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1 0ooooooogood

0000000000 000000000000000000000000
00000000000000000000000000.

000 «000000 o(e) 000000 «000000 00000000
ooo.

0000,e=60000000,1,2,3,6000 o(a)=12000 o(a) =2a
oooo.

ola)=2¢000000000000000 60000.

000000000,000,000000000000000000000
ooO00oo0O0ooooO.

0496 000000000000.0000000000000000000.

00,0000000000000000.0000 AWelOOOODOOOO
00000000 00000000000000000198700p6,000 § 111,
00000000000 00O000OO0O0oOn.

gobbobuogooobobboooob,bbooogbobo,bbbodd
ggbbbuogobbodooobobbbooobbobooad.
0000000000000000000000O00 2r2"t—-1)000a0
ggbbbuooobbooogbobobbooobbbooad;
gbobog,gbbogbboobobogbobooobooobooogobooo
gd.gggoogbobbbbodgooooobbbobo,obbbbbbodadad
gogbobh;b0bbooogbobobbooogbobuooooboboooobn.
gobbobbbouooooobbbbbbooooooobbbboagao
gooooboboobobbobotbuodooooooobobboobbboooagd
oo0o0O0O00OO0O.(0DO)0DO00OOO0O0O0D00D0D0D0DO0DDODODOOOOO,00
gobboobuogoobbog,bugguobboboogobobogd.

gbobogoboo,bogbbogoboobbooobbuooobobobod
gboboooboodobboobbuoobob.boodbboobboooboo
gooo.

pPOOOOOOOODOOOO.DU0DODOOOO mOOOOe(P)+mO00
¢O000ae=Pq0mO000000000 PO (DODO)0O0O00OODODOO.

gobbobooood.

Po(a) — Pa = (P — 2)Maxp(a) — m(P — 1). (1)

Maxp(e) 0 « OO0 OO0000OODOOOO.
ooo0OmO00000D0O0O0O0OO0 POOODOODODOOOODOODOODO.



000000000 «O0mO000000000 PO (0D0D0)0000O0
oooo.
P=2000 Maxp(e) 00000000

o(a) —2a=—m

ooo.
m=00000000000 o(a)-2«=000(0000000000)0
0000000000,000000000000000000



2 0OOoOoood
0000000 00000000000.

01000000

emod4d e e—+1 2° % q a a mod 10
1 1 2 2% 3 6 6
2 3 22 % 7 28
4 5 24 x 31 496
6 7 20 % 127 8128

212 4 8191 33550336 (1456)

16 17 216 4 131071 8589869056 (Cataldi,1588)
18 19 218 % 524287 137438691328 (Cataldi,1588)
30 31 | 2302147483647 A (Euler, 1772)

DN O O NN O N
—_
N}
—_
w
o 0O O O 0o O o

A = 2305843008139952128

0000000000 400000 (6,28,496,8128)0 0 0000000ODOO
gooboobo. obbobhoodoodobo, e sonbobobogd
gbo.gobglooobooboboboerboboobobo,ob 00000
00000800000 DODODO (17720)000000OO.

gobbbuoodgo eugoggubbbouooonobobooooobo.



3 UUobuob obouobooon

m=20000 o(a)—2a=-2000 a=2%,(¢=2"+1:000000)
00000,000000000000000000000.

m=40000 000000000000000000000000000.
D000 0000000 a=2¢000 a=2%r (000 ¢,r:00)0000
000000000000000000.

0000000000000,0000000000000.

D00 « 000000 ¢« 0000000000 ¢(e) 0000000000
ooooo.

0D000000000000000000000000000000. 00
00,00000000.

000
,b0000000000,

p(ab) = @(a)p(b), o(ab) = o(a)o(b).

goodd

a>1000,a—¢(e)=10 « 000000000OD0OO.0O0DO00OO0OO
000 cop(a)=a—p(a) 00000,

a>1000a—-0(a)=—10 « 00O000000ODOOOO.

000000000000 coo(a)=o(a)—a 00000,

3.1 000

0oo

20=0(a) 000 «0 0O000OO.

a=2p(e) 000 «0 2000.00000.
«020000002=0(e)+1.00000000000000000.

gobbobuogoobbouoooobooboood.

oo

o) 00000000 ¢le) 0000000000000 OOOOOOO
gogbob.oogbboodagd.



3.2 a=2p00

p: 00000000 a=2p0 20(a)=3a+60000.00000 20(a) =
3a+60000 U 2000 8.

guoooboooboboooooa.

p: 00000000 a=2p0 2p(a)=a—20000. 00000 2p(a) =
a—20000 aO a=2p.

0(e) J0DDD000D00D00 80 () J000O00O0DODO.

0000000000 e=6p 00000000000 0(e)0O0O000ODOO
goooboooooobuo. booobbboooobbobooobbboooo
goooobbb. oot eoooouououooobbboon.

000 a=6p000 ¢(e) D0D0O0O0O0OOOOOOOODODODO.



4 0000 OO0

gbobodbogb,obbobbooobouogboboobbogbboboo
ggbbobooggbbbod.

000000000 o(Pf),(e>1)0000000000O0O0OOOOOOO
000000.000,10000 oP°)+1000 ¢00000 a=PqO000
OpPOOOOO(OO)DD0DOOO oO0D0O0OOOOO.OO0OOOOO P=2
ggbbobuoobobbooogobbogd.

U 2200000 o000

e a ooood o(a)
2 12 22 % 3 4

3 40 23 x5 16
3 544 25 % 17 256
9 131584 29 % 257 65536

17 8590065664 27 % 65537 4294967296

gboodbodb,dboooog 3,5,17,257,65037 DO DO DODOODOOOO
gogbobbbbodood. bbouooooobboboo.bbbooodao. odad
gobo,gbooboogi:

g=¢P)+1=214+100000000000 e—-1=2"000000
Ui ¢uooobbbuoooobbobogo.

0oodoooodooon g0 e 0000 oooogoo. 100000
ogoooo.

e>400 e=1 mod4;g=T;a=4;p(a)=6mod 1000000

U0 b00O0U0onobDs>UIdeyUIUODODDLDDODO. DODODLDDDOO
oo bbb oo uuu.bbboboooo
godod oo bbooooog.



5 0000

E>00000,e=1+4k,q=2%+1,a, =2°, 000,
0200000 0000 000.

U 3200000 0000

e=1+4k Qe factor a
5 17 17 544
9 257 257 131584
13 4097 17 % 241 33562624
17 65537 65537 8590065664
21 1048577 17 % 61681 2199025352704
25 16777217 97 % 257 x 673 562949986975744
29 268435457 17 % 15790321 144115188612726784
33 4294967297 641 % 6700417 36893488156009037824
37 68719476737 17 * 241 % 433 % 38737  9444732965876729380864

04200000 o0000,00 100

®

qr Qg

17 44
57 84
13 97 24
17 37 64
21 77 4
25 17 44
29 57 84
33 97 24
37 37 64

O Ot

© 00 J O Ot = W N |

ooooooooag.
00000 000000 4
e 0000 00020000 44,84,24,64,04 0000000
¢=2*%+10000007
¢=2*4+100020000 17,57,97,37,77 0000000



5.1 30000000
p=30000000000.

¢g=2%3"14+1,a=23%.

05 P=300000 o000

e a o000 o(a)

2 63 327 36

3 013 3% %19 324

5 39609 3% % 163 26244

6 355023 3% % 487 236196

7 3190833 37 % 1459 2125764
10 2324581983 310 % 39367 1549681956

17 11118121262251209  3'7 % 86093443  7412080755407364
18  100063090585419903 38 x 258280327 66708726798666276

00000000000 ¢=2%3'+1:00,0000000000000

gooo.
gogooboboobnD 7,19,163,487,1459,--- JUOUOO0OOOOODOOOOOO

goo.
00000000000 000 (o0ooo0oUooooUooo)ooooog.

e c=2mod4 000 ¢g=7,a=3mod 10.
ec=1mod4 000 ¢g=3,a=9 mod 10.

e ce=3mod4 000 ¢g=9,a=3mod 10.

gobboooobobod.

000000000 heshe 0000000000000 DOOOO0DO z200000000.
0000000000000 00000 2000000000 . 2200000 theyOQOQOO (O)
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6 UU0O0O oU0O0O0OO0Ooon

mO00000000 0000 ¢00000000000.
o(P)+1+m,(e>1)000 ¢O00000 a=Peq,(e>2)0(POOODO

0)mO0000000(000)0000 000000000,
00000000 aO (p,m)0000000.

6.1 e=1000

000000,e=10000000000.

00 e=1000 @(P)=¢(P)=P—-1000,¢=¢(P)+14+m=P+m
0oo00000000000.

a=Pq=Pg=PP+m) 00000000 000 000000000
oooooooooo.

P=2e=10000 ¢q=24+m00000 a=22+m)0 mO0O0000
0000000000 o000 000.

0000000000 e=1000000000000000000000
000000000000000.

6.2 P=2m=-2

gbooobonb P=2m=-20000000000.

06:P=2m=-2

a ooooo
24 23 % 3
112 24 % 7
1984 26 % 31
32512 28 % 127
134201344 21 4 8191
34359476224 218 % 131071
549754765312 220 4 524287

9223372032559808512 232 x 2147483647

g=¢P)+1=214+1-2=2"'-100000000000,¢O00
00000000,0000e=2%000000,0000000000 400
oo.
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gbod ebobbobbooboobuooboobuoobobbob.

6.3 P=2m=0

U m=000000000.

07 P=2m=0

a goobooo
12 22 %3
40 23 % 5
544 25 % 17
131584 29 % 257

8590065664 217 x 65537

gbogob obobboboo.
12400000 m=000000000000000. 4000000000
gbgobgoobooboboob.
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T U

g=¢(P)+1+me>100000000 a=PqO000. (mOO0000
0D0000000,¢>PO00000))

p(a) = p(P°q) = P*'Pq

O prOOnOO
Py(a) = P°Pg=P*P(q—1)
gog
Py(a) = P°P(q — 1) = P°Pq — P°P.
gd

g=@P)+1+m=P7'P+1+m0O00 P'P=qg—1-m.
gdd
P°P=P(g—1—m).

godd
Py(a) = Pa — PMaxp(a) + Pm. (2)

goooo.

gibmmuoobbOoog bbdag ebboodgbobbod.

b bbb bobbuombodbouoobogbbonbDbo
pdoooooono.

pP=2000000000.

2¢(a) = a — 2Maxp(a) + 2m. (3)

¢ 0000000 (») 000000000000 pOOODODOOODOOO
go.

e 00000000qgq=¢(P)+1+mO000000000O0O0O0OO0O
1+m0O POODOOO.

e0000oonO oooodool1+m0O POOOOO, 00000000
gooo.odbm=P—-1000000000O00O0OODOODOO.

8 L0

goooobd odbboobuodbibd bbb boobuogboa
ggbbobuoooob.bbuoogobbbuoooobbooooobn.

12



9 m: 00

m: 0000000000 O0O00O00O0O0O.
oot oo uoooobobbodd. a< 1000000 O 0O
gud
2¢(a) = a — 2Maxp(a) + 2m

Uil «o0OD0UOOOOODOOOO0.

gobbbdudd e« 1o00b000ooobbbg.

00000 me<10000000000000,¢=2'+14+m0O000
ggbbbdudd e=2¢¢q 0000O0O0O0O0O0OOOO0O0OODOOOOO.

91 P=2m=-2

08 P=2m=-2

a ooooo

24 23 % 3
112 24 % 7
1984 26 % 31
32512 28 % 127

3,731,127000000 00000,

9.2 P=2m=0

09 P=2m=0

a gooboo

12 22 %3
40 23 %5
544 25 %17

131584 29 x 257

351725700000 0000O0.

13



93 P=2m=2

0 10: P=2m =2

a goboo

20 22 %5
56 23 %7
176 24 % 11
608 25% 19

8576 27 % 67
33536 28 % 131

94 P=2m=4

011: P=2m=4

a gobooo

28 22 %7
208 24 %13
2368 26 % 37

m=-202400000,0a0 a=2%4,(q=2"+14+m:00)000
00000000000000000000.

gobbooboobobbbbbobouoduoooooooooooobobb. oo
gogbbobouoooboboogoooo.
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10 O0O0OOeO0Oo0ooonogno

pyOoooogg
Py(a) = Pa — PMaxp(a) + Pm

0000 POD0OOOOOO,Pe=0 modPODOODOOOOeO PO
O00000e=PL,(LO,PO0O0OOO)0000.00e0DOOOOOOO.

11 000
m=0,e=1000 a=Pq(P>q:00),0
Py(a) = Pa — PMaxp(a)

goooooooobbbooooog.
00, Maxp(a) =P O0O0O0O

Py(a) — Pa = PPg; — PPqy = —PP.

m=000000 a=Pq(P>q:00)0000000.0000 00
00000 (x) D0ooooo0.

00,m=0,e=100000000000000000000000.
a=PL,(LO,POO0OOO)0IO0O0OOO Pp(a)=PPy(L),

Pa — PMaxp(a) = PPL — Pq.

0oo,
PPy(L) = PPL — Pq.

00000000 cop(L)=L—@(L)0000

Pcop(L) = q— 1.
000 #=Maxp(L)OODO.

) LO0O000 cop(l) =1 000 P=¢-1.000 P=¢. LOOOOO
0 q¢O000,P=gq=Maxp(e) 000 P>q. a=PqpODO0O00O.

2)L000000 cop(L) > .
Pcop(L)=q¢—100000

15



q— 1= Pcop(L) > Pr.
a) P>7r000.¢q=PO0O0O

oo.
b)P<7O000.¢g=7000

q—1>Pr=Pqg>q.

go.

