38D

AEND.

[7] Jtilz, =» P11 — 8DOHLDIAZIL, ¥l & R@ZEMHB TR, RODE Y Z F.0lcE > T,

RKOEROOMOEHZHKIT T/ — F8EMESZ ENTESH., £ L TCHimAE2/5FE LTIz =

E—L, ZhZE5EEVIRTZ LT, GDX i THDH 5 >DZ, (1-8,3-0,5-2,7—-4,9-6)

DHLOIAEN S,

PLEIZEY, G1[10Z, B 4Zs @ Z19;40] (ZsAZ) 23, g = SO~ ZAEIZHDIAEND.
G1o[10Z, @ 4Z5 @ Z,; 401D g = SO EI~DIOIAL T 2 — b3 5 Z & T, RO EH % FEV

TZ5. UTICZEDOFEMELR~RS.

BE1. pESLULDRBETD. COEE, Z,TELYT T T6,yp(20Z, B 4Z, B Zyp;8p |IF, g =
p DEAMEANZ, FAEITEDRAEND.

CIT, GBI BERT771F Z,(0-1--2p-1), Z,(0-2—--—(2p—-2)),
Z,(0-4—-—-@2p-4).Z,(1-6—=-02p—-6),Z,(1-3-+—-@2p—-1), pADIT Y
Z,(1-6,3-8, -, 2p—-1)—-4&, pATvPZ,(1—-8,3-10, -, 2p—-5) —-2)TH5.

(FEER) [Step 11 SMANZ0225H2p — 1F TOF S & KRFFHE 0 IZIEF K <IR-o 72 A% H L, 1%
B ORMEICREZEY, g=pDMliHEEZS. TLTINT, £7, G,,OHD T 77 Th %
Z, 0=1—=-=QQ2p—-1) NHEDIAENT-Z &ITRD.

[Step 2] BV & O MEE S & M CRELTHE D, Gy DY 77 7 Clo %2, (0—2 — - — (2p — 2))
DHEDIAEND.

[Step 3] 2 DOEKBSTOHal Ha+4RlLtOT vy ICHONTIE, HasHa+4DITdH 5
(a+2)ZERABALT, HatN(a+2)EFEHRT, N(a+2)EHa+ 2% 58T, HOFOMAITIEARWE
TR, G D5y 77 7 T 20BDZ, (0—4—8—-—(2p—4)) PHEDIAEND.
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[Step 1, 2] [Step 3] [Step 4]

[Step 4] sad sia + 6[A D=y VIZHOWNWTHEERIZ LT, Mak R(@)EFEMRT, (a) L Ha+ 6%
AT, MOHRMUTIZZRWEEER TR, Gy d#y 7 7 7 Thd32HDZ, (0-6—-12—-—
(2p — 6)) MHEDAEND.

[Step 5] AV &> T HE S DHa+ 1L Ha+ 3R L%, Ra+2)ER(a+4)EDMNER(a+4)&
N(a+6)ziEEmst, Na+DAY ZEDLIICLTERTHSIENTE,, GpDHm s 77
ThH4oHDZ, 1-3-5-—-Q2p—-1) BHDIAEND.

0

[Step 5] [Step 6] [Step 7]

[Step 6] HEFESDHa+1LHa+6%, Ha+1LR(a+4)EERT, N(a+4)E Ha+ 6% 54
THOHF LA TIZRWHEIR TR S Z &N T, G 77 ThodpAxryPZ, (1-6, 3—
8, 2p—1)—4) PHOIAEND.
[Step 7] %I, GrEE LT DSa+1L Ha+8%, Ma+1ER(a+4)EFERT, R(a+4)&Ha+8
BT (a+ DO LNCEID AL THESZ ENT, pAOxT v PZ,(1-8, 3-10, -+, (2p —
5)-2)Z AT Z LN TE D.
LLEZERY, Gypl2pZ, @ 4Z, @ Z,;8p | (Z, R B3, g = pO AN E ~Z, REICHDIAE LS.
Q.E.D
EHLICEEL T, UFOTEELTTWND.
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CDEE, GpDRT Y SHeDBRKIEESpTHS.

7. Z, NE1Gy, Dg = pDEABEADIEHAH

Iy NIRRT T 7 G DWFFEDMITEIC G E RS, TERT T 7 TEIRVZ, REIRT T 7 G3pl” O
THFFE L 7-.

LI, 2 A 708Gy5[15Z, @ 3Z5 @ 2Z35;60] (Zs ) THL7 77 %, g=5OMliE~Zs
R DIANTZER TH 5.

G15[15Z, @ 3Zs @ 2Z;5;60] (ZsTA) g = SO ~DHOHIAIL (ZAE)

G ERERRT Dy 77 718, Zys (0—1—2—--—14), Z;s (0—2—4—--—1—3 —--—13),
Zs (0-3-6-9-12), Zs (0—-6—-12-3-9), Z: (1-4-7-10-13) L5 KD v
Z, (0—4,3-7,6-10,9—-13,12—-1) L 5AKD=vZ, (0-7,3-10, 6—13,9—-1,12—-4)
LS5 AKkDTv V7, 2-6,5-9, 8-12,11-0,14—-3)Th 5.

g = SO ~DOMDIAL (ZgAE) ZfEHIZHE~S. [1] Z;5(0-1—=2— - —14)F—F5+
M OFRENHDIATe, [2] Z;s(0—2—4— - —1—=3— - —13)[30 — 2% ER THEERE, 2-41F
2B ROFETERMTEIERONLAE THRTERE, IDIT4L6EHRTES., Z02-4-60D
BXF oL T, [3] Zs (0-3-6-9—-12) i, 0B ROETEERTEIROND
3FETHMTES, FHFISBILARQFETEERTERIANONL6E THMTES, INEHIK
9. [4] Zs (0—6—-12-3-9) %, 0B ROF TEEBRTHRIANONH6FE THMTES, FE
126D ROFE THEEMTEIRNONDH12FE TAMTES, Zha@vikd. [6] Z 1-4-7-
10 — 13) 11 H4E TR TES, R4 S7E THBRTES, Znaikd. [6] 5AD
TvYZ, (0—4,3-7 6-10,9—13,12—1) 2OV TiX, Z, (0—-4H) 5L, 0B AR@FETE
FERTEIANO@NDHAE THMTERS, oy PHFEEEICTS. [11 5AD= v VZ, (0-7,3—
10, 6 —13,9—1,12—4) IZOWVWTIX, Z, (0=7)72 51, 0B ROETEERTEIRNO@NLT
FCARTES, thoxy VL REEICTS. [8] &#iC, 5K vz, (2-6,5-9, 8—
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12,11 - 0,14 = 3)IZOW T, Z, 2-6)251E, 26RO F TEERTRIANONL6E THM
TERS, oy UHEERICT 5.