16



12 O000O0
000000000ooo.

OO0 1m>0000
Py(a) = Pa+ Pm — PMaxp(a)
OoO0o00
1. m=0,e=1000000 a=Pg(P>q)000.
2. m=P-10000000 ea=P¢000.
3. e>1000 al (p,m)— 000

4.e=1000 a=Pq,q=P+m000.

oo.
a=PL(PLOODO0ODO)000O00O0OOODOOODO:

Py(a) = P°Py(L), Pa = P°PL.
g=Maxp(e) DODODOODOOO

PPyp(L) = P°PL + Pm — Pg
000 cop(L)=L—¢(L)0D000,

P*Pcop(L) = Pg— Pm.
pPOOO0OO

P 'Pcop(L) =G —m.

L=1000 a=P¢q=P. 000 cop(L)=0.000,¢g—1=m0O0O0,
P=qUOUOO m=P—-1

m=P—-1000,¢=P0000000O.

L>2000 a= P°L >2P°.

P 'Pcop(L) =G —m.

o000
() L:0000cop(L)=10000,P'P=g-m=q—1-m

17



¢=P'P+14+mD000000 e=PqO00000000000.
0000 a0 (p,m)—000.

(2)L00000000. 7=Maxp(L) 000,
cop(L)>r 0000

P 'Pcop(L) =G —m > P ' Pr.

ooog,
g—m > P Pr.

(a) P>7 000 ,9g=Maxp(a)=P,r>2 0000

g—m=P—-1-m>P"'Px2.
m>00000
P=P—-1>P—1—-m>P'Px2.

goooo.

(b) P<7 OO0, =Maxp(a) =7 > 2.

oooad
@—mzﬁ—l—mzpe_lﬁﬂz%r.
m>00000
T—1—m > 2m7.
ooooo.

00O e=1000¢=P+m 0000 a=Pq00. 000000O0OO
g.bgbodobgooboobobboboo,obobbobooboobon
goo.

goooouod,m>00000000000 pO00000ooogno
uo.

gobbobuooobbbuoodg. obbbuooobobbooooooboo.

b m<oOodboboboooobbboooobobo.

pP=200000000000000O0O0O0O0DOODOOO,0DODLODOO
gobobooboooobooog.

v
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0000 P=2000,0000000 o0000000.000D0,p000
U ogbooboobobboobobooboo.

2¢p(a) = a+ 2m — 2Maxp(a)

D00 00000 0000000000 P=2000q=@(P)+1+m=
-l 1 14+m 000000 mOODOODOO.

000000 2p(a) =a+2m —2Maxp(e) 00000, m: 000000
oooooooooo.

D000000000000000000000000000000000
ooo.

D0000000000000000,000000000000000. O
0000000000000000,0000 200000000000000

goo.

P=2000m000000000O00O0O0DO0DOO0 o00000000O0OO
oooooo.

I0.m>0m:00

IHo. m<0,m:00

mg. m<0,m:00

IVO. m>0m:00

D0000000000000000. 000000000000 000O00A0.
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13 100 m>0m: 00
13.1 P=2m=0m=2

gobbbdud bbb bbuooobbbouoooobobog.

0 12: P=2m=0m=2

m =0 m=2
a HREREREEN a ooooo
12 22 % 3 20 22 %5
40 23 %5 56 23 % 7
544 2% % 17 176 24 % 11

131584 29 x 257 608 25 % 19
8576 27 % 67
33536 28 % 131

000000000 a=2¢,¢=2"'+1+m:0000000000. O
00000000.m>00000,00000000000000000000
00 00000000000 ¢ 000000.00000000000000
ooooo.

000000000, m>000000000000000000. OO
m<0000000000000000.

20



14 1100 m<0,m: 00

141 P=2,m=—2

0 13: P=2,m=—2

a oooog  ¢(a)
24 23 % 3 8
112 24 % 7 48

1984 20 % 31 960
32512 28 % 127 16128

000000,00000000000000. m=-2;¢q=2"1—-1.00
0000000 wxmaxima OO0, 00 e<210000000000000
go.

014 P=2m=-2,q=21—1,a=2¢¢: 00000

e a ooood o(a)
3 24 23 %3 8

4 112 24 % 7 48
6 1984 20 % 31 960
8 32512 28 % 127 16128

14 134201344 214 % 8191 67092480
18 34359476224 2'8 % 131071 17179607040
20 549754765312 220 x 524287 274876858368

gobbobuogoobbboooobbboooobobboooan.
0000 e=22x320e¢=2¢0000000000000000O0.
a=36=22x320000000.

14.2 P=2m=—-6;m= -8

a=100=2>x520000000.
gobbooboogooboobod.

00000 e=4000000000.000000LML
X = 302231454899259247165440

21



015 P=2,m=—4

a 00000 o(a)
36 22 x 32 12
80 24 % 5 32
416 25 % 13 192
1856 206 % 29 896
7808 27 % 61 3840

016: P=2m=—4¢g=2'-3: 00000

e a ooooo o(a)

3 8 23 4

4 80 24 %5 32

5 416 25 %13 192

6 1856 26 % 29 896

7 7808 27 % 61 3840
10 521216 219 % 509 260096
11 2091008 21 %1021 1044480
13 33529856 213 % 4093 16760832

15 536772608 215 % 16381 268369920
21 2199016964096 22! x 1048573 1099507433472

017 P=2m=—6

a 00000  ¢(a)

48 24 % 3 16
100 22 % 52 40
352 29 % 11 160

7552 27 % 59 3712
128512 29 % 251 64000

143 P=2m=—-10m=-12000

m=-10000000000 a=60=22%3%5a="72=2%x3%.

22



018 P=2,m=—6,g=2"'—5 00000

e a Oo00ooo o(a)

4 48 24 %3 16

5 352 2% % 11 160

7 7552 27 % 59 3712
9 128512 29 % 251 64000
11 2086912 21 % 1019 1042432

13 33513472 213 % 4091 16752640
19 137436332032 29 % 262139 68717903872

019: P=2,m= —8

a 00000 o¢a)
196 22 x 72 84

020 P=2m=-8¢=2"'—7: 00000

e a ooooo o(a)
40  604462909799618005958656 219 x 549755813881 X

02l: P=2m=—-10;m = —12

m = —10 m = —12 R
a 00000 ¢@| « 00000 ¢a)
60 22 %x3%5 16 84 22 x3%7 24
72 23 % 32 24 160 2% %5 64
224 2% % 7 96 484 22 % 112 220
1472 26 % 23 704 | 6784 27 % 53 3328

m=-12000000000 a=84=22%3%7,a=484 =22 x11%.

23



15 IITdgooooog

P=20000000 2p(a) =a+2m—2(¢q—1),(¢ = Maxp(e)) OO0
a=2L(L:00),S=-m>000000

2 lcop(L) =q— 1+ 5.

e>1000000 ¢e=10000000000.

SO ¢—1000000 cop(L)000.

D00 LOO0O, o(L) 000000 cop(L) =L —¢(L)000. 0000
0o.

D00 e>200000.

151 S=2000000

gobboogooo.
S=2000
2 lcop(L) =q—1+S=q+1.

i) L:0000,cop(L)=1000 ,2'=14¢q.¢=2'-1.00000
000000, a=2q=4%22; 0000 40.

2. L:00000,cop(L)>¢O00O0 ,

2°cop(L) =2(1+q) > 2%.

(1+¢q)>2¢q00000. 00000 m=-—2000000000000
gogb400b00gobooogd.

15.2 S=4000000

m=—-4000
2¢(a) =a—6 —2q.

a=2°L,L:00,00000

2°cop(L) = 2(3 4+ q).

1. L:0000,cop(L)=1000 ,2°t'=3+¢q¢q=21'-3. 00000
gogboooboogg.

24



2. L:00000,cop(L)>¢O0O0O ,

2°cop(L) =2(3+4q) > 2%.

34+¢>2q000.0003> 2 '~1)q. e>2000 g=3,e=20
00
2°'cop(L) = (3+q)

g
cop(L) = 3.

000,L=¢a=22+3200000.

15.3 S=10000000

S=100000

2 lcop(L) = ¢+ 9.

L=¢O00002 '-9=¢q 000000000000.
L=¢ 000

27 lg =q+09.

(21— 1)g=9000 e=2,3.
e=200 ¢=9000.
e=300¢=3000,

2%cop(L) = g+ 9 = 12.

000 cop(L) =3, L =3%a=2%x32

L = qu(q > Maxp(p)) 000
cop(L) = (¢ — 1)po + p. (o = cop(p) OO O D)
=100 wOO. L=quO0O00

2N g+p—1)=q+09.
e=2000

25



20¢+p—1)=q+09.

=9+2-2pu.

L: 00000 p>3000

p=300 ¢q=5000,a=2%%3x5.
p>40000000.
e>2000000.

i) po>300 L=quDO0O0

cop(L) = (¢ —1)e(L) = (g —Dpo+ p = 3(¢ — 1) + p = 3¢ + 6.

2¢Lcop(L) = g+ 9 > 2cop(L) > 2(3q + 6).
goooo.
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16 III OO m<Om: 00

000 00000 ¢ 0000000000000,0000m:00000
000000000.0000000000000000000000.

S=-m>0000.¢=Maxp(e) 000 « 000000 ¢000000 ¢
000 000000000

2¢0(a) =a—25 —2(¢g—1).
a00000000e=2°L(L:00)00000

2 tcop(L) =S —1+q.

S:g0booo0 S-14qU000.000 e=1;a=2L.

000 00000 00000 e>200000000. S:0O0DOOO
gogbbobuodgdide=100000000000.

gboobogboodn ogbtg uogbugbooboobobboboobn:

cop(L) =85 —-1+q.

16.1 S=1

S=1000 o000 00000000 cop(L)=¢qO0ODO.

00000000000000000000000000000 L=4¢*0
0.00000 a=2¢%

00000 2¢(a) =a—2¢ 00 a=2¢

gobbobuoodg.gooboboboogd.

16.2 S=300000000

S=3000 o000 OO0ODOOOOOOODO.

a < 1000,000 DO OOO0OoObOOOOoOoOobDObOOOooon.

O000000000000000 a=6p,(p>3)0000000. 0000
goooo.

022 P=2,8=3

a ogoogo
6p,(p>3) 2%3x%p
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17 0Odd

S=p:000000,p<q¢:000 0000 L=pg0
cop(Ly=p+q—1,S—1+q=p—14+q000 cop(L)=S—-1+¢qO000.
a=2pq 00000000 O0OOOOO0O.

2¢p(a) =a—2p—2(¢—1).

00000,S=p: 000000000 a=2p¢000.
S=p:00000000000000000000000.0000000
00000000000000000.

171 S=57000000n0n

S=5000a=10p,(p>5)=2*5%p.
a=10p,(p>5)00000000.

S=7000000 M4p=2xTxp000 H4=2x30000000000,
gooogobgo.

gobbobuoooobooboooon.

gbboobboobboobbooobooobooobobog. goobo
gogbo,gbboobooooooog.

172 S>11 00000000

S:00 0000000000 00bDODO.0b000 §S=9,5=10000
goo.

Oobooooooooog,S=17000ae=2x1T+p 000000000
O0a=90=2x3%x500000.

gobbbooodobbboooobbbuoooobbooooobooo.

S:O0jbbooboboobobooooobooobooboobooboobogoo
gogbbbooobbboodaobon.
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023 P=2m<0,8=-m>11

S a oodooo
11 2, (p>11)  2#1l#p
13 26p, (p > 13) 2% 13 *p
17 90 2%32%5
17 34p, (p > 19) 2% 17 *p
21=3*7 126 2% 32 %7
21 250 2 % 53
23 46p, (p > 23) 2%23%p
29 198 2x32%11
29 58p, (p > 29) 2%29 xp
31 64 26
31 150 2% 3 * 5>
31 62p, (p > 31) 2% 3l xp
33=3*11 234 2% 3%%13
37 T4p, (p > 37) 2% 37 *p
41 306 2% 3% %17
41 82p,(p>41)  2xAdlxp
43 686 2% 73
43 86p, (p > 43) 2% 43 x p
45 =32 %5 342 2% 3%%19
47 94p, (p > 47) 2% 47Tp
49 = 72 350 2% 52 %7
o1 210 2% 3x5*7
53 414 2% 3% % 23
53 106p, (p > 53)  2%53%p
57 =3 %19 294 2% 3% T2
59 270 2%3%3%5
59 2% 118p,(p >59) 2%59x*p

18 IIIdodoon

gobbboooobbboooobobuoooobobod.
S=1000.

cop(L) = ¢
0000000000000.¢0 LO0O0O0O0O0OD,LO00.
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181 S=1000000

)s(L)=1000 L=¢ 00000, cop(l)=¢ '=q000 j=2.

i) s(L) >2000. L=¢u,(¢g>Maxp(p) 000, = cop(p) 0000
O cop(L) = ¢ (n+qpo) = q -

00000 j=1. u+gu >¢00000000000000

000,000 ¢q0000 L=¢% 000 a =24

S=350000000000000000,0000DO0D000DO0ODOOO
OosS=70o0o.

182 S=7000000

cop(L)y=5—-14+q=6+¢q
gooobgoobobobob. g0 LOOOOODbOO,Lbon.

L=¢,(j>2)00000,cop(l)=¢ '=¢q+60000,5=3,¢4>—q=6.
0000 ¢g=3.0000 a=2%3*000.

L = qu,(q > Maxp(p(r))) 00O, po = co(p) 00000 cop(L) = (¢ —
Dpo+p 000,

cop(L)=q+p—1000q+pu—1=¢+6.000,u="7.¢q>70000
a=2x7q=14¢q. DO 0O0O0O0O.

n 000000, p000000 1) e = 3,0 = 92) po = 5,00 = 25, 3)
o ="7,0=49,35 0.
D opo>3,u:000000,u>09.

cop(L) > 3q+6,cop(L) =q+6 > 3q+ 6.
goooon.

183 S=1rgggooog

cop(L)y=5—-1+q=16+¢
I A
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L=¢,j>200000,cop(l)=¢ =q+16,0000, ¢ ' —q=16.
0000 j=3,q(¢q—1)=16.000

pu=1.p, 00000000

g+p—1=q+16. 000, u=17.¢q>p=170000 a=2x%17q = 34q.
oooooog.

i) uo >2. 0000000

Dopo=3p=9000,

cop(L) =3¢+ 6,cop(L) = q+ 16.

3+6=¢+16000 2¢=10. 00000 ¢g=5,a=2%3%x5.

184 S=21000000

cop(L)y=5S—-14+q=20+¢q

gooooooooogonn.
L=¢,(j>2)00000,cop(L)=¢ t=¢+20,0000, ¢ —q=20.
0000 j=3,q(¢—1)=20. 000000 g=5,a=2%5.

Dpo=1.p 00000000 q4+p—1=¢+20.000,x=21.0000
oooo.

000000

Dop=3p=9000,

cop(L) = 3q+ 6,cop(L) = q + 20.

3+6=¢+20000 2¢=14. 00000 g="T,a=2%3%xT.
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19 IVvO m: 0000

m: 00,000 0D0D0OO0O0O0o0OO0 »n:00,000000000.000
googoobbbbbobobobbbo. bobbbobobobbbbbooodoagoo
go.

P=2m=1,35,---
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024 P=2m=1,35,

m a=00000

1 6=2%*3

3 10=2*5

) 14=2*7

9 22=2*11

11 26=2%*13

13 none(13+2=15,000)
15 34=2*17

17 38=2*19

19 mnone(19+2=21,000)
21 46=2%23

23 none((23+2=25,000)

m+2=¢00000 a=2¢00
guoooobooobbbboboooooooooooo.
godd.

cop(L)y=q—1—-m0O00.
LOO0OO0OOcop(L)=1=¢q—1-mO00 g=m+2.
LOD0O0O0OD0ODO cop(L)>qO0O00 g<cop(L)y=q—1—m. O00O.
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4 N

Invariants of Cyclic Coverings of the
Projective Line

Fumio Sakai
(Kurashiki, August 28, 2016)

- /

/1 Introduction \

A non-singular projective curve C (over C) is a d-fold
cyclic covering of P if there is an automorphism o of C
of order d such that C/{c) = P'. Let w : C — P! be the
d-fold covering map. We denote by n the number of branch
points on P'. In this talk, we always consider the case in
which g =genus(C)> 2.




/1 .1 Equations \

Such a curve has the equations (0 < ax < d for all k):

(1) C:y*=1][_,(x — Ag)* (standard form),

where

GCD(d,a1,...,a,) =1 and Zak =0 (mod d),

k=1
(2) C:yl= HZ;ll(w — p)*  (short form),
where
n—1
GCD(d,a15...,a,_1) = 1 and Z ar Z0 (mod d).
k=1

- /

/ In (1), the branch points are {A1,...,A,} C P'. In (2),\
the branch points are {ft1, ..., ftn_1,00} C P

The automorphism o of order d is given by

o:(z,y) = (z,ey) (e = > /%)

Example 1. The curve C : y” = x?(x — 1) (short form)

can be given by the following equation (standard form).
Y = X*(X —1)(X 4+ 1)~
Apply ¢ € Aut(P') so that 0 = 0,1 — 1, co — —1:

r Yy
(CL‘,’y) _>( 725/7 ): (XaY)
2 —x 2 —x

- /
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1.2 Genus formula \

In what follows, we mainly use the standard form :
C:y®= H(a: — Ag) %%
k=1

We call (d;aq,...,a,) the Type of C. We may ignore the
order of ax’s. The covering map 7 : C — P is given by
(z,y) — x. Over the branch point A, € P, there are

cx, = GCD(d, ai) ramification points with ramification
index d/cg. Via Hurwitz genus formula, we obtain:

_@=1)(n—-2) mn—3,  ck
N 2 + 2 '

- /

/ If ¢, = 1, then there is a unique ramification point P \
over A,. We say that 7 is totally ramified at Pk.

Condition (T): GCD(d, ax) = 1 for all k.

We have the implication:

d = p (a prime number) => Condition (T).

Lemma 1. Under Condition (T) , we have

_(d-1)(n—2)
_ (n =2,

- /
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/1 .3 Names \

Cyclic coverings of P! have a lot of different names.

e hyperelliptic curves for d = 2,
e cyclic d-gonal curves,
e Z4-curves,

e superelliptic curves for the curve y? = f(x) (short
form), where f(ax) is square free ([2]),

e generalized superelliptic curves if Condition (T) is
satisfied ([4]).

- /

/1 .4 Famous curves \

(1) Bring’s curve, 1786
y* = (" - 1)(2" +1)* (9=4)
This is the curve of the lowest genus on which Sy acts.
(2) Klein quartic, 1879
C:z°y+vy°z+2°z=0

Clearly o : (z,y,z) — (e*z, 2y, €z) (e = 2™¥/7)

induces an automorphisms of order 7 on C'. We can show
that C has the equation:

y" = x®(x — 1) (short form).

We have C = H/T'(7) = X (7) (a modular curve).

- /
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@) Picard curves, 1883 \
C:y°=z(x—1)(x —a)(x —b) (short form)

One can show that 7(Ps) = P for 7 € Aut(C).
Picard encountered ”Picard modular functions” as the
inverse of the period map from the parameter space.

(4) Lefschetz curve, 1920
C,:y? =z% x —1) (short form)

Here p is a prime number and n = 3. Lefschetz classified
Aut(C,). Weil determined the Riemann matrices.

- /

/2 Equivalences and Automorphisms \

2.1 Equivalences

Let C : y% = H(a: — k)%,
k=1
Lemma 2. (1) For ¢ € Aur(P'), set p;, = ¢p(Ag). Then

C is isomorphic to the curve: y* = H (x — pug ).
k=1

(2) Take a positive integer m such that GCD(d, m) = 1.
Write may = by, (mod d) (0 < by < d). Then C' is

n
isomorphic to the curve: y* = H(:I: — )P
k=1

- /
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/Pmof. (2) Let C(C') = C(x,y) be the function field. We \
have C(z,y) = C(x,y™), since GCD(d, m) = 1. Write
may = b + lpd. We have Y4 = [[}_,(z — Ag)®, where
Y =y /([T (@ — A)) - 0

We define the equivalence relation:
(d;ayy...,a,) ~ (d;by,y...,b,),

if there is m with GCD(d, m) = 1 such that may = by
(mod d) for all k.

Example 2. Since (7;2,1,4) ~ (7;6,3,5), we have

v = 2@ —1)(a+1)} 2 {y" = 2% —1)*(@+1)°}.

- /

11

/

Theorem 1 (Nakajo [15], 1999). Let p be a prime number.

The two cyclic coverings

C:y?:= H(az — ) and C':yP := H(w — )"
k=1

k=1

are isomorphic if and only if there is ¢ € Aut(P') and p €
Sy such that @(Ag) = ppw) and

(p;a@1s... an) ~ (P; bp(l)’ AR bp(n))'

The if part follows from Lemma 2. The key in the proof
of the only if part is the following fact.

- /
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Gheorem 2 (Gonzalez-Diez [9], 1995). Let o; (i = 1, 2)\
be two automorphisms of order p such that C/{o;) = P!,
then the cyclic groups {(o1) and {o2) are conjugate in

Aut(C).

Remark 1. Theorem 1 was conjectured by M.Namba in
1981. By the way, Naoyuki Nakajo was my former student

at Saitama University.

Remark 2. In case d is not prime, the situation is different
(Gonzalez-Diez and Hidalgo, 1997, for d = 4, 8).

- /
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/2 .2 Automorphism groups \

Let C be a cyclic covering of P with C/{(o) = P'. We
denote by Aut(C') the automorphism group of C. We
have the following two cases:

Case 1. (o) < Aut(C). Thus, Aut(C) = Aut(C) /(o) is
a finite sugroup of Aut(P?).

Case 2. N(o) & Aut(C), where N (o) is the normalizer
of the cyclic group (o) in Aut(C'). An automorphism
T & N (o) is called exceptional (Broughton, Wootton).

- /
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/Example 3. For hyperelliptic curves (d = 2), we have \
(o) <t Aut(C), since the double covering w : C — P is
unique.

Theorem 3 (Kontogeorgis [13], 1999). Let w : C — P!
be a d-fold cyclic covering with m branch points. Assume

(i) Condition (T) is satisfied (i.e, 7 is fully ramified).
(i) n > 2d
Then we have (o) < Aut(C).

Example 4. Let C be the Klein curve y* = z?(x — 1)
(short form). It is known that | Aut(C)| = 168 and

IN(o)| = 21.
N 9%

15

/Example 5. C :y? =][p_,(x — ) (hyperelliptic case).\
(1) For general Ag, we have Aut(C) = Zs = (o).

(2) For y? = x?™ — 1, we have Aut(C) = (7, p) = Doy,
where T(x) = (x, p(x) = 1/x (("™ =1).

In 2005, Kallel and Sjerve [12] gave a complete
classification of Aut(C) for the case in which n = 3. In
particular, they observed the following phenomenon:

Theorem 4. Aut(C) is determined only by Type
(d; a1, as,as) for those curves:

C:yt=(x— )" (x — A2)®(z — X3)*.

- /
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/3 Gonality \

Let C(C') be the function field of a curve C. To
@ € C(C) \ C, we can associate a holomorphic map
p:C — P
The gonality of C, denoted by Gon(C') or by G for short,
is defined to be the minimum of the degrees of such maps:

Let C be a d-fold cyclic covering of P*. We have
Gon(C) < d. If d = p (prime) and n > 2(p — 1), then we
have Gon(C') = p (Namba [16], 1979).

- /
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/ We list the cases G = 2 (hyperelliptic) and G = 3 \
(trigonal). The list is given by Types up to equivalence.

3.1 Classification for G = 2

G = 2 (Wangyu-Kawasaki-Sakai [22, 23], 2014)

Name n Type d
R (d;12,d — 2) >5
4 (ds 12, (d — 1)2) > 3
S > 6 2
A > 3 | except two of a;’s are divisible by d/2, | > 4, 2| d

- /
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/Example 6. Let us consider Type (d; 12, (d — 1)3) curve.\
C:y?=(z>+1)(2® — 1)L

It has an involution 7 : (x,y) — (—=,y). We compute the
invariant subfield:

C(0)'™ = C(a?,y) = C(1),
where we set t = y/(x? — 1). Indeed, we obtain

2 tT41 2t
T =1 YT a1

Thus, C(C) = C(x,t). We infer from this that C is

isomorphic to the hyperelliptic curve:

C':z?=(t*—1)(t*+1).

- /
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3.2 Classification for G = 3 \

G = 3 (Wangyu [24], 2015)

Name n Type d
3 (d;1,2,d — 3) > 7
4 (d;13,d — 3) 4
R (d;1,2,d — 2,d — 1) > 5
5 (d;1s,d — 2,d — 1) > 4
6 (d;1s, (d — 1)3) >4
S | >5 3
A > 3 | except two of a;’s are divisible by d/3, | > 6, 3| d

20
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/Remark 3. As for cyclic coverings on P, if g < 8, then We\
are able to determine the gonality. For the case in which

g = 9, it remains to determine the gonality of the following
two curves:

(651,23,32,5), (6;512,2,32,45).
It seems they have G = 6.

Conjecture. Let C be a cyclic covering of P*. Then, the
gonality Gon(C) is determined only by its Type.

- /
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/4 White numbers \

Let (d;aq,...,ay,) be Type of the equation (standard
form) of a d-fold cyclic covering of P* with n branch points.
So we assume

(Cl) GCD(d,a1,y...,an) =1, (CQ) Y r_iar =0 (mod d).

Definition. For each ¢ with 0 < @ < d, we define

i ’I:Cl,k,
pz(d; Ajis.. .,an) — Z <7> )

k=1

where (x) is the fractional part. I call {p1,...,pa—1} the
White numbers of Type (d; a1,...,ay,).

- /
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/ We have the following properties: \

Lemma 3. Letting p; = pi(d; a1, ..., ay,), we have

(1) 0 < p; < n for all 2,
(2) We have p; € N for all 2.

Proof. (1) is a consequence of Condition (C1). We see (2).
By definition, we have (iar/d) = rem(iag,d)/d. By
Condition (C2), Z rem(tag,d) = 0 (mod d), hence we

k=1

obtain p; € N. ]

- /
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/Example 7. \

i 1 2 3 4 5
pi(6;1,2,4,5) [2 2 1 2 2
pi(6;1,1,5,5) [2 2 2 2 2

For instance, we have

1 2 1 2
P2(6;1,2,4a5)=§+§+§+§=2-

Remark 4. If (d;aq,...,a,) ~ (d;by,...,b,), then by
letting p; = p;(d; b1,...,by,), we see that {p},...,p} ,}
is a permutation of {p1,...,pa_1}

- /
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/4. 1 Duality \

Lemma 4 (Duality). We have

(1) pi(d;ayy...,a,)+pi(d—aq,...,d—a,) =n—1t(2),
(2) pi(d;ary ... a,) + pa_i(d;ai,...,a,) =n — t(i),
where t(1) = #{k|tar = 0 (mod d)}.

Proof. This is a consequence of the property:

<ab> <(d—a)b> 0 if ab=0 (mod d)
- _|_ s~ —
d d 1 otherwise

N W,

25

/Proposition 1 (Summation formula). We have \

d—1 1 n

Zpi(d;alw",a’n) — 5 {nd_ chz}a

=1 k=1
where ¢, = GCD(d, ag) as before.

Proof. Indeed, by Lemma 4, we have

ipi(d; A1yeenyp) = n(d2_ D - %it(z)

Note that #{¢|2ax =0 (mod d)} = ¢, — 1.

Wy

26



4.2 Base of differentials \

We now come back to a d-fold cyclic covering of P*:

C: yi= H(a: — Ag)%  (standard form).

k=1

There exists a natural automorphism of order d:
o:C D3 (z,y) = (z,ey) € C (e = 2™/%),

The automorphism o acts on the space of holomorphic
differentials H°(C, K) as w — w o o~ . We define

H°(C, K)(i) = the eigenspace of €.