PLEWCEY, Gis[15Z, @ 3Zs @ 2Z,5;60] (ZsAZ) 75, g =S5O ~ZALITHDIAEN
5.

G15[15Z, @ 3Zs @ 2Z,5;60]Dg = SO H ~DH DAL Z —fib LT, WROEENFEHAT 5 2
LRTET.

BHE2. pESULDRBET S, CDEE, Z,FRELY T TG6s,[30Z, B 3Z, D 225, 12p |13,
g =p DFAHREAEANZ,FAEICEDAFTNS.

CIT Gp®BRTBEHTTTIE, Z(0-2—+—Bp—1)), Z, (0-2—-—@Bp-1)),
Z,(0-3--—-@Bp-3).2,(1-4-+--Bp-2).Z,(0-6—-—(Bp—6)), pADIT Y
Z,(0—-4,3-7,,B3p-3)-1D&, pALTYTZ,(0-7,3-10, -, Bp—-3) -4 &, pRIT YD
Z;2-6,5-9, -, Bp—-1)-3)TH5.

EEE2(CBE LT, IFO PRI TTNS.

FHE3. G %9 = pDFAMEICZ, FEIIEDAFTNDK,,DZ,TEBHATS57EF S (p=5).
CDEE, DT Y OHeDHRKIEKX12pTHS.

8. SEDHAERAE

(1) Gyp L G3pDg = pDPAME~DHDIAZZFIT LT, TR Z 1 OO LTS ED 7T 70
WRE+T2Z L.

(2) G5pR°Grp/2 EDg = pOPARNE~DIRO AR ZWTET H Z L.

(3) FH1, T2, PHEIEMEHTLIZ L.

(4) WERF-EOAdhiER o 5 PAlhim Loy TRE~DOIEHICHEF LIz,

S &3

(1] Bk, VYEmro 7 -thimbnrss 7, AL —va X U —FZL 2016 45, 12 H
5, pp. 832-836

[2] /Mg A, 7T 7 OMEA~OHDIAIKTONT, K+ RERRERE. BEMEss /
I REFEFE Bw, 5662 %, pp. 1931-1942, 2011 4
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o] e | e} e | *n ] b
R e L

7L A H5| EEIRER IR

e &

(RUSE-HRAEIFH -EEHFER)

Z7LAV)—

T7LAV)—DRIZT4 R FyFHINERDE
INTED, (FL, D#, 2014)

62

J7LA4EIF,

2R I7LAZER F,

Fy:= { (g) la,b € N,gcd(a,b) = 1}

0 1
Gz:=(1 1)
G, DERZERKIL,
P(x) =x? —x —1.

P(x) DRI, HEELL.



Al=6G). £ [()]=28s(c ('

)

AIG1-C HO-0)
- R[@1=ms(C H)-0)

()= ams (e (3))

- @]=es((, ) -0)

EVE (R&kn—#ik)

63

TEIE1 (sria, /MH, 2014)
(3)zF.0REL,
a(p):=[67"()]

g:Fp, = Fy,
EFB COEE, (g)m:ﬁﬂﬂlﬁlwﬁmgl:c&:o‘c.
(Di=zmsns. i \ |
/( ;\ l )

{'.’]—.—-(‘:JI—-E M

A -
i s (3)
6] ™ Jr9% @

EV#
Bl1. a=5/3%FZ%.
Fp(a®) :a*@/INELER
f(k):=Fp(a®) &9 5.

f()DTZ2(—%52)



EVHE EVHE

2. a=11/6. #I3. a = (1++5)/2.
f (k) = Fp(a®). SRR S f(k) = Fp(a®).

- % : ‘_\- 4 ,f\v‘.:t%i’??}
EHE (Koksma) A _b-',:k" : 52:"3? ~
[FEAELTDa > 11221 T SRR ‘Qf&&,; 905, ald
" F—HATTB. RERE: -“a_;::g [FEAEEH.

}'_;', s ~ e J‘fz?:

K ;‘? ;ﬁ!"» _.,t.
FRRRE B3 &N e
a > 1TCa" B —BKAD e 51z Grafhof £1)
HDHIEEIE? fFUODTS7(—HH%H)

EUBOER EVBOP
B T4 SHT7 8 (1) 1.32471795724474; x3 —x — 1
P(x): BEFZRHBDE=VIZIEK

a > 15, P(x)DIRT, ZDDBOIMERHEIL (2) 1.38027756909761; x* —x3 —1
1EYNTHAHEE, alFEVHEFENS.

(3) 1.44326879127037; x5 —x* —x3 +x%2 -1

il a NEVEES a KIFEALBETHS.

(4) 1.46557123187676; x3 —x? — 1

(5) 1.50159480353908; x® — x> —x* + x? — 1
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J7LLEAXETIZE->T—HE
{ETEBDTIEHENESSH, ?

T
i, /DAR, 20155

1
x2—x—1=0T, #DiBa = t—ﬁlif‘fﬁ'@%é.

EE1TRLERETIGC = (] |)OEASAERIE,

a
Fai= {(b) | a,b,c € N,gcd(a, b, c) = 1}
e

0 1 0
G3i= 0 0 1
1 1 0

G;DEFZIERIZ
P(x)=x3—-x—-1.
P(x)DRa > 1 [FEVHL

TEFE2 (sr#a, /INH, 2015)

a
(b)"&}'3®)ﬁbL.

o of)-[o ()

a 0
B COEE, (b)li*ﬁﬂﬂlﬁlo)ﬂiﬁg{:d:o(. (u)lzwﬁéhé.
c 1
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EREhR xt (S, O) DA I
C:y™ = x%(1—-x)P
CCT, o f,mIZEDQEBHT, gcd(e,f,m) = 1.
ClEP! x P EOHREAT, MEBLEREEZ DL,
lsasfsm-(a+pERETELERS, FiF).