- /
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G‘heorem 5. Let C be a d-th cover of P with Type \
(d;ay,...,ay,). Then we have the equality:

dim H°(C,K)(i) =1; for i=1,...,d — 1,
where l; = pi(d;ay,...,a,) — 1.

Proof. Note that I; > 0. Fix k. Letting fr = (x — Ag), we

define
. [Ty f}!gkz dx
Y
where qr; = quo(iag, d). We see that w; € H°(C, K)(4)
if I; > 1. For k, set Q(2) = {fiw; |m =0,...,l; — 1}
We infer from Proposition 1 that Zfz_ll l; = g. We infer that
the set 2 (2) is a basis of H(C, K)(%). O

N /
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/Deﬁnition. I write \

N(C) — lllz e ld—l

and call it the number plate of C. In view of Lemma 4, we

have the relations:
l@' + ld—i = n— 2 — t(Z).

Thus, we have 0 < [; < n — 2. If d is even, then we have

n 1 _
lajz = 5 1— 5#{/4 | ap, is even}.

- /
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/4.3 Theorem of White \
Theorem 6 (White [26], 1964). For (d; a1, a2,as,a4)
satisfying Condition (T), the following are equivalent:

(1) pi(d; a, az,as, CL4) = 2 fOT all z.

(ii) After reordering, we have a; + a2 = d and az + a4 = d.
Example 8. We checked: p;(6;1,1,5,5) = 2 for all 4.

Remark 5. The purpose of G.K.White was to classify
7empty” lattice tetrahedra (a tetrahedra whose vertices are
on the lattice Z* and contains no lattice points inside other

\than the vertices. /
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\

/4.4 Theorem of Chowla

Theorem 7 (Chowla [6], 1970, ...). Let d be an integer.

The numbers

cot ? (1 <m < d/2, GCD(d,m) = 1)
are linearly independent over Q.

Remark 6. In 1987, Reid [18] obtained a generalization of
White’s theorem (Terminal Lemma) and observed that it is

equivalent to Chowla’s theorem.

- /
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5 N

5 Weierstrass points

Definition. For a point P on a curve C of genus g, let
Gap(P) = {k1 < ... < kg}

be the gap sequence. As is well known, k is a gap if we
cannot find a rational function having a pole of order k at P,
without poles elsewhere. The Weierstrass weight w(P) is

defined as
g
w(P) => (kj — j).
j=1

- /
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/ We say that P is a Weierstrass poinf if \
w(P) > 0.
So P is not a Weierstrass point if
Gap(P) =1{1,2,...,g}.

By duality, k is a gap of P if and only if there is a
holomorphic differential w such that

ordp(w) =k — 1.

- /
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/5.1 Algorithm \

Let C be a cyclic covering of Type (d; ayy...,an).

Suppose GCD(d, ai) = 1. There is a unique ramification
point P, over A,. Recall that

li = pi(d;ayy...,a,) — 1.

Theorem 8 (Wangyu-Sakai). We obtain the following
formula for the Weierstrass weight of Pj.

w(py) = 7 _29 le ddil <%>
\ /
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/To prove Theorem 8, we first show the following facts. \
(i) 1 + ordp, (fi"'w;) = (m + 1)d — rem(zay, d),
(ii) Gap(Px) = {1 + ordp, (w) |w € Q},

where ), = U%' Q. () is the basis of H°(C, K) given in
Theorem 5.

With the aid of the formula in Theorem &8, we made a
program (with Maple) to compute Weierstrass weights.

- /
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/Example 9. Type (7;12,2,3). In this case, we have g = 6\

and N = 011112. We obtain
o dx o fadx o Jafadx
wz—;» W3 = y3 sy Wgq = y4
f3f42d513 f3f42d33
W5 — 5 y Wg — 6
Y Yy

k Gap(Px) w(Pk)
1| {1,2,3,4,5,8} 2
2| {1,2,3,4,5,8} 2
3| {1,2,3,4,6,9} 4
4| {1,2,3,5,6,10} 6

36
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/5 .2 Computation

Type N w(Pr)
(12;1,3,8) | 00000010011 | 2
(9;1,2,6) | 00010011 2,1
(8;1,2,5) 0010011 22
(7:1,2,4) 001011 13

(45 14) 012 24
(651, 3, 42) 10011 2
(3514, 2) 12 14,2

g = 3, non-hyperelliptic case

\

We examined cyclic coverings of P! of low genera (up to 11).

37
Type N w(P)
(15;1,5,9) | 00000001001011 | 4o
(12;1,4,7) 00001001011 4,
(12;1,2,9) 00001000111 3
(10;1,2,7) 000100111 2,4
(6512, 22) 01012 4,
(6;13,3) 00112 32
(6;1,2,4,5) 11011 25
(5;13,2) 0112 23,4
(5;1,2,3,4) 1111 04
(6523, 32) 11002 {3}
(4; 13,2, 3) 112 13,3
(3;16) 13 4¢
(3;13,23) 22 26

g = 4, non-hyperelliptic case
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/5 .3 Maximal weight \

Theorem 9 (T.Kato [10], 1979). Let P be a a point on a
non-hyperelliptic curve C of genus g. We have the bound:

1
% fo,r. g:3,4,6,779710
w(P) S K(g) =19 52 "5, 1 10 otherwise
: .

(i) The cyclic coverings (3;1441,2) (if g = 0 (mod 3)),
(3;1542) (if g =1 (mod 3)) have a point P attaining the
weight g(g — 1)/3.

(ii) For g = 8 and g > 11, the cyclic coverings
(4;13,2,_3,3) (if g is even), (4; 14,24_3) (if g is odd)
have a point P attaining the weight (g — 5g + 10) /2.

-
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/Example 10. We found further curves C and P € C \
attaining the maximal weight w(P) = K (g).

g G Type
(8512,2,4), (4514, 22)
3 | (15;1,4,10), (11;1,2,8), (3;15,22)
6,7 omitted

8 | 4| (4;13,25,3)
(30;1,9,20), (27;1,8,18), (20;1,2,17)
9 (15;1,9,102), (10;13,7), (9;1, 33, 8)
(6;1,3,45), (3;110,2)
(12;1,2,62,9), (6;13,35), (4;13,27,3)
10 | 3 | (33;1,11,21), (30;1,10,19), (22;1,2,19)
(15;1,4,52), (11;13,8), (6;12,25), (3;112)
11 | 4 | (8;1,2,44,5), (4;14,28)

N
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developments.

\ In his proof, Yoshida used the Eichler trace formula. /

/5.4 Fixed points

non- Weierstrass fized points.

Theorem 10 (Lewittes [14], 1964). Let o be a non-trivial
automorphism acting on a curve C of genus g > 2. Set
b = #(Fix(o). If b > 5, then all fized points of o are

Weiersrass points.

After the result of Lewittes, we have the following

Theorem 11 (K.Yoshida [27], 1993). For b = 2,3,4, he

classified the structure of the cases for which there exist

\

41

the equivalence of Types .

/Example 11. For cyclic coverings of P, according to
Yoshida’s results, we have the following classification up to

b g Type w(Pk) d
2| (d—2)/2 (d;12,d — 2) 02 > 6,even
3/(d—1)/2 (d;12,d — 2) 02, * > 5,0dd
d > 3,
4 d—1 (d;1,a,d — a,d — 1) 04 -
GCD(d,a) =1

non-Weierstrass fixed points

\
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Gheorem 12 (Perez del Pozo [17], 2006). For b > 5, he\
found the lower bounds of the Weierstrass weights of fixed

points of an automorphism o of order d on a curve of genus
> 2. Let P be a fixed point of o. Then

w(P) > w,
where
(EERETEEED b e,
W = |
| (d_l)éb_3)2 if bis odd .

- /

43

KI‘heorem 13 (Wangyu-Kawasaki-Sakai [25]). Let C be\
a d-fold cyclic covering of Pt of genus > 2 with b > 5. Let
(d;ay,...,ay,) beits Type. Assume that C has a fized point
Py of o with w(Py) = w. Then we have b = n and we

have one of the following cases:

(i) m and d are odd.

(i-1) d = 3. Letting n = 2r + 3, Type is equivalent to
(351,43,2;),

(i-2) d > 5. Letting n = 2r + 1 and after reordering ag’s,
we have azj_1 + ag; =d forg =1,...,r — l.and

QA2r—1 = Q2 aNd A2p_1 + A2y + A2p41 = d.

(ii) m is even. Letting n = 2r + 2 and after reordering ay’s,

\ we have azj—1 + az; =d forg =1,...,r 4+ 1. /
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/Remark 7. We used Thorem 7. We also showed that

(n—3)/2 fori<(d—1)/2
(n—1)/2 for (d+1)/2< 1
(Up to equivalence of Types)

(1) Case (i) <= I; = {

(2) Case (ii) <= 1l; =n/2 — 1 for all 4.

g Type N w(Py) Case
3 (3; 14, 2) 12 14,2 | (i—1)
6 | (5;12,2,32) 1122 | 22,5, 32 G- 2)
9| (7;1s,5,6) | 111222 | 33,6,12

5| (3;1s,22) 23 45,52 | (i—1)
4 (3;13,23) 22 26

6 (4513, 33) 222 36 (ii)

8 | (5;12,2,3,42) | 2222 4¢

-

45

/5.5 Total Weierstrass weight

Let C be a d-fold cyclic covering of P* with n branch
points. Under Condition (T), we consider the sum of

Weierstrass weights of all ramification points Py, ..., P,.

TW(C) =) w(P).

k=1
Theorem 14. We have the following formula:

TW (C) =

4

o

d(n —2) L le g{(d—D(n—2"+4}

/
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/Corollary. We have the following lower bound:

((g(n —4)n L
1 if mois even
TW(C) > <
—4 d
gi(n 4)n +d} if mois odd .
\

The lower bound is attained in the following cases:

(i) nis even. l; = n/2 — 1 for all i. As a consequence, we
have w(Py) = w for all k. See Theorem 13, Case (ii).

(ii)) m is odd. {l;5lq_;} = {(n —3)/2,(n — 1)/2} for all
Note that under Condition (T), d is also odd.

\

1.

/
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TW (C) is attained by the following Types.

Type N w(Py)

(11;1s,9,10) | 1111122222 53,15, 30
(11512,2,92) | 1111122222 | 53,20, 152
(11;12,3,8,9) | 1111122222 | 53,13,22,15
(11;12,4,7,9) | 1111122222 | 53,17,18,15
(11;12,5,6,9) | 1111122222 | 53,21,14,15
(11;12,2,8,10) | 1112211222 | 93,6, 10, 26
(11;12,3,7,10) | 1121122122 | 102,6,9,25
(11;12,4,6,10) | 1111212222 | 62,10,9,29
(11;1,2,3,6,10) | 1121212122 | 11,10,9, 6,24
(11;1,2,3,7,9) | 1121122122 | 10,19,6,9,16
(11;12,5,7,8) | 1112121222 | 83,14,17,13
\\\‘ (1151,3,4,5,9) | 1211122212 125

/Example 12. For (d,n) = (11,5), the lower bound 60 far\
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/6 Higher Weierstrass Points \

We discuss the space of m-differentials H°(C, mK). We
know that g,, = dim H°(C,mK) = (2m — 1)(g — 1) for
m > 2. Let us again consider the curve:

n

C: y'=]](=— )™

k=1
with the action o : (x,y) — (x, €y) of order d. As before,
we denote by
H°(C,mK)()

the eigen space for the eigenvalue €. But for m > 2, we

\have to include the case: © = O. /

49

/Deﬁnition. The notion of m-Weierstrass points is \
defined by the zero order of m-differentials. Namely, k is an
m-gap if there is a holomorphic m-differential w such that

1+ ordp(w) = k.

We denote by Gap™ (P) = {ky < ... < kg, } be the set
of m-gaps. We define the m-Weierstrass weight:

W (P) =Y (ks — ).

We say P is an m-Weierstrass point if w(™ (P) > 0.

- /
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G‘heorem 15. Let C be a d-fold cyclic covering of P* wz’th\
Type (d; @1y ... ay). Write p; = pi(d;ay,...,ay,). Then

(i) dim H°(C,2K)(i) = l’gz); where l(()2) =n — 3 and
12 =12 + p; — #{k | rem(iay, d) = d — ¢},
for i > 1 except for (d,m) = (2,4), (3, 3).
(i) dim H(C, 3K) (i) = I\¥, where
1Y = 2n — 5 — #{kle, = 2} and
l,gg) = l(()?’)—l—p,,;—#{k | er > 3, rem(iag,d) > d—2c}

for 1 > 1 except for (d,m) = (3,3). Here e, = d/cy.

- /

51

Gheorem 16. Suppose GCD(d, axr) = 1. We have \
d—gs—1) d%2
@(p gz ( g2 l(2) 2
w'(Py) = > + 2;( )
a1 ’I:Cl,k
Z lgz)(d<7> + 1),
i=0,7i*
d— g3z — 1)
@) (p gs( gs 132 _ 3
w®(py) = 2L Z( 2

- dzl l‘3’(d<d>+2),

1=0,F*x,ix*

kwhere rem(t*ag,d) = d — 1 and rem(¢** ag,d) = d — ZJ
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/ Duma [7] (1978) obtained the upper bounds for m > 2: \

(1) For a non-Weierstrass point P, one has

1\ 2
w(m)( P) < (&)
T 2
(2) For a Weierstrass point P on a hyperelliptic curve, one
has
1

(3) For a Weierstrass point P on a non-hyperelliptic curve,
one has

w™ (P) < w(P) + (#)

- /

53

/Example 13. Cyclic coverings of Type (d;12,d — 2) in \
Example 11 are hyperelliptic curves. The ramification point
P, is not a Weierstrass point. We obtain

-
w®(P) = (#) for d = 10,12, 14,

P )7
w®(P) = (QT> ford = 6,13,15,17, 18, 20, 22.

Also Cyclic coverings of Type (d; 12, (d — 1)2) given in
Example 11 are hyperelliptic curves. The ramification point
P; is not a Weierstrass point. We obtain

-
'w(z)(Pl) = (%) ford =5,6,7,

- +1 2:
w®(P) = <QT> ford = 3,9, 10, 11.

\_ ' ' /
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But w® (P) =9,
if g = 6. 100]

80
60
40

20

Duma bound

-

wP) =2, w?(P)=J(g-1, w(P)=72(9-8).

/Example 14. Cyclic coverings of Type (d; 13, (d — 1)3) \
(d > 4) in Theorem 13, are trigonal curves (g = 2(d — 1)).
At any ramification point P, we have

/

55

/Example 15. We computed the 2 and 3-Weierstrass Weighis

of cyclic coverings. We give the table for trigonal curves of

genus 8.
Type w(Pe) | w?(Pe) | w® (Pe)
(12;1,7,82), (6;12,44) 162 165 24,
(3; 18, 22) 145,165 | 8g,162 | 22g,24
(17; 1, 2, 14) 9,3,16 | 10,17,16 | 13,12,17
(6512, 23, 4) 14, 82 22,
(12;1,4,8,11), (6;1,22,42,5) | 122 02 20,
(3515,25) 1210 010 2010
(55 13,43) 46 186 Oe
(10;1,2,8,9) 42 182 02
(9;1,2,7,8) 04 94 114
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\

/ We found the following facts.

Theorem 17. Let C be a d-fold cyclic covering of P*.

Assume d is prime.

(i) If l,§2) =1l for all @, then Type is (3;1,,2,) (r > 3) and
Il = 2r — 3. In this case, we have
w®(P,) =0 forall k.
(i) If l,§3) =1 for all ¢, then Type is (5;1y,25,35,4,) and
l =4(r 4+ s) — 5. In this case, we have
w®(P,) =0 forall k.

- /
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/Remark 8 (Added after the talk). If 2g — 1 is a gap, then\
one has the equalities for all m > 2 (Accola [1], p.50):
w™ (P) = w(P) + g

Homma-Ohmori [11] observed that except for g = 5, the
above equalities hold for (C, P) with w(P) = K(g). The
following curves in Example 10 are exceptional.

g Type w(Pg) | w®(Py) | w® (Py)
(15;1,4,10) | 52 52 102
5| (11;1,2,8) | 4,1,5 | 3,8,6 2,1,6
(3515,22) | 45,52 15,52 95, 102

For non-hyperelliptic curves, in [11], they also obtained the
following upper bound for m > 2:

w™ (P) < K(g) + g.
\ J
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Schemes of Monoids and Spectral schemes

Kazuhisa Machara at Kurashiki

September 5, 2016

Abstract
In this article we shall research Grothendieck-Mochizuki type Galois theory ([Mch], [Gir], [GG], [SGA],[BJ],[AM]).
It is a compensation of Fujita-Kawamata theory ([Fuj],[Kaw],[Vieh],[Zuo]) of positivity of direct image of multi
power of relative dualizing sheaf on the one side. Furthermore it is a generalization of Kobayashi-Nomizu theory
for smooth maps between compact differentable manifolds on the other. Next to construct schemes from view
point of profinite groups we explain Jacob Rulie’s theory ([JR1],[JR2],[JR3],[JR4]) and get to schemes with
oo-category of monoids as geometry. It will be expected to bridge between commutative and non commutative

geometries. And we will apply it to Spectral schemes.

1 Introduction

In the first section we build Galois correspondence of the category of objects of fields and morphisms of field
extensions which contain transcendental extensions to the opposite of the category of objects of absolute groups and
morphisms of closed maps of absolute Galois groups. It can be applied to show Iitaka-Viehweg conjecture([I],[Vieh])
Max,,>1#(det f*w;eé%) > var(X/S) if a general generic fibre of X/S is of Kodaira dimension > 0. In the second
section and later, we use Jacob Rulie’s co-category theory ([JR1],[JR2],[JR3],[JR4]) and co-topos to generalize an
ordinary algebaic geometry. By this theory we reconstruct our algebraic geometry from point of view of profinite
groups which are pro-objects of finite Galois extension groups. We can dream many geometry by this theory and
look forward to laws of universe.beyond them. In the third section we treat the co-category of Rulie’s Spectral

schemes and make it to correspond the geometric homotopy theory just like in the first section.

2 Application of Mochizuki type Theory

Let k be a function field for a sake of simplicity. Let X and Y be two varieties over k. Consider a dominant rational
map:
X =Y

with a genaral generic fibre an irreducible variety. In case of X and Y of the same dimension, let k(Y)*® be
a separable closure in an algebraically closed field containing the function field k(Y") of Y and fix it once for
all. Consider the union of all the embedded fields {k(X|Y)* : k(Y)*? D k(X|Y)* D k(Y)}, where k(X|Y)*
is isomorphic to the abstract maximal separable extension of k(Y) in k(X) over k. Let Gal(k(Y)**P/k(X)) and
Gal(k(Y)*?/k(Y)) be the absolute Galois groups of k(X) and k(YY) with Krull topology, respectively. Given
E(X|Y)* D E(Y), one has an injective homomorphism Gal(k(Y)*?/k(X|Y)*) — Gal(k(Y)*?/k(Y")) closed of finite
index,i.e.,open. Conversely, given an open inclusion Gal(k(Y)**?/k(X|Y)*) — Gal(k(Y)**?/k(Y")), one obtains an
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extension k(X|Y)*/k(Y). If the fixed embedding k(Y) into the separable closure k(Y)*P, then each embedding is
a tosor of ker(Gal(k(Y)**?/k(Y)) — Gal(k**?/k)). When X =Y, one has an isomorphism of the composition:

Auty (k(Y)) = Autp?" (Gal(k(Y)*P /k(Y))) = Autp" (Gal(k(Y)*? /k(Y)))/ ker (Gal(k(Y)* /k(Y)) — Gal(k*" /k))

in the situation above.

In case of dim X > dimY and k(Y) is algebraically closed in k(X), consider all the separably closed fields
k(X|Y)5"in the algebraically closed fields of the embedded fields k(X |[Y)s containing k(Y) C k(Y)*P, where
kE(X|Y)g is isomorphic to the abstract subfield of k(X) which is maximally separable over k(Y). Note that

k(X|Y)5™ D k(Y)*P. Given an extension k(X)/k(Y) which is algebaricall closed in k(X), since

E(X|Y)gNk(Y)*P =Lk(Y)
one has an open surjective homomorphism
Gal(k(X V)5 /k(X|Y)p) = Gal(k(X[Y)5"/k(X[Y)p)[k(Y)*™ = Gal(k(Y)*" /k(Y))
Conversely, an open surjective homomorphism
Gal(k(X|Y)[sfp/k(X|Y)g) — Gal(k(Y)*P /k(Y))
gives a subfield extension of k(X)/k(Y') which is separably closed in k(X), since
Gal(k(X[Y)5" /k(X[Y)5) = Gal(k(Y)*P/(K(X|Y)s N k(Y)*?) ~ Gal(k(Y)** /k(Y))

and
E(X|Y)gNk(Y)*P = k(Y)

In general case, we derive the consequence composed above. Let I'y denote the absolute Galois group of £ and G
denote the Grothendieck 71 of the general generic fibre of Speck(X) — Speck(Y’), where the general generic fibre
is the pullback of Speck(X) — Speck(Y') along Speck(Y)**? — Speck(Y') ,i.e.,

G = ker (M(Speck(X 1Y) s, Speck(X|Y)5™) = m1(Speck(Y), Speck(Y)sep))
We have the following commutaive diagram by Breen([Breenl],[Breen2],[AM)]):

HY (T, Aut(G)) — H' (T, (G — Aut(G)))

T

HY(T'1,, Out(G))

where (G — Aut(G) denotes the crossed module and H* (T'y, (G — Aut(G))) represents the extensions classes of
Ty by G, i.e., the deformation Speck(X)/Speck(Y") of the general generic fibre of Speck(X) — Speck(Y).
Note that
AutgSpeck(Xy) ~ Aut’" G C Aut(G) — Out(G)

where Speck(X;;) denotes a general generic fibre of Speck(X) — Speck(Y') and the composite map splits.

Lemma 2.1. Let k be a field which is not separably closed,i.e., the absolute Galois group T'y, # 1. Let X and Y
be varieties over k. Assume that X is biratinally trivial over k. Suppose given a separable dominant rational map
f X —= Y over k, the general generic fibre of f should be of Kodaira dimension > 0. Then Y is birationally

isotrivial over k, i.e., var(Y/k) = 0.
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Proof. From assumpsion we have a homomorphic section Speck — Speck(Y) since Speck(X) is trivial and it has a
homomorphic section of Speck(X)/Speck. Hence 71 (Speck(Y))/T, is semi-direct product of G with T'y. Thus Ty
acts on G in the way that for any g € G we have an action g — ¢g° = (s)"lgp(s) € G, which is continuous. In the
commutative diagram

H' (T, Aut(G)) ——= H' (T'y, (G — Aut(Q)))

T

HY(Ts,, Out(G))

we have the element of H!(T'y, Aut(G)) determined by the homomorphic section, which maps to an element which

defines the extension of I'yby G. To the element associates an homomorphism
Fk — Aut(G)

which factors
Ty — Aut?™"(G) =~ AutySpeck(Y;)

Note that Aut,Speck(Y5;) is a locally algebaraic group since Yy is of Kodaira dimension > 0. Since I'y, is a profinite
group, we conclude the elemnt of H!(T, Aut(G)) is the unit after base change for a finite extension of field k.
O

We can show litaka-Viehweg type theorem:

1. Let X and S be projective smooth varieties over a field k. Assume f: X — S is a proper separable connected

surjective morphism with a general generic fibre X5 of Kodaira dimension > 0. Then

Maxy,>1 {f@(détf*w%%)} > var(X/S)

2. Let X and S, be projective smooth varieties over a field k. Assume f, : X — S, are proper separable
dominant rational maps parametrized by a variety over k and k(S,) > 0. Then the collection of f, is finite

up to birational equivalence,

3. Let X and S, be projective smooth varieties over a field k. Assume f, : X — S, are proper separable
dominant rational maps and the canonical invertible sheaves of S, are ample. Then the collection of f, is

finite up to birational equivalence.

In the second section we briefly explain Jacob Rulie’s Theory to enlarge scheme theory([JR1],[JR2],[JR3],[JR4]).
Let X be a topological space, CRing the category of commutative rings, Shvg.:(X) the category of sheaves of

sets on X and Ox a sheaf of commutative rings on X. There exists an equivalent view of Ox:

1. Let U(X) be the partially orderd set of open subsets on X. Ox is a functor Ox : U(X)°? — CRing which

satisifies the sheaf axiom.

2. Given a commutative ring object Ox € Shvge:(X), we can define F : CRing”® — Shvg.(X). For every
commutative ring R and every open subset U € U(X), we define F(R)(U) = Homcring(R, Ox(U)) by the
set of ring homomorphisms from R to Ox(U). Note that F(R)(U) depends functorially on R and U and
it defines a functor F' : CRing® — Shvge(X). F carries colimits of commutative rings to limits in the
Shvge:(X). In other words, we can define a sheaf of commutative rings on X to be a limit preserving functor
CRing® — Shvge:(X).
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Let CRing’™ denote the category of finitely generated commutative rings over the ring of integers Z.

We have the equivalence of co-category
CRing ~ Ind(CRing’/™)

Definition 2.1. An oco-category or quasi-category or weak Kan complex is a simplicial set C which satisfies the
following extension condition:

Every map of simplicial sets fo : A; — C can be extended to an n-simplex f : A™ — C, provided that 0 < i < n,where
A} € A" denotes the ith horn, obtained from the simplex A" by deleting the interior and the face opposite to the

ith vertex.

If £ is a category, the nerve N& of £ is an oo-category. Consequently, we can think of the theory of co-
categories as a generalization of category.theory. Most of the important concepts from classical category theory can
be generalized to the setting of co-categories.

If C and D are co-category, Fun”(C, D)(resp. Fun(C, D)) denotes the full subcategory of Fun(C, D) spanned
by the functors which admit right adjoints( resp. left adjoints). If C and D are oo-category which admit finite
limits, Fun'®*(C, D) denotes the full subcategory of Fun(C, D) spanned by the functors that are left exact; that is
the functors which preserve finite limits.

If C is a small oo-category, Pro(C) is the oo-category of pro-objects of C. If C admits finite limits, Pro(C) =
Fun'“®(C, 8)°P and Ind(C) = Pro(C°?)°?, where S denotes the co-category of spaces.

Definition 2.2. Let X be an co-category. We will say that X is an oo-topos if there exists a small co-category C

and an accessible left exact localization functor P(C) — X.

This definition amounts to selecting an extrinsic approach to higher topos theory. the class of co-topoi is defined
to be the smallest collection of co-categories which contains S and is stable under certain construction (left exact
localizations and the formation of functor categories). Every Grothendieck topology on C determines a left exact
localization on P(C). However, it turns out not every oco-topos arises via this construction. Recall that a topos is a
category of sheaves of sets on a topological space or a site. Roughly speaking, an oo-topos is an co-category which
”looks like” the oo-category of spaces, just as an ordinary topos is a category which ”looks like” the category of

sets. oo-topos is characterized by the following co-categorical analogues of Giraud’s axioms:
1. The oco-category & is presentable.
2. Colimits inX is universal.
3. Coproducts in X are disjoint.
4. Every groupoid object of X is effective.