S: IR A IEMmE.
C: SEOBE#BEER.

220X (5,0) & (51, C) B WHERE

< (1) f:5-5, "UFEEE.
M. EReREEE & (2) BFER FIC] A CI=—BT 5.
(20034F)

J"4 = x2(1 _x).‘i

==
— BB EER
Xt DB/NETIL
X,: Hizebruch BAE.
(5,D): IEBRR, THbb, D MIEIS R C 2, L DHEER.
C ~ol, +eF,
(S, D) AiAEX BB/ [0+ e b;vy, -, v,] : % (5, C) DEIBEAIZAT,
S SEOEBEOE1EFSNEBEEICRLT, (vyz2n)
E %D, D.E>2 9(0): COMH
ThHd.
e—ab (b=2)
e:=de—a-n(b=1) o2 =0-21
e—o (b=0)
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# $8/vst ,
%t (2, C)DEAT%E [0 =e,b;vy, -, v, | ET . EIE (by S.litaka )
X (S,D) IFk[D] = 0THAHMEX A/ N3 &T B,
@ (3, C)N, LUITDEHQ) (2) Eft-T L%,
gl Bl COLE, S=PPTHEM, EhlE (S, #45/
*f (Z,,C) DC DRDIFFEIEILFOND.
(1) ef=0 (2) o=0

® 0,=0THH #4813, C )& EH-BINTHAHEND. .
FE. k[D] = k(D + Kg,S), K [ZSOIZHRF.

e—g—v;(b=1) eo*"=0-21,

e—agb (hz2)
eh=
e—a (b=10)

HIEHR C: y" =x(1 - )P DEIEETILC

CCT god(e,fm)=1, 1<asf<m-—(a+p).
EHIREhIRC ;
i a4+ y m = x¥(xy — x,) Pyt
#*ﬁ lJ\?:j'_'EI*Hﬂ ﬁ ¥, To=P1x pqia)éﬁtﬁjig. o

bla>146EC [E32DHESR

Q,(1:0,1:0),Q»(1:1,1: 0), Q5(0:1,0: 1)
5.
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Q.(1:0,1:0), Q-(1:1,1:0), Q5(0:1,0:1)

ZIZEDH| (2003)

Ct y99 = xl{.’l(l _ X)ED

#-minimal type of C:
[30 + 60,2; Q3{2°}, Q,{11,9%,3%}, @, {10"2,9%})]

b=2e—ab=0, g(€) =48

Z: =155, P[D] =250,  P,,[D] =109

.
Crng” '6}!1 "™ = x&(xy — %)y on I, =P!xP!

68

B4R CDEA(T
E ks C@E%E{%

X i = xf(xo — x)Pygt
24T 1%

[y +m0;Qafa, vy vy L Qafbopty o it} Qifa,my, - m, }]
CCT, y=a+ B TOfuuy, -, ug} X0, DEHEERADTID
BEEE

QDA EDHBLDOR: y™ = x¥ + higher term.

(by H. Yanaba and S. litaka, 2003)

HEARLH]

EX. ¥y =x3(1-x)*
55 = x21(1 — x)?8 (birational)

Type: [49 = 65,0: Q4{49,16%}, 0,{282, 9%}, Q, {213, 21%}]

D< QZ | o 20
< | 0 Blowing up at Q3
@ Qs and contracting F,'".
I o—< i B
£ £



= [49 * 65u 1: 03{161}1 QZ{ZBZJ 93}- 01{213u 210}]

O'<Qz il. | Z,

Y @
-1 'ﬁm
| ©
f £

Blowing up at Q5
and contracting F, .

= [37 * 49,0: Q3{16%}, 0,{28, 9}, Q,{21%,21%}]

x
. Q3 0
2
. \‘/ 0 %I Ao Blowing up at @,
0 . and contracting F;".
R E

= [49 » 37,0: Q:{16%}, 0,{28, 93}, 0, {21%,21%}]

Switch 49 and 37.

= [37 * 58,1: 05{16%}, 0,{9"}, @, {214,219}

Z
Q: Qs
= o
\:;
N
1 Q 1 J\ o0
A 5
Blowing up at Q4

and contracting F'.
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= [37 * 53,2: Q3{16"}, Q2{9%}, {217, 2'%}]

~\rQ:, Q1 %
A
.\\_2\..
-2 / - Ay

Blowing up at @,
and contracting F,'.

= [32 * 37,0: Q5{16°}, Q2{9%}, 0, {21,2"°}]

Z

op. g

/4

Q|
>0 Ao,

0

- Blowing up at @4
) and contracting F, .

70

= [37 * 32,0: Q3{16°}, Q2{9%}, 1{21,2'%]

Zo
XQZ ) , Q1
Qs
o 7R A
A £ \

Switch 37 and 32.

=> [32 * 48,1: 03{16°}, {9}, Q,{2'°}] (#-minimal)

L, b=e—-0-v;
nzini =48-32-16
T =0
Q> %E g(C) =32
; T A
ek p2 =27, 7% =84,

P,[D] = 147,P,,[D] = 54



T4 FyFEE EE kR TRy F T L E R

En: ymn = x@n (1 o x)ﬁn ML a, = a,, + a,i_z, a = a, = 1ELT, XK
Data Cp: ¥ = x"n-2(1 — x)%n-1
ﬂ““ BERD. COLE, g(C,) = 0THY, C, D#- FWNATIE,
1 (1,1,2) 1+20;1 0 1 =1
2 (1.2.3) [1+3,0;1] 0 2 =1 (1) [1=3,0; 1] (f=fz=Ln=2), (2) [1+#2,0; 1] (L. n#2).
3 (2,3,5) [1=+2,0;1] 0 1l -1 THhb. (1}[*9# =2, (z)tie# = 1TH5.
4 (35.8) [1+2,0;1] 0 1 -1
5 (5.8.13) [1+2,0;1] 0 1 -1 (GEBR) #epiRddsti=&?.
6  (813.21) [1+20;1] 0 1 it
3RFTLIT7L AT B ERBRER
— 74 R ;Y F I EEHAR
B2 0y = 4y + any (1< 0, < @) EL, HAHH STl BN
- an -1 @, 1
Cn: yan =T (1 - x)a"_l (ﬁn) = 63 (ﬁn—l ). (J&l) = (1)
E#i% ZDEE, g(C_'n) =0THY, C_'n_ M#- Ed‘&‘fjli‘ my mMy—q my 2
. . =1=L.
(1) [1*ap,0;1] (F=f2L, @y = 1),  (2)[1*a;,0;1] (F=7ZL, a; # 1) 010
Gy = (0 0 1)
(FE8R) EHhROA1T1E 1 10

[ay * an, 0; Qs{arn}, Qafan_1, -, Q’f}. Ql{anz—l- Qp—z,"""» a%}] ccT, G OIEEECE S EES

THADT, EEXEBRONAE—UHRLICEDIEMNDIIAENS,
Px)=x3-x-1
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3RFTI7LAEH DB BB R
Cp: y™ = x(1 — x)Fn

Data 1l
[ n {ay B m) mm
1 @12) [1 +2,0:1]
2| ie22) [1+2,0;1] 0 1 =1
3 N223) [2+3,1;1] 1 o | 0
4 (234 [2+3,1;1] 1 0 0
5 (3.45) [2+3,0;1] 2 1 0
6 (457) [4 = 6,1;2°] 3 0 0
7 (579 [4 +6,1;25] 3 @ | B
3RFTI7LAEFI D E R

ML a, = ay gt ey, = ay = 1,0, =280, BHHE 0000
Cp: ¥y = xn-3(1 — x)%n-2

EEZD n=6MEE,

o, = 2(a, —

@n_z), en = 3(ay — ay_z), 9?1 = 0'#1 =0

On = Op-2%0n-3, €n = €n_3+€n_3

9(€n) = g(Ca—2) + g(Cn3)
HREY LD,

Data 2

I e S P T

8 (79.12) [6+9,1;3%,2%] 0
9 (9,12,16) [8+12,1;4%,3,2%] 6 0 0
10 (12,16,21) [10 = 15,1; 5°,3%] 6 0 0
11 (16,21,28) [14 % 21,1;75,5,4% 9 0 0
12 (21,2837) [18 + 27,1;95,6,5%] 18 0 0
13 (28,37.49) [24+36,1;125,8,7%] 21 0 0
14 (37,49,65) [32 « 48,1;165 11,9%,219) 32 0 0
15  (49,65,86) [42 = 63,1; 215, 14,12%,224] 42 0 0
6

op, = 2(Mmy eh=oh=0n=6)

= Bﬂ)}

&y = Ep_ptép_3

= Bu). en=3(m,
On = Op—g+Tpn_3:

9(Ca) = g(Caz) + 9(Cas)

(REBR) a,=a, 2+an3 a=ay=1a,=2

Cp: Y% = x%-3(1 — x)%n-2

\

Cpt ¥y = x*(1 —x)¥

L u=a, 3+a, 2—apw=a, —an_3

Huihgn2171E

72

[an—l *ay, 0; Q3{an—ll (an e “n—1)3- gt }» QZ{WZJ' Wy, }l Ql{u3,u1, 2 }]

Q; (Dcrn_l’&ﬁiﬁ, Qz@WEﬁiﬁ. Ql U)uﬁ'ﬁiﬁ'ﬂ'é ;5‘21
EREBREToLRERILH/OND.



1;'1 y265 = x151(1 - x)z'm, {azg = 151, dyq = 200, a3 = 265)

}'265 - x3'3(1 = x)“”:ﬂﬁ@lﬁlﬁi

A4 :[200 = 265,0; Q4{200, 653, 513}, Q,{1142, 373,312}, 0, {863,712, 2%}

Q; CE1ELTH
[200 = 265,1; Q1{653,5'3}, Q,{114%, 373,312}, 0, {863, 712, 23}]

[151 * 200:0r 03{653, 513}- Q2{114u 373; 312}- 01{864u ?12) 23}]
Q; TH1ELM
[151 = 200,1; Q4{65%, 5%}, 0,{37%, 3%}, 0, {86%, 712, 2%}]

- L
- 4
—_ -
O, CHI1ELH rre

[151 » 302,2; Q3{65%, 5%}, Q.{37%,31%}, 0, (867, 7'2,2°}]

[200 * 265r11 Q3{653» 513}: 02{1142: 3?3; 312}) Q‘l {863- ?121 23}]
Q, TH1ELH
[200 = 151,0; Q5{65%, 5%}, Q, {114,373, 31}, Q, {86%, 712, 2%}]

*>

|
¢

PR B
[151 = 200,0; Q5{65% 5%}, Q,{114,37%,3"%},Q, {86%,7'%, 23}]

[151 * 302»2- 01{65“! 513}- 02{374’ 312}1 01{8631 712; 23}]
Q THITELH
[151 i 130»0' 01{656r 513}! 02{374' 312}' 01{861 712;.23}]

- -

bk g
[130 « 151,0; Q4{65°,5'3}, 0,{37%, 3%}, Q,{86, 72, 2%}]
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[130 = 151,0; Q4{65°, 513}, Q,{37*, 312}, 0, {86, 712, 23}] IRFTEI7LAEHFI DO ELEER

QTHEIEE IR Coz y™n = x%n(1 — x)Pn

[130 " 195:1; Q3{656» 513}» 02{441 374; 312}» 01{712' 23}] Data 3
PN N TR A
Tl e [1+30:1] 2
o = 130 = 2(265 — 200) e s ) LI
_ 300 (3:355) [2+3.0;1] 2 1 0
e =195 = 3(265 — 200) A1 4 (356) [2+31:1] 1 O S0
o 5  (568) [4+50;27] 3 1 0
eft=e—a—-v, =0 o 6 (6811) [6+9,1;3%,2?] 5 0 0
7 (811,14)  [6+10,1;352°] 6 1 0
oct=a-2v,=0
Riad 3 RET7LABIIORIRGI
XNIT/T
I P S TR el s
(11,14,19) [10 = 15,1; 55,4233 2] 0 (345)+(356)~(6911)
9 (14,1925) [12 + 18,1;6°%4,3,2] 12 0 0 BafalE
10 (19,25,33) [16 + 24,1; 85, 5% 4] 11 0 0
11 (253344) [22+33,1;116,86% 27] R oG nmm
12 (334458) [28+ 42,1;145,9,8%,27] Wl m |« 1 (69.11) [4+7.1; i ]s 0
13 (445877)  [38+57,1;1951311%,22] 33 0 0 2 (911.15) 8+ b ]a 4 ° 0
14 (5877,102) [50+751;25517,14%,311,21% 49 0 0 3.1(11,1520) [10%15,1;5% 4,27] 7 oRIEe
15 (77,102,135) [66+99,1;33%,22,19%3%5,2] 66 0 0 4 (15.2026) (12+19,1;6° 4% 3,2°] 12 Y
T — T ) T 5  (20,2635) [18+27,1;9%,87,5%,2%] 15 0o o0
On = 2mn = fin), en=3mp=Fa) en=ox= 6  (26,3546) [22+33,1;115,7,6%,28 | 17 0 o0
D=ty et 7 (3546,61) [30+45,1;155,10,9%,8 43 0 o0
Q(C“) =Q’(C —ZJ +§(Cn-3)
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Data 6
N A S 1 AP
8 (45 61,81) [40 + 60,1; zu" 14,11%,38, 29
9 (61,81,107) [52 + 78,1; 26°,17,15%, 3¢, 218] 53