Let G be an oo-category and X oco-topos. A C-valued sheaf on X is a functor X°? — C which preserves small
limits. Shve(X) denotes the full subcategory of Fun(X°P, C) spanned by the C-valued sheaves on X. If C and D are
presentable co-categories. A functor D°? — C admits a left adjoint if and only if it preserves small limits. Hence
for every oco-topos X, we have

Shve(X) = Fun®(x°P,C)

Let G be a small oo-category which admits finite limits and X oco-topos. Let j : G — Pro(G) the Yoneda

embedding. We have an equivalence of co-categories

Fun®(Pro(G), X) ~ Fun'“*(G, X)
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and we obtain a canonical equivalence
Fun'®*(G, X) ~ Fun®(Pro(G), X) ~
Fun®(X°P, Ind(GP)) ~ Shvyq(ger) (X)
The oo-categories Shvy,q(gery and Fun’®® (G, X) are canonically equivalent.

Definition 2.3. A geometry G consists of the following:

1. G is an essentially small co-category which admits finite limits.

2. G is idempotent complete (splits).

3. G has an admissible structure on G.
Definition 2.4. A transformation between geometries G and G' satisfies the following conditions:

1. f:G — G is a functor which preserves finite limits.

2. The functor [ carries the admissible morphisms on G to the morphisms on G’.

3. G has an admissible structure on G.

4. For every admissible cover {U, — X} of an object X € G, the collection of morphisms {f(Us) — f(X)} is
an admissible cover of f(X) € G'.

We say a geometry is discrete if the following conditions are satisfied:
1. the adimissible morphisms in G are precisely the equivalence.

2. the Grothendieck topology on G is trivial: that is, a sieve GY/X C G/X on an object X € G is a covering
sieve if and only if G°/X = G/X.

Definition 2.5. Let G be a geometry and X an oco-topos. A G-structure is a left exact functor O : G — X with the
following property: for every collection of admissible morphisms {U, — X} in G which generates a covering sieve
on X, the induced map [, O(Ua) — O(X) is an effective epimorphism in X. Strg(X) denotes the full subcategory
of Fun(G, X) spanned by the G-structures on X.

If G is a discrete geometry and X is an co-topos, we have the following equivalence:
Strlgoc = Strg = Fun'**(G, X) = Shving(ger) (X)
Catso denotes the oo-category of co-categories. ©Top C Catso denotes the subcategory defined as follows:
1. An oo-category X belongs to ZTop if and only ifX is an co-topos.
2. f*: X — Y is a morphism of “Top if and only if f* preserves small colimits and finite limits.

LTop(G)°P denotes the co-category of G-structured oo-topi. Note that let f : G — G’ be a transformation of
geometries. The induced functor

“Top(g") — “Top(G)
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admits a left adjoint, which denotes
Specg/ : LTop(G) — LTop(G)

We call it the relative spectrum functor associated to f. Let G be a geometry and Gg;s its discrete geometry. We
have the following composite called as the absolute spectrum functor associated to the geometry G:
Spec” : Ind(G") — “Top(Gais) —+ " “Top(G)
where we have the fully faithful embedding
Ind(G°P) ~ Strg(S) ~ LTop(Gais) XrLrop 1S} C ETop(Gais)
I'g denotes a right adjoint to the absolute spectrum functor
I'g : LTop(G) — Ind(G°P)
Note Fun'®*(G,S) ~ Ind(G°P) ~ Pro(G)°P.

Definition 2.6. Let G be a geometry. An object (X, Ox) is an affine G-scheme if there exists an object A € Pro(G)
and an equivalence (X,0x) ~ SpecY(A). (X,0x) is said to be a G-scheme if there exist a collection of objects
{Ua} of X with the following property:

1. the canonical map [[, Ua — 1x is an effective epimorphism, where 1x is the final object of X.
2. For every U, there exists an equivalence (X /Uy, Ox|Us) ~ Spec? A, for some A, € Pro(G).

It may be said that a G-scheme (X, Ox) is locally of finite presentation if it is possible to choose the covering
{Ua} such that each A, belongs to the essential image of the Yoneda embedding G — Pro(G). Let Sch(G) denote
the full subcategory of “Top(G°P) spanned by all the G-schemes and Sch’ (@) the full subcategory spanned by the
G-schemes which are locally of finite presetation.

Here we apply the theory to get a ordinary schemes where we take a geometry as the opposite of the category
of finitely generated commutative rings CRingf " We restrict ourselves to the following case. Let k be a field. Let
CAlgkm denote the category of finitely generated commutative algebras over k and RCAngm the full subcategory
of CAlgkm spanned by the reduced algebras over k. Consider the subcategory of RCAngm such that the morphisms
are separable and denote it by SRCAlgkm.

Let G be a discrete geometry the opposite of SRCAlgkm endowed with Zariski topology. Then Grothendieck
etale fundamental groups of noetherian schemes give us a functor from Sch(G) to the category of the absolute Galois
groups which is the full subcategory of the category of profinite groups, which is the category of the pro-objects
of the category of finite groups. Let G’ be the discrete geometry which is the category of profinite groups. There

exists a transformation of geometries G — G’. We have the commutative diagram:
Funlez (g/7 X)
Fun'“*(G, X') —— Shvuager) (X)
Let (X,Ox) be a G-scheme and a functor from a morphism 7/ X
IOy : Sch/X — (profinite group) T/X — m1(T, %)

Consider a triple (X, Ox,IIy) for a G-scheme (X, Ox).
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Proposition 2.1. Let k be a function field and G a geometry which is the opposite of SRCAlgkm, Let f :
(X,0x,IIy) — (Y,0y,10,) be an epimorphism of objects in G-schemes. Assume X is trivial over k and the
automorphism group of Y over k is locally algebraic. Then (Y, Oy ,1ly) is also trivial if necessary after base change

over an finite extension of k.

(X, II) profinite scheme For a topological space X the co-category of sheaves on X Shv(X) is a co-topos. If the
topological space X has the property such that for every irreducible closed subset of X has a unique generic point,
then we can recover X from Shv(X): the points z € X can be identified with isomorphism classes of geometric
points z* : Shv(X) — S where S is the co-category of spaces. open subsets of X can be identified with subobjects
of the unit object 1 € Shv(X). Every oo-topos X represents a functor from topological spaces to oo-categories by

the formula
X + Fun®(X, Shvs(X))

where Fun™ denotes the co-category of the functors.

Consider the category of the monoids Mon and let Mon/"denote the full subcategory of Mon. Take Mon®
as a geometry. Let G denote Mon’™ and Sch(G) the category of G-schemes. Kurokawa-Conne’s Fi-schemes are
included in this type schemes. Let R be a commutative ring and denote Modpg the category of R-modules. Then a

commutative monoid object in Modpg is an R-algebra. We habe a forgetfull functor:

Algp — Mon A — A%

which admits a left adjoint G — R[G]. Let Grp denote he category of groups and Grp’™ the category of finite

groups. Pro(Grp’™ is the category of profinite groups.
Let G be Grp/™. Consider Sch(G). Given a oco-topos X, a functor

Oy :Pro(G) - X
gives us a G-scheme. Given a finite group G (resp. a profinite group I' we have a G-affine scheme
Spec?(G) (resp. Spec? (I))
(X, Ox) is said to be a G-scheme if there exist a collection of objects {U,} of X with the following property:

1. the canonical map [[, Uy — 1lx is an effective epimorphism, where 1x is the final object of X.

2. For every U,, there exists an equivalence (X /U,, Ox|Uy) ~ Spec?I’, for some T, € Pro(G).
Let G be thecategory of full subcategories of the category of finite groups. A non-commutative scheme can be
represented by this type G-scheme.
2.1 E-rings

An FE..-ring can be thought of as space which is equipped with continuous addition and multiplication for which the
axioms for the usual commutative ring hold not only up to homotopy, but up to coherent homotopy([JR1],[JR2],[JR3],[JR4]).
The F-rings play a role in stable homotopy theory analogous to the role played by commutative rings in ordinary
algebra. Recall that ordinary commutative ring can be viewed as a commutative monoid object in the category
of abelian groups, which we view as endowed with a symmetric monoidal structure given by tensor product of

abelian grocategoryups. To obtain the theory of F.-rings we will use the same definitions replacing abelian groups
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by spectra,i.e., certain algebro-topological objects which represent cohomology theory. The collection of spectra is
realized as a symmetric monoidal category and one can define an E,-ring to be a commutative monoid object of
this category. The collection of all spectra can be organized into an oco-category. An oo-category C equipped with
a tensor product functor

®:CxC—=C

which is commutative and associative up to coherent homotopy. For any symmetric monoidal co-category C, there is
an associated theory of commutative monoid objects, which are themselves organized into an oo-category CAlg(C).
We can then define an E.-ring to be a commutative monoid object of the oco-category of spectra, endowed with
the symmetric monoidal structure given by smash product. We let Sp denote the co-category of spectra, i.e., the
homotopy limit of the tower

PN LI ML

CAlg(Sp) denotes the oco-category of Ey-rings and we will denote it by CAlg. The nerve NCRing of the category of
ordinary commutative rings can bea full subcategory of CAlg. The notion of stable co-category is obtained by axiom-
atizing the essential feature of stable homotopy theory. The co-category Sp is universalamong stable co-categories.
The derived categoryof an abelian category can be realized as the homotopy category of a stable co-category. We
may regard the theory of stable co-category as a generalization of homological algebra([JR1],[JR2],[JR3],[JR4]).

Theorem 2.1. Let k be a commutative field. Let Schy denote the category of k-schemes and Gz, denote (CRingkm)"p.
There exists a fully faithful embedding
N (Schg) — Sch(Gzqr(k))

Let G be the oposite of the category of ordinary monoids. Then G-scheme is called F;-scheme.

2.2 Spectral scheme

Definition 2.7. Let k € CAlg be an FE-ring. We let Q(';Zssrc’(k) denote the opposite of the full subcategory of CAlg,
spanned by the compact objects([JR1],[JR2],[JR3],[JR4]). If A is a compact commutative k-algebra, we let SpecA
denote the corresponding object of g;ﬁ‘i(k) If k is connective, we let gi’;c(k) denote the full subcategory of ggfj(k)

spanned by the connective compact commutative k-algebras.
Let k be an F-ring. A spectral ringed topos over k is a pair (X, Ox) where X is an co-category and Oy CAlg,-

valued sheaf on X. A morphism f: (X,0x) — (¥, Oy) is a geometric morphism of co-topoi and a : f*Oy — Oy
is a morphism of CAlg,-valued sheaves on X. This co-category of spectral ringed topoi denotes RingTop(k).

RingTop(k) = LTop(gSp (k))

disc

For every E.-ring R there exists a locally spectrally ringed oco-topos (X, Ox) and a map 6 : R — I'(X, Oy with
the following universal property: for every locally spectrally ringed co-topos (), Oy), composition with 6 induces a

homotopy equivalence
MapRingTopZa,,, ((ya O)}), (Xa OX)) - MapCAlg(Rv F(ya 03}))

The spectrally ringed co-topos (X', Ox) is uniquely determined up to equivalence and we will denote it by SpecZ (R).
We will refer to Spec? (R) as the spectrum of R with respect to the Zariski topology.

Definition 2.8. A nonconnective spectral scheme is a spetrally ringed co-topos (X,Ox) such that there exists

acollection ofobjects U, € X satisfying the following conditions:
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1. the canonical map [[, Ua — 1 is an effectiveepimorphism, where 1 denotes the finalobject of X.

2. Foreachindex «, there exist an Eo-ring R, and an equivalence of spectrally ringed co-topoi

(X /Uy, O|U,) ~ SpecZ(Ra)

We let SpSch™ denote the full subcategory of RingTop,,,. spanned by the nonconnective spectral schemes. A
spectral scheme is a nonconnective spectral scheme (X, Oy) such that Oy is connective. We let SpSch denote the
full subcategory of SpSch™ spanned by the spectral schemes.

If R is an E-ring, Spec?(R) can be identified with the spectrally ringed co-topos

(Shvs (SpecZ (moR)), O)

Here SpecZ(m)R) denotes the Zariski spectrum of the commutative ring moR.

Let k£ be an E-ring. We define a geometry (]Zif as follows:

Definition 2.9.

On the level co-categories, we have ggi‘; = Q;ﬁ‘;, That is, ggifj is the opposite of the co-category of compact objects
of CAlg,. If A is a compact object of CAlg,,, we let SpecA denote the corresponding object of ggif(k)

A morphism f : SpecA — SpecB in ggi’; is admissible if and only if there exists an element b € mgB such that f

carries b to an invertible element in oA and the induced map B[%] — A is an equivalence.

A collection of admissible morphisms {SpecB[i] — SpecA}generates a covering sieve on B if and only if the

elements b, generate the unit ideal in the commutative ring moB.

Definition 2.10. Let k bean Eo-ring. A nonconnective spectral k-scheme is a pair (X,Ox), where X is an oo-
topos, Ox : GEOP(k) — X is an GpoX(k)-structure on X, and the pair (X,Ox) is an GooP. In this case we will
abuse notation to identify Ox with a sheaf of Eo-rings on X, which we refer to as the structure sheaf of (X,0x).
We let SpSch™ denote the full subcategory of RingTop(k)za, spanned by the nonconnective spectral schemes.

We let TCAlg denote the full subcategory of CRing spanned by commutative rings which have only terminal
singularities. .

In the following theorem([JR1],[JR2],[JR3],[JR4])

Theorem 2.2. Let k be a commutative field. Let Schy, denote the category of k-schemes and Gzq, denote (CRingkm)‘)p.
There exists a fully faithful embedding
N (Schy) — Sch(Gzqr(k))

We let TVar, denote the full subcategory of Schy spanned by varieties with only terminal singularities and we
have a fully faithful embedding
N(TVary) — N(Schy)

Let X be a projective variety with only terminal singularities and let F(X) be a functor such that

F(X) = {y|X|s a co-topos, Yis birational to X and is a projective variety with only terminal singularities, ShV(Y) — yis an epimorphism}

Then there exists a limit F'(X) in Sch(Gzqr(k)) for the geometry Gz, (k) but it suffices to show the limit X for a

good geometry and endow it with a good functor Oy. Instead we suffer ourselves to do mathematics as it is.