10 (81,107,142)

[70 + 105,1; 355, 24,20%411, 217] 70

11 (107,142,188) [92+138,1;46°531,26%5'%,411,3%,23] 03

12 (142,188,249) [122 +183,1;61° 41,35%,613,512,32 217 ]

123

0

o o o o

On =2(my —Br), en=3(mp,—B,), eh=0h=
On = Opn—2%t0n-3, €n = €p—27€n_3

g(fn) = g(én—z) + 9(@1—3)

0

0

o o oo

Data 8
I [ S P11 K

7 (51,67.87) [40 = 66,1; 20%,15%,72,67,3% |

8 (67,87,118) [62 « 93,1; 315, 26,25, 16*10%,6°,4,3°, 22 | 58
9 (87,118,154) [72 « 108,1; 36%,21,20%, 10%, 7%, 62, 4,22 | 76
10 (118,154,205) [102 « 153,1;51%,35,31725,6%, 41%,3] 102
11 (154,205272)  [134 » 201,1; 67°,47,36%, 117, 10%,6,4V7,3,27 | 135
12 (205,272,359) [174 « 261,1;87%,56,51%,117,10,5%,3,2] 179

™

(272,359,477)  [236+ 354,1; 1185, 82, 674, 1519,5%3, 419,33 3] 238

o o o o o o

S o o o o o o

= = = g =
Op = 2(@n — @p-2), €y =3(ay —ay-3), e =0,=0

= - # = p# #
Op = Op_g+0py_3, €y = €ty 3, b= b7 o4+ b7 5

3((‘!&) n fon-z) + g(fn-:'l) +1

3 RFET7 LA 5 O H kbR
Cp: y™ = x%(1 — x)Fn

Data 7
nmmm
1 (51516) [4+50;1] 2
2 (1516,20) [9+18,2;4%, 2] 6 18 1
3 (162031) [10+17,1;5%,2%] 15 2 0
4 (2031,36) [10 = 28,2;5% 47,37 ] 15 36 0
5 (31,3651) [30 + 45,1;15%,14,11%,9,6%, 37, 2%] 24 0 0
6 (365167) [32 = 48,1; 16%,12,72,6,57, 3% 33 0 0
3 REI7LAMBIORHK R
Cp: y™ = x%(1 — x)bn
Datag8 (EJFETI)
I N S N R
1 (103099) [30 » 60,2;11,1012,9%,343,27 ]
2 (309940) [19 +38,2;95,42,27] 15 38 1
3 (9940,129) [39 = 49,1;10%5,99,42,3% | 63 0 19
4 (40,129,139) [40 + 59,1;19%,11,10"7,9,8,3%,21°] 69 0 2
5 (129,139,169) [174 « 261,1;875,56,51%,117,10,5%,3,2 ] 84 158 0
6 (139,169,268)  [80 = 149,1;40° 297, 28,12%,10%,9,5% 47,22 ] 132 29 0
7 (169,268,308) [80 » 229,2:40% 307,29,28,21,19,12%,8%5,4%3%,22] 152 298 0
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Data 9
Flenm [t ] .

SEDODHAREDI-HDF1E

8  (268,308,437) [258 « 387,1; 129%, 119,99%, 70,507, 29°21,20%19,8%,5%,3,2% | 218 0

9 (308,437.576) [278 « 412,1; 139, 109,69°, 407, 31, 28,20%,19,12%,7%,4%,3% | 286 0

10 (437,576,745) [338 » 566,1; 169%, 129*, 69%,59%, 50,32, 312, 29,27,21,7%,5%,3%,2%] 372 59

ggﬂﬁ{au. Bo, M) DIRFTLIF7 LA MBI (e, B, mp) ISR G HEER

o 2 o o o 9o o o

11 (5767451013)  [536 + B04,1; 268 228,209,139,89%, 59%, 41%,32,27,20%,19,75,65°5,28 ] 506 0
12 (745.10131321) [616 « 924,1; 308%, 179,169¢, 89%, 697,417, 31%, 719, 6,3% | 660 D Cpi y™ = x®n(1 — x)Fn
13 (1013,1321,1758)  [874 « 1311,1;437%,298,268%, 209,59, 30", 27,10%, 7,6%, 3%, 2% 876 0 I, ndbi+aXKELDE,
14 (1321,1758,2334 52 + 1728,1;576% 407,308%,997, 89%, 52.47.412,301,75,65,5%.22 | 1164 0 2 2 P
15 Ensa,za:izo?a; :::an . ;23:.1;45‘.4:?1:::.99’. :z,w:‘:lt13-‘,10*-‘,?.5*.3!.22: 1539 0 On = 2(Mn = Bn), €n =3(Mx — Ba), g e Ll
Oy = Op_2%0y_3, € = €p_ztep-_3
Oy = 2(my, — B,), e, =3(m, —f,), el=ah =0 =7, I5IC,

9(Cp) = g(Cn-2) + 9(Cp3) + k
B T mli HRYILD. F2L, kST 2MRHBETHD.

9(Ca) = 9(Cuz) + g(Cpz) +2
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RE¥pZERICLE-REHOHAR
ML (LS SR LR 44)

1. [FL®HIC

FAUXZNETIZI O TV DA LD — -7 TSEEp & il Lio%ae
B LWIOHIKEERL, MREEZEBIR>TWN5D.