73



2.3 Geometric Homotopy groups in an (oo, 1)-topos

If a locally contractible (oo, 1)-topos([Cat]) H has a site C with H = Sh(oco,1)(C) such that the objects of the
site are geometically contractible in that constant (co, 1)-presheaves already satisfy descent over objects in C, then
the left adjoint II : H — coGrpd to LConst may be constructed([Gal],[Cat],[Cisl],[Cis2]). Given an (oo, 1)-topos
H = Sh(oo, 1)(C), we define the co-groupoid of locally constant co-stacks on an object X € H to be

ooCovBund(X) := H(X, LConstcore(soGrpd))

where LConstcore(soGrpd) 18 the constant co-stack on the core co-groupoid of coGrpd. Since H is a locally contractible
(00, 1)-topos in that LConst has the left adjoint (oo, 1)-functor II(—), then by definition of adjunction we have the
equivalence

00CovBund(X) ~ Fun(II(X), coGrpd)

where locally constant co-stacks or co-covering spaces on the one hand and (oo, 1)-functors from II(X) to coGrpd
on the other.Given a morphism from X to Y for objects X, YinH,we have II(X) — II(Y") which induces

Fun(II(Y"), coGrpd) — Fun(II(X), coGrpd)

CIf
00CovBund(Y') — coCovBund(X)

is fully faithful, II(X) — II(Y") reconstructs the morphism X — Y.
Apply this theory to the subcategory SpSch,..; of SpSch,, spanned by objects locally contractible co-topoi and
morphisms such that
00CovBund(Y') — coCovBund(X)

are fully faithful, where k¥ denotes an E.-ring. Let H = SpSch,..;, Choosing X,Y+nH and f : X — Y € H such

that for any subobjects of X, Y and any restrictions of f are in H we have
HP'((X,0x),,0y)) = Fun" (1| x, Ily)

where TI(X), II(Y') are endowed with Krull topology.
Let k be an ordinary field and S a variety over k. Consider H/k. Assume (X, Oy) is a trivial product over S.
Given an epimorphism

f : (X,Ogg) — (y,Oy)

with the automorphism group of a general generic fibre of (), Oy) over S is locally algebraic scheme over k, . Then
(Y, Oy) is a trivial product after base change for some generically finite extension of S.

After Daniel Dugger, Universal homotopy theories, we might generarize Kobayai-Nomizu theory for compact
differentiable manifolds to the case the gros topos Sh(oco, 1)(Diff) of co-stacks on Diff.

3 Appendix

Consider a good geometry G and a rest of zeta function from which the trivial zero and pole components are removed

in Ind(G°P), It is irreducible over Q in a sense and it has continuous solutions in some part of A, -ring.
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§1 Background and Main theorem
§2 Construction

§3 Virtual Mordell-Weil groups

S : a smooth projective rational surface /C
@ : S — P! : a fibration whose general fibre F is a projective curve
of genus g > 1
We assume that ¢ is relatively minimal,
i.e., there are no (—1)-curves contained in fibres.

p(S) : the Picard number of S
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In the case where g = 1, it is well-known that p(S) = 10. Further-
more, as a consequence of the canonical bundle formula of Kodaira,

@ admits a section if and only if ¢ does not have any multiple fibres.

When g > 2, it can be shown that 11 < p(S) < 4g+6. Furthermore,
if either p(S) = 4g + 6 with g # 1 or p(S) = 13 with g = 2 holds,

then ¢ always admits a section.

We restrict ourselves to the case where g = 2 and p(S) = 12.
Suppose that ¢ admits a section.

We can regard it as a horizontal curve D on S such that D.F' = 1.
Therefore the fibres of ¢ contain

at least one irreducible component with multiplicity one.

&)
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Remark 1-(i). For o € C\ {0,1},

2 1 20 1
2 3 2 2 3 2 2
=t|—x" —tx" 4+ -t —x° —otx® 4+ =t
Y (3 3 )(3 ? 3 )

induces a rel. min. fibration ¢ : S — P! of genus two on a smooth
rational surface with p(S) = 12. Furthermore, the fibre ¢ ~!(0) is as

in [NU, p. 155, 1—-IV] and the irr. decomp. is the following:
@ 10) = 20, + 603 + 30, + 305 + 404 + 20,.
Here ©g is a (—3)-curve and the other components are (—2)-curves.

A non-existence result for sections of ¢ can be derived from an easy
calculation as follows: Suppose that ¢ admits a section. We can
regard it as a horizontal curve D on S such that D.p~'(q) = 1 for all
g € P'. However, D.p~1(0) > 2 since multiplicities of the irreducible

components of (o~ 1(0) are at least two. We obtain a contradiction.

®3)
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Remark 1-(ii). For o € C\ {0, 1}, the induced fibration ¢ : S — P!

has singular fibres as follows: ¢~ '(o0) is as in [NU, p. 172, 3—1II; ]

6 2 1‘ ‘1
A 2 ]
S 3 d Q 2
3 | 2
L 20, 2 g(&) =1
E2=—-1
A 4
IP)I
t 0 1 o0

1
a
In particular, p=1(q) is

a hyperelliptic curve of genus two for all ¢ € P\ {0,1,1/0, 00}.

(4)
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A natural question arises:
If the fibres of ¢ contain at least one irr. comp. with multiplicity one,

does ¢ always admit a section?

The purpose of the talk is to construct counter-examples explicitly.

For the proof of non-existence of sections,

we use the theory of the virtual Mordell-Weil groups.

Theorem 2.

Let (¢, x) be local coordinates of (P! \ {oco}) X (P! \ {oco}) and
pry : P! x P! — P! the projection map onto the first factor.
Put Ty = pr; '(0) and T'y, = pr; '(c0).

Let o and 7 be complex numbers with o # 0,1 and T # 0, , 1.

bl

N =
Wl N

(5)
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Let A(v,7) denote, for v € C\ {0}, the closure of the zero set of a
polynomial v7z3 — ytx? — (31 — 2)tx + (27 — 1)t? in t,z on P! x P,
Put B=A(1,7) 4+ A(o,7) + I'g + I'.

Let m : X — P! x P! be the finite double cover branched along B and
[T X — X the canonical resolution of singularities of X.

Then priomo p: X — P! is a genus two fibration.

Let f : X — P! be the relatively minimal model of pr, o 7 o p.

Then X is a smooth rational surface with p(X) = 12.

Furthermore, f : X — P! has no sections,
the fibres f~1(0) and f~'(o0) are as in [NU, p. 172, 3—II; ],
and the other fibres of f are irreducible and reduced. In particular,

the fibres of f contain at least one irr. comp. with multiplicity one.

(6)
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T(31 — 2)3
v(2T - 1)

q(v,7) = (r = % & q(1,7) =1 q(o,7) = l)

q

1 1 1 2
|fT7£§, Q(laT) #;andQ(aaT) 7£ 1, (0 7&0’1 and T%O’E’g’l)

then 0, q(o,7), 1/0, 1, q(1,7) and oo are distinct from each other.

1‘ ‘1 1‘ ‘1
2 ] I 2 I
X 2 2
o O O 9
2 2
f
2, 28 o
p1
t 0 Q(O'a T) 1/‘7 1 Q(]-a T) o0
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Organization At first we construct a genus two fibration f : X — P!

as in Theorem 2 from a P'-bundle X, := P! x P! with
a given branch divisor B := B(o, ) by the double covering method.
In Proposition 4, we show the assertions as in Theorem 2
except for non-existence of a section of f.
If f has a section, then f has at least two sections

since B does not contain a section of 3, (cf. Lemma 6).

Next we consider the ruling associated to 2K x + F,
where K x denotes the canonical divisor.
The degenerate fibres consist of the (—2)-curves contained in fibres
of f and the (—1)-bisections of f. Here a (—1)-bisection of f means

a (—1)-curve meeting F' at two points.

©)
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In Proposition 7, through a birational morphism

from X to a relatively minimal model of the ruling,
we have an explicit description of the Néron-Severi group NS(X).
Then we see that there is a (non-effective) divisor D with D.F = 1.
In fact, Corollary 8 gives us that

D and the irreducible components of the fibres of f generate NS(X).

In §3, we introduce the theory of the virtual Mordell-Weil groups.
Further, Corollary 8 yields that
the virtual Mordell-Weil group of f is trivial.
As a result, a section of f is unique if it exists.
This contradicts Lemma 6. Therefore f has no sections.

This completes the proof of Theorem 2.

9)
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§2 Construction
We shall construct a smooth projective rational surface X together
with a rel. min. fibration f : X — P! of genus two as in Theorem 2.
Furthermore, we shall describe singular fibres of f and NS(X),
which coincide with the Picard group Pic(X) in our situation.

Put 3, = P! x PL

Denote by (¢, ) the inhomogeneous coordinates on 3.

Let pr, : o — P! be the projection map onto the n-th factor.

Put T, = pri'(q) and Ay = pr; ' (q) for any point g € P.

Take 0 € C\ {0,1} and 7 € C\ {0,1/2,2/3,1}.

Let A(v,7) denote, for v € C\ {0}, the closure of the zero set of a
polynomial v7z? — ytx? — (31 — 2)tx + (27 — 1)t? in t, z on P! x P!,

Put B=A(,7)+ A(o,7) + 'y + I'.

(10)
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7 : X — % : the finite double cover branched along B
@ : X — W : the finite double cover branched along B

with Sing (é) =0
w: X — X : the canonical resolution of singularities of X

— —~—

F:=mop, f:=priow, f:X — P': the rel. min. model of f.

— M —

X < X n
\X

4 ™
blow-ups

®1 @2 ®3 b6

Yo — Wj +— Wy +— W3 «—

<

P

(11)
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Let ¢, : W; — 3, be the blow-up at two points (0,0) and (oo, 00)
with the exceptional curves Ey; and E i,
i.e., ¢1(Eo,1) = (0,0) and ¢1(Fx,1) = (00, 00).
Let P, > be the intersection point of

E;; and the strict transform to W; of I'; for < = 0, co.
The strict transform A;(v,7) to W; of A(vy,T)
passes through Py, and P, ».
Next let ¢, : Wy — W; be the blow-up at two points P> and P,
with Egs = ¢5 ' (Pos2) and Eo 5 = ¢y ' (Pso2)-
The strict transform to W, of A, and that of A

are (—1)-curves on Ws.

Let ¢, : W, — W/ be the contraction of the two (—1)-curves.

(12)
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The image by ¢/, of the strict transform to W, of I’y and that of I'
are (—1)-curves on W/.

By contracting them, we get another P! X P! and denote it by 2

Lemma 3. Let ¢’ : Wy, — X[ be the above contraction.

Denote by (v, z) the inhomogeneous coordinates on .

Let 7 : 3y --» X be the rational map given by (v, z) = (é, i)
Then 7 is the birational map satisfying ¢’ = 1) o ¢ 0 ¢hs.
Furthermore, the closure of the zero set of a polynomial
Y(r—2)— (3T —2)v+ (27 — 1)vz in v,z on X for v € C\ {0}
is isomorphic to the strict transform A,(v,7) to W5 of A(~, 7).

In particular, A(+y, 7) is irreducible and tangent to Iy,

at the point given by (¢,z) = (1/4,1/7), and B is reduced.

(13)
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2
Proof. We obtain v~ by setting (t, %) = (z—, f).
The indeterminacy of ¢!

consists of (0,0), (0o, 00) and their infinitely near points.

Let A’(v, ) denote the closure of the zero set of a polynomial

(T —2) — (37 — 2)v 4 (27 — 1)vz in v,z on X.

T # 1 & A’(y,7) is irreducible.
In fact, A’(~, 7) is tangent to the closure of the zero set of
a polynomial v — v2% in v, z on X at (v, 1).
Therefore A(~, ) is tangent to I'y/, at (1/~,1/7).
T #0,1/2 & A’(5,7) does not pass through (0,0), (co, 00).

Thus A’(vy, T) is isomorphic to Ax(v, ) through ¢'.

In particular, A(v,7) is also irreducible and B is reduced. O

(14)
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Notice that B is divisible by two in Pic(X).
Since Pic(X)) is torsion free, 7'd € Pic(Z) s.t. B ~ 24,

where the symbol ~ means the linear equivalence of divisors.
Thus a finite double cover of X, branched along B
is uniquely constructed from B up to isomorphism.
We denote it by 7 : X — .
Let us resolve singularities of X according to Horikawa [Hor]. In fact,
I'p and I', are singular fibres of type (V) as in [Hor p. 84, Definition]
for all o, 7 with 0 # 0,1 and 7 # 0,1/2,2/3, 1.
Furthermore, W, coincide with W” as in [Hor p. 85, Lemma 7].

In our situation singularities of the induced branch divisor B® are

37— 2
two simple triple points, which correspond to the point (oo, 5 1)
T —
and the point (0, 7) on X through ¢’ as in Lemma 3.

(15)
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On W2

L]

]

Broken lines denote curves not contained in B,
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On W, in the corresp. pts, A»(1,7) and Ay(o, 7) meet transversally.
One of the two points,
which is denoted by P, 3, is on the strict transform of E ;.
P, 3 : the other one, which is on the strict transform of E_ ;.
¢3 : W3 — Wy : the blow-up at the two points Py 3 and Py 3
with Eg3 = ¢3 ' (Po3) and Eoo 3 = ¢3 ' (P 3).
A3(v,7) : the strict transform to W3 of A(~, 7).

Remark that A3(1,7) and As(o, 7) are disjoint from each other.

P; 4 : the intersection point of E; 3 and A3(1,7) for ¢ = 0, oco.
P; 5 : the intersection point of E; 3 and A3(o, ) for ¢ = 0, oco.
P; ¢ : that of E; 3 and the strict transform to W3 of E; ;.

b6 : W — W3 : the blow-up at the six points P, ;

with i = 0,00 and j = 4,5,6. Set E;; = ¢ (P;;)-

(17)
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For2 =0,00and k =1, 2,3,
we denote by E‘i,k the strict transform to W of E; .
In the same way, 31 and ﬁ denote respectively that of A; and I';.
Ag(v, ) : the strict transform to W of A(vy,T).
For simplicity,
we denote the pull-back to W of them by the same symbols.