SEeMaliIt(@)az ROV O E LIzt &, a=t(@) 5B L THD.
FLTBEDG, 28, 496, 8128, LW \o =2 #(E, TF#H 2 ZHEBEICLI-TLH TE
HUONEEZT=. R2ERLINBIEET, 20X_RIFEOM (1+2+ 42" "HELR
HANE U XFHIZEB L TWAENSLTHD. HlZIE, E26136=2%x3ThHV, =
I3 (=142) &0 ) AU XBHUTERL, B 28 1322 x7THY, ZhIE7(
=14+2+42H)L VI AN XFHEBBRLTND. EiX, BT, 2" x (A
WEUXFRE) LWSHEICRLIZ ENHLNTEY, 2—2 Yy R AT —DOEHL
FEEI TV D.

AN XBEIN 2 DREFOMNOHLNLDTHNIL, 3 DREFOM (143 +
w430 DHELNDANEUXFEH, 5 OREIFEOM (1+5+-+5") nHELR
HANE S RXFR, L0 —RICEBpDOREEOR (1+p+--+p") NHELND AL
BUXFEHENI OEEZNL, ZHURER LR EpEERICLIE-EEHE L OH
BNHDIDTIEBEWESSHhE R, FEEITo7.

ARFFENEE, 8 HiE ClE, mxXK2icBian-boofithsd. 2L T, F
9 HICBWTABF -G LN R EWMET 5.

2. M, 5EEH
FPERH2 OREIFEOMMNSHELND A NE L XFK M, T72bb,
My =1+2+2%+--+2"1
ERDERB M, EEZ LS. LT,
a=2"1x ?M,
LEL. ZDEE, () ZaSNOWEDOFET D L
a=r1(a)
MV, Thbb, 20X L TELREKaIE TR THS.
FIT, FHIOREFEOMMLELND AL XFEH M, 2 EHTH. T
M, =1+3+3%+..3"71
EVWHIEMIM, DL THD. LT,
a=3"1x 3M,

RO EEZEZD L,
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a=2t(a) — M,
MRV SO, S HIZHEE 5 OREXFEOMNSELND AL v XFEHK M, %,
My =1+5++5""1
EVWIRB M, L L,
a=5"1x °M,
BEZDL L,
a=41(a) —3x °M,
NS RIVASH
T THHRIS, FEpOREFEOMMNSLELND AV XFEK
PMy=1+p+p?+-+p"!
EEFRL, "MyZpA LU XRBEMRZ LTS ZLT
a=p"1x M, (1)
RO EBZD L
a=@-Di(a)-@-2)"M, )
PRLY SEO. 2T, fHEARFENOREATE 5. Z0ald M, Lp" Tt oRN LA LR
L, PMREBEMESZ LICLTE.

L, SRR SEoBUE, PMIREBUAMC L H DO TR Btz 22
T, UTZERLMEZED .

EE (PM,E2% )

paFEE, PM,Zp ANt XEHRLETDH. 0L EanPM,ETEHTH D 1L, apd
a=(p-Dt(a)—(p—-2)"M,

il e &2 a0 ).

GEE1) p=230 L%, PME2IIHFETHS.

3. BiEAE
INETHbATWEZEREICOWTE, BRINRHRRS L. Zhit, e
—27 Uy RRFARL, 18 HALCAA 7 —NEH L2k DOEH TH 5.

TE @—2Uvybk-F14353-)
My=1+2+-+2"1L 1L, a=2" M, 2525, ZDOLEIM,NFEERHIE, alk
TR THD. W, B (2 D) OEEBIZZ DL I BRIBIZRS.
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FoEE(—2 Uy KA AT ), "M W TEENZ DT L%, K
JEOHEEL LT,

4. p=357DGED M, TEHOHAE

RO BEEY, TH(—2 Uy KA A T7—) %, PM e EEfz s LT
bn. FODIIp =3,5708E0, K2 PMIREBUSND PM, 520585, 70—V 7
k wxMaxima Zf#i\), 108 E TOFRPFA T B a—F 2 HOTHRAE L.

p=3DEE, M, FEEEICHONWTIE, My =13 D& & PM IREELISN O PM, 55485
& LT 1809 & 18549 N, HoT-. TS DEENHTTH L,

1809 = 33 x 67, 18549 = 3* x 229
Lo TEY, 18091XF4671C, 1854913HE50229% KA L L CROZ Lo Te.
p =572V T, PMIREBUSOFEEp BT 5 PM 2 28U RO b leh o7z,
ZIT, AFFREOAEL L TWAEH (22— Vv R A A T—) B RET L, PM, 5%
BazpDEHTHDa=p? 0L WVWIHITEDOLDOIZIRY AR TIE L VO TIE e
Ez 0.

LAL, M, ZTLBaDEEND, p=>3DEZalTFTHTHIN, EhdslroT,
aZpDEHEFIZRET A EETELRWN. FIT, 3540 L—BICLTa=p, 410 (1=
2 Lpy, QIEFRHET, pFaDH/NFRRR) EVWSHTEZ-ANEYTHD L HIETLI-.
ZLT, p=357DLExDPM, 558 Ma=pf QDT — X %1 <d < 20DFiPHTHHAEL
7.

O p=30iF&: *MTEEHa=p"QDT—2 (M,=-—,2<n<7)

n M, d P1 Q st Ha
3 3 13 32x13
4 3 67 33 x 67
5 3 229 3% x 229

3 13
8 3 6547 37 X 6547
17 3 129140149 316 x 129140149
19 3 1162261453 318 x 1162261453
7 3 1093 3% x 1093

7 1093 11 3 176053 310 x 176053
17 3 129139069 316 x 129139069
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5"—1

@ p=5DFE: M,TE2Ha=p,"QDT—42 (°M,= — 25<n<7)
n 5Mn d 22 Q sE4Ha
3 5 31 52 x 31
3 31
7 5 78031 56 x 78031
3 3 8363 32 x 8363
7 | 19531
7 5 19531 56 x 19531
® p=70%E MFELBa=pQDT—% (M= 25n<7)
n| M, d D1 Q S22 Ha
5 7 2801 74 x 2801
5 | 2801
6 7 103643 75 x 103643
5. T—ADER

pANE L XFEHIM, &1
PMy=14+p+p?+--+p"?!
Tholz. ThaplERTTEZDL L, 10l ATZE
M, =11--1
EEWT S, ZOBEND PM R ek BT D, TOHIC, miffitH LN M,
EAMa = p1Q (7272 Lpy, QITFEE) 0FEZ R T, REQZEpERTKLTH=. LLFNZ
DFERTHS.

D p=301FE : *M,5TL2Ha =p IQOFERHKQD I ERTDT—4

n 3M,, d P Q QD 3 HFIR
3 3 13 111
4 3 67 2111
; 12 5 3 229 22111
8 3 6547 22222111
17 3 129140149 22222222222222111
19 3 1162261453 2222222222222222111
7 3 1093 1111111
7 | 1093 11 3 176053 22221111111
17 3 129139069 22222222221111111
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@ p=50B8 : M ELHa=p!QOREHQD 5 ERTOT—F

n | °M, d Py Q QD 5 HEFRKIR
3 5 31 111
3 31
7 5 78031 4444111
3 3 8363 231423
7 | 19531
7 5 19531 1111111

® p=70%8 : M, ELMa=p!QOREHD T EETOT—F

n | M, d D1 Q QD T H#EFIR
5 7 2801 11111

5 | 2801
6 7 103643 611111

pEFRIREINTZQITIX, RO X D RFFENRH 5.
(1) °M, 528 B) %5a =32 x8363LU4ME, p=pTh 5.
(2) pp=pDHE, QEpEFR TR TEZDL L, QUIIdHTDETHY, 1Lp—1& 0557
T TR EINTWD., 2L T, FTafffET 10N, n+ U odiffE Tp — 10

6. BipA It XEETHER
PM, 582 %a = p71Q (7272 Lpy, QITFHEE) ITB W TIX, py =pDLEEICEE 2T —
ARELNT. bbb, a=pi QD L & DHEKQDOpEERITREAN I, = DFF
MAE+HERRTEXD L,
Q=@-D’M;—(p-2)M, (=7ZL, d=n)
Eb. ThEITICREZER L.

EE EpALtrXH)
dnxHMd =nt 35, Z0LxPK %
PKan =@ -1 "My~ (p—2)"M,
L, TNEHpA LY X LS.
FRIZ, PRy BB OLE, PK lip AL XRBE V).

CEE2) HipANLEUXBDOERICLY, PR 3T 0ORIbpilERRT DL, nfiiE T
N1 BT ONn 4+ D HAHTE TR —1E VI ERLSZ END0D.
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GEBY p=20&x, BE2LV Kyp= MyTHD. Thbb, fipArtr 25T
AN THD.
PLEDHEEOH & T, LLTICABIOMETHEONTZEHE RS,

EE1. PMap ANt XFH, PR aHip Ao XFHREL, a=p?1PK,, &
B, Z0EX, aldPM, 2B THD.

EF 1 ORFIZIE, EARTalDOP. 13 I2HAROME 1 Zfio 7.

Ml SExONBEOFETSH. b LalbNHEHWIHERD, S(ab) = S(a)S(b) &
5.

EH 1 OFEICHE 1 25720, PME2aDEHEE2S(@) TEEX 2 TEL.
PM 5225 DEFHE LY
a=@p-D@-@p-2)"M,

THY, t(a) =S@)—aTHDHDT

a=@-DE@-a)-(p-2)"M,
Thhr. L-oT,

pa={p-1S)-@-2)"M, (3)
ZF5.

(BE 1 OFH) Q)M DT & &R T. ptte PR T AWIIHETH DO T 1
&0

S(a) = S(p®1)S(PKyn) = p:__ 11 (1+ PKyp)
ThAhA. LT=n-oT,
(0 —1DS(a@) = (p* = 1)(1 + PKgpn) =p? —1+pa— "Kyp
=@—-1)"My+pa— "Kqp
Thd. PRipn=@-D"My—@-2)"M, £V,
pa=@-1S@)-@-2)"M,
D, aliPM, e TH D, GEFIRK)

1. EE1OEFICHTEIEER
EH(2—27 U v N« A TS DEH 1| OB SLONERT D &
0, BHERRRELELoT.
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FRI1. pOFEETHD PM, e Ta = p? T PK, 4IRS

IR, PHE1ICOWTELET S,
QiIpZ T =272 VW EREE La=p?1Q LB, EBIC, alEPM, 5285 LT 5.
ZoEE®B) LD,
p?Q = —-DS(P+1)s@) -(p®-2)"M,
B o, S(pet) =2k,
pQ+(@-2)"M, _ Q+(@-2)"M,
S(Q)_ pd—l _Q+ pd—l
ThHodH. t(QIFQEBRSIEDOIMTH LN D,

Q+(-2)"M, Q+(—2)"M,
pi-1 (p-1PM,

S@Q-0=10Q) =

THHZ RGN D. Lo,
Q=@-D1(@" "Mg—(p—-2)"M, = (p— 1) "My(z(Q) — 1) + PKy,, 4)
155, FRHZ, QRFEHZEDOLE X, 1(Q)=1THDHDT,
Q=p-1D"My—(p—-2)"M, = PKy,
MR ALR
PUEOREIN /SN, PM e ad ERICHEE L2 %@ %, L LTH
<.

R 2. QIIpZA KBTI 2 VWEREKEL, a=p¥1Q LT5. ZDLX, ai’iPM,
TR TH DI,

Q=@-D1Q) "My~ (p—2)"M,
DD NLD. QN T Ao alt PM e L 7 .

M2 LT, PRLITESNICAHRTE, UTOTEHEZES.

T2, a=p?1Q LW HTEDPM, 558 HIE, QMWFEL HIXQITEp A vt v X FEHK
THbD.

EF 2100, WIXQBRERED PM, 52885 2T UT R bRV, IROMIEI,
Z DTN D.
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B 3. QIIpZRNEICH -2 VWAL L, a=p%1Q 75, 51T, alXPM,58
EETHDLETDH., ZoEE, bld=2nebi, QDIEEOFNEKqI

-1 My<q
727

(GEBR)  alZPM, 523 CTH LD T, QEMmE 2 DEXEWT-7. T0ERXITBNTQ =
ght 45L&,

qb = (p — Dt(qb) "My — (p — 2) ' My, 5)
7%, B)idt(gh)=1+qg+b+CLlEL &,

gb=@-1DA+q+b+0)"My— (p—2) "M,
E72%. PRin=@—-1DMyg—(p—2)M, LV,
qb = PKgn+(@—1(qg+b+C) "My (6)
Thd. d=zn kW PK;,, >0THY, SHI126) LV
(a—@-1DPMg)b=PKyp +(—1(q+C)"Mg>0

b, LEEnoT, (p—-1D)PMy<q THD. GEFRK)

3 A ) &P LICRRT DT OEHRNFEH TE 5.

FE 3 p=3, QEpZKREICF 2R WEME LT D, Z0LE, a=p™1Q (c=1)
X PM, e 2HCTIE .

(GEBA) a = p™ Qi Ly EZEL. d=cndkV
pMd - (1+p+,__+pn—1)+ (pn+pn+1 +,__+p2n—1)+_._
+(pn(c—1) +pn(c—1)+1 + ,,.+pcn—1) — (1 +pn + ,,,_I_pn(c—l)) pMn
T, 2 XV,
Q={@-DA+p"+-+p" V)@ - (-2)}"M,

Thb. LT, PMUIQOHERETHS. LiER->T, mE3ICBWWTqg= "M, &L
Thiwv. L, -1 My=14p "+ +p"cV)PM, > PM, &7 i 317
JET 5. EoT, alIPM, 5228 TiEav. GERRK)

EHL 3 NFEHTCE 0T, AL, [p=3, d#cnT, QIEFEETHRW] HEIZ,

a=pt QN PM, R TRV LERTHANESNZ. LrL, ZogRGERTZ
LITETHLEELLS, 4D ZARITIZDFFHZ R TZ LN TE R0,
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8. pDIEFTHLM,TEH

INET, pOfEHTH D PM, FZREITHOWTEIA LT X723, pOfFHTianPM, 5
EENFETDHZENbhotz. THETORET, FIE, UTFD4-50pDfEs T2
WM ERR A RO b Th S,

(1) M543 :a=32x8363, ZZT°M,=19531Th 5.
(2) My, 52 2 %% a =13 x 1282261542060234416042729 , = Z T M, =
751670559138758105956097 T % .
(3) ¥ Mg5Ee%k c a =107 x 1725060343, Z Z T Mg = 262209281 TH 5.
JLE ra= X , —— C = N .
(4) M 5EAHK 191 X 266390432827, = Z T'#3Mg = 1394714501 CH %

INHOPM, AT SN ba = p! X QTpy, QUEEEK TP, <p&RoTD. b,
ZOREETARD T2, BEQIEFpERRTED X BT DO eI THhI-. £
DOFER, (DICBWTQE=83631L5# K/ KR T6tr, @ IZHBWTQ=
1282261542060234416042729(F3 1K~ T 17 #f1, (3) 128 TQ = 17250603431%127
HEFIRTEHT, (4128 TQ = 2663904328271F193 T /R TSHITH D Z & BNbh-o7=.
(2) D5 () IZHONWTQDpHEF R TONEIX PM, e 2B Ane —ET 5. LaL,
MiIZBNTIE LAy, 22T, D% M58 :a=3x(3x%x8363)E%, 3%
8363D5HER R TOMMAERD D ETHi L 72-0, nk—%HT 5. LoT, pOfEHKTA
W PM, 2R EIC N, FAUIBLFOTEEZZT TN 5.

FH 2. pOEETHRWPM, 522 a%a =p,QL L, p 1XaDi/NEIKE T, p <pT
bHETDH, Z0Ex, BElEQEPER R TRT LQOHIEIInTH 5.

9. MFRBOFAENLGBON-pDEHTHLM,TEH

4 ODpDFEFHTIVPM 522 T Eba = p! x QTpy, QIEFEHTp, <pl 2o T
W=, ZRLLEOFHE B3, F5FHOpOMBEE TRV PM, e 2% Ao 5
TLIFETHLH LS EX. pinlp Il I RFEHALDODTHA I, HHEX, p
Enlp BT EERH DL O TIIR VW E BT,

n p1

5 7 3
31 17 13
127 5 107
193 5 191
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ZOEHIL, p=1270U5Dp = 5,31,1931INFF ORI THY, n=5717bp, =
3,13,107,191 L N -HEE DR T TH 1= b ThH H.

FHO—BRNPORTHB R EE Y 7T v T LT —H_R—=AEED, ZTOFNDL, pOfEK
THRWPM 222 HE L. T ORER, W15 (617,619) & (191,193)7 5, p = 619,
n=11, p; = 1930 L &, pOFEH TRV IM, 2 THDL L ONELNTZ. DF D,
619M,, = 82719645418796489919042469011Z%f L T,

619,585 + a = 193 X 12008946170211161007070400513
0, %5 FEOpOHEE TRV PM, 522 e D TH S, [FIRHT, 6 FH OpDEE T
WPM sERE LA LN EHUT,
6190, 5525 + a = 263 X 14376907386872516698605408943
Thbd. b,
Q = 12008946170211161007070400513, Q = 14376907386872516698605408943
X619 R T I THY, TH2DEEBYD Lo TND.

BE, p=2731F CHE LD, F7EFHOpOBEE TRV PM, 22T o> T

VN2,

10. BHYIC

ARRGEIE, WHE OELE A [FEM2 B L2 EBX I ehbAZ— |
L, 582 8% PM, e 2~ LR LI2E Th 5. 0% 1 0 BRI, MBfoseaeiul,
2P X (AN U RFEL) EWHRIIRD ] EWoa—2 Uy KA A T7—DEHE, PM,
FERBANERT DL Tholo, ZLT, [PMap ANt XFEH, YKy, Zliip A VT
VRFEHEL, a=pP PRyl B L, aldPM SRR E D) T EEGEHILZ. L
L, ZOHpiEE L TiE-> TV 5.

—77,  THBOZERBIIFET 200 L0 KRS T DR & LT,

[p =322V TIE, pDfEE TRV PM, e 2B N FET D) Z ENEbNnT. BRI
6 DDOpDEE TRV PM, 5ER2EEETWD. L L, ZOEENEL 0> TR
T2, pOEE TRV PM 522 AR AT D HERS N RNOTH S, FIL, pOfEEK
TR PM, SERE DRI, TR OEEEOFAEMEO IR 5D TiX e h e
ZTN5.
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