Thus we have
Ae(1,7) ~3A¢0+ 2Ty — 2Ep,1 — Ep2 — Eo3 — Ep4
- 2-Er_:’o,l — Eoo,2 — EOO,3 - EOOA’
Ag¢(o,T) ~ 340+ 2Ty — 2Ey1 — Ep2 — Eo3 — Eg5

—_ 2EOO,]_ st EOO,2 = Eoo,:} - EOO,5?
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Now, we set

B = A¢(1,7) + A¢(0,7) + To+ Too + Eoy + Eo 3+ By + Eoo 3.
Since B is smooth and divisible by two in Pic(W),
we obtain a smooth projective surface X

by the finite double cover = : X — W branched along B.
Put ¢ = ¢, 0 ¢ 0 3 0 bs. Then

e X — X : birational morphism s.t. mo u = 5 o o.

We call X the canonical resolution of singularities of X.

For simplicity, we put # = w o u and f = pr; o 7.
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Let us consider f : X — PL.

(31 —2)3
¥(2T7 — 1)

Recall g(v, 7) :=

Wl

?

1
2

)

~#0 (J#O,landT#O,
I'y(v,r) is tangent to A(v, 7).

We know from Lemma 3 that I';/, does so.

By restricting pry o ¢ : W — P! to Ag(1,7) and to Ag(o, 7),
we see that I'; meets B transversely at six points
for any g € P* \ {0,00,1,1/0,4(1,7),q(o,7)}

from the Riemann-Hurwitz formula.

Therefore a general fibre of f : X — P!

is a smooth projective curve of genus two.

(20)
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(31 — 2)3
y(2r — 1)

)

LV
Wl N

Recall g(v, 1) := (cr # 0,1 and T # 0,

?

f_l(q) is @ smooth projective curve of genus two

for any q € P \ {05 oo, 1, 1/0'5 Q(la T)a Q(G"a T)}
Furthermore,

we remark that ¢(1,7) — 1= (37 —1)3(r —1)/(27 — 1)
and I'; meets A(o,1/3) transversely at three points.
Exactly at two points I'y meets B transversely iff g(o, 7) = 1.
When ¢(1,7) # 1 and g(o,7T) # 1,
at four points I'; meets B transversely.
Thus I'y meets B transversely at least at two points.
In this way, we can check that I'y /,, I'j(1,-) and 'y, ) also do so.

Hence the reducible fibres of f are f~1(0) and f~1(co) only.

(21)

99



Let e; denote the (—1)-curve on X with 2e; = w*ﬁ- for 2 = 0, co.
Although e; meets w*@m at one point,

e; is disjoint from the other components of f‘l(z’).
Additionally, W*Ei,g is not a (—2)-curve.
Thus, after the contraction 7 : X — X of eg and e,

we obtain the rel. min. model f : X — P! of f : X — P!

Proposition 4. Foro € C\ {0,1} and 7 € C\ {0,1/2,2/3,1},

f : X — P! obtained as above is a rel. min. fibration of genus two.
The fibres f~'(0) and f~!(oco) are as in [NU, p. 172, 3—1I;_,]
and the other fibres of f are irreducible and reduced.

Furthermore, X is a smooth rational surface with p(X) = 12.

(22)
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Proof. Consider A;(1,7) + Ai(o,T) + Ep,1 + Eoo1 on Wi

For ¢ = 0, oo, the strict transform to W; of I'; is a (—1)-curve.

The contraction of the two (—1)-curves translates singularities of
the branch divisor into those as in [NU, p. 172, 3—1II;_].

Thus, it is enough to prove that

X is a rational surface with p(f) = 14.

Consider the projection map pr} : £/ — P! onto the first factor.
Let I} be the pull-back to W of the fibre given by v = 1 on X,
We remark that @*I"] is nef. Let us compute @w*I"|. K.

Lemma 3 yields I'] ~ 2A¢+T'g — Ey1 — Eg2 — Ex,1 — Eu 2.
We know

6

B ~ 6Ag+6T)—4(Eo1+Eo2+ Eooi+ Eoo2) —2 Y (Eoj + Eoj) -
=3

(23)
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Hence
Ky ~ w*(Ky +3B) ~ @* (Ao + Lo — Eoy — Eoz — Exoy — Ecop2),
w*T] ~ w* (280 + T — Ep,1 — Eg2 — Ex,1 — Exop2).
For all positive integers 1, we conclude that
the n-th plurigenus of X is zero from w*T|.nKy = —2n < 0.
We also see that the irregularity of X is zero

by considering the finite double cover =
(e.g_, x(0%) = 2x(O) + %ﬁ.Kﬁ, + %§2 = 1) .

Therefore X is a rational surface by Castelnuovo’s rationality criterion.
Thus by(X) = b3(X) = 0 and by(X) = p(X),

where bn(f) denotes the n-th Betti number of X.
This and Noether's formula provide p(X) = 10 — K%.
So p(X) = 14 follows. O

(24)
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(25)
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Corollary 5. For t = 0,00 and 3 = 1,3,

—~

let ©; ; denote the (—2)-curve with 2*®; ; = w*E, ;.
Let ©; ; be the (—2)-curve which is identified with =*E; ; through 7

for : = 0,00 and 57 = 4,5,6.

Oi ©;s
Put ©;, = n(w*E; ) for i = 0, co. ‘
Then O, is an elliptic curve with 20; 3 | |
@fg,g.@i,l = —@?’2 =1 for 2 = 0, 0. 2@%_ 6
For : = 0, oo, _
20;

©;4.0;,3 =0;5.0;3 =0;3.0;6 = 0,6.0;; = 1.

For the other pairs of irr. components of the fibres, 20,2

two components are disjoint from each other.

The irr. decomp. of the reducible fibre f=1(7), i = 0, co is as follows:

F '3 =04+ 0;5+20;3+ 20,6+ 20;; + 20, ..

(26)
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Lemma 6. Let f: X — P! be a fibration as in Proposition 4.

If there exists a section of f, then f has at least two sections.

Proof. Suppose that there exists a section of f,

which can be regarded as a horizontal curve D; on X.
Let 51 be the strict transform by 7 : X — X of D;.
Then the image C by 7 : X — 3o of 51 is a section of pr; : ¥y — PL
Here we recall the irreducible decomposition of B:

B=A(1,7)+ A(o,7) + Ty + .

In particular, B does not contain C' as an irreducible component.

Hence we obtain another section 52 of fas the other component
(%*C — E) from the irreducible decomposition of 7*C.

So we have another section of f as the image by n of D.. O

(27)
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Proposition 7. Let f : X — P! be a fibration as in Proposition 4

and ©; ; the irr. components of the reducible fibres as in Corollary 5.
Then there exists a birational morphism v : X — P? such that
the pull-back to X of a line £ on P? and that of (—1)-curves e,

h =1,2,...,11 contracted by v satisfy the following:

11
FN7£—381—ZZeh

h=2
©o2 = —Kx + ea, O, = —Kx + e3,
©9,4 = £ — e; — ez — ey, Oy =L€—e; —eg—eq,
©p,1 = e4 — ey, ©,1 = e5 — €3,
90,6 — € — €4, @oo,ﬁ — €7 — €5,
©p,3 = eg — €g, O3 = €g — e7,
©p 5 = e — es, O,5 = €11 — €.
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Proof. Let e; denote the (—1)-curve with 2n*e; = w*Ag(1, 7).
Since I'1.A(1,7) = 3 on ﬁ/, we have F.e; = 3.

The images by 1) of w*ﬁg and w*ﬁm

are two disjoint (—1)-curves on X, which meet F' at two points.
Put e; =7 (w*ﬁg) and ez = 7 (w*ﬁw)

We also remark that e;.e; = e3.e; = 0,

since AO.AG(l, T) = ﬁm.Aﬁ(l, 'T) = 0.

We know w*I'|.K5 = —2 in the proof of Proposition 4.
By the adjunction formula we verify that pr} : ¥ — P! induces
a ruling £ : X — P! through Yo7 : X — 2.
The degenerate fibres of £ are £1(0) and £(co) only,
since the fibres of pr/ except for pr;~'(0) and pr; ‘(o)

do not pass through the intersection points of A’(1,7) and A'(o, 7).

(29)
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5—1(1') contains e; for each ¢ = 0, co as an irreducible component.
Hence there is a unique ruling £ : X — P! such that E: Eon.
Furthermore, £~ '(oc0) consists of ©¢ ;,7 = 1,3,4,5,6 and e,.

¢71(0) consists of O j,7 = 1,3,4,5,6 and e3.

Notice that €,;.0¢p4 = €;.0,4 =1 and
the other components are disjoint from e;.

Let v; : X — 3; be the birational morphism contracting es, e3 and
eight (—2)-curves ©;,,0;4, 9; 3,0, 5 with ¢ = 0, oo,
which are the strict transforms of eight (—1)-curves.

Here X, is a relatively minimal model of £ : X — P'.

We remark that the image of e; is the minimal section of ;.

Let v : 31 — P2 be the contraction and put v = vy o 4.

(31)
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From the configuration of e,

@0’5 900,5
es, e3 and eight (—2)-curves Ou. Ous
©;1,0;6,0;3,0;

2,19 356’ %!3’ 2,5 2@0,3 I 2@00,3 |
with 2 = 0, oo, we can
2@0,6 2900,6
denote the pull-backs to X |
of the eight (—1)-curves 20,1 20,1
by Bh,h:4,5,...,11 282 263

so that e4 = O + e3,
es =Oy.1+e€3, eg=0pg+es, er=0O s+ €5 es5=06g31 e,

eg = 0Oy 3+ er, e10=0p5+es and e;; = Oy 5 + eo.

Recall that the images by v; of ©( 4 and ©, 4 are fibres of ;.
We have @0’4 =f — €1 — €Eg — €7 and 800,4 =f{ — €1 — €9 — €11,

where £ denotes the pull-back to X of a line on P2,

(32)
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Next we recall that w*ﬁm = n*e3 — e9 and
* 1 -
Ky ~w" | Ky + EB
~ @ (As +To— Ep1 — Egs — Ex;1 — Exo2)
~ W (As — Ex,1) — @ Exp + @* (I'g — Ep,1 — Egy)
~ T Ay — w*Exo,2 + w*fg
~ (7’]*63 — 60) — W*EDO’Q —|— 280.
Hence we have w*E > ~ — K5+ n*es+ ey ~ n*(—Kx + e3) — €x.

Therefore we get O, 2 = —Kx + es.

In the same way, we see ©j > = —Kx + ez. Furthermore, we show
Fr~ f71(1) =202+ 20,; +20,6+ 20,35+ 0,4+ O, 5

~/ —2KX +£—61
~TL—3e; — 23,1, en. O

(33)
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Corollary 8. Put D = e; — e1;. Then

6 6
NS(X) ~ ZD & (P Z6y,; ® ) ZO ;-

j=1 =1

11

Proof. It is well-known that NS(X) ~ Z¢ & (P Zej.
h=1
Thus we only have to represent £ and e;’s

as Z-linear combinations of D and ©; ;’s from Proposition 7.
D and the irr. components of the reducible fibres except for O, 5

generate £ and e; as follows:

€ =7D + 160, + 130 + 2203 + 14004 + 1105 + 1900 ¢
— 1300 — 16002 — TOu3 — 40004 — 1006,
e1 =3D + 60¢,; + 502 + 803+ 504 + 405 + TO¢ 6
5801 — 60002 — 30003 — 20004 — 4000s.

(34)
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Furthermore, Proposition 7 immediately yields that
en=e1—D;, eg=L€—e; —en— 900,43 €7 = €9 — @oo,Sa
es = er — O, €3 =5 — Oy 1, €2 =e3+ Opa — O 2,
es =e2+ 0,1, e =es+ Opp, €5 =€+ Op3, €190 = es+ Opp.

Hence, we see that

en, h = 2,3,...,11 can be the Z-linear combinations inductively.
Therefore D, Oy 1,0¢2,...,006, Ox,1,Ox,2, O3, O 4 and O ¢
form Z-basis of NS(X). O
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§3 Virtual Mordell-Weil groups
We shall introduce the theory of the virtual Mordell-Weil groups,

which is used to complete the proof of Theorem 2.

S : a smooth projective rational surface /C
@ : S — P! : arel. min. fibration whose general fibre F is

a projective curve of genus g > 2
We denote by n,

the number of irreducible components of o ~'(q) for any q € P

In [Viet, p. 101, Def. 0.2], the virtual Mordell-Weil rank 7 of ¢,

which does not necessarily admit a section, is defined as

r=p(S)—2— )Y (ng—1).

g€eP!

(36)
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For example, when ¢ : S — P! is a fibration as in Proposition 4,
we know that p(S) = 12 and ng = n = 6 with n, =1

for all ¢ € P!\ {0, co}, which lead to » = 0.

Let V' be the subgroup of NS(S) generated by
the irreducible components of the fibres of .

The primitive closure V is defined as V = V ® Q N NS(S).
Let us observe that 17/ V' can be regarded as

the virtual Mordell-Weil group of ¢ with » = 0.
Assume that there exists on S a divisor D with D.F = 1.
When ¢ admits a section, we can regard it as the above D.
Set Tp = ZD @ V C NS(S), and put Tp = Tp ® Q N NS(S).
Then, for all D with D.F = 1, the quotient groups of ’_ﬁ) by Tp are

isomorphic to each other and to 17/V as follows.

(37)
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Lemma 9. The natural projection Tp — V induces an isomorphism

fD/TD ~ I7/V naturally.

Proof. Let ©,; be an irreducible component of a reducible fibre

¢ 1(q) for j =1,2,...,n, Takeany E € To.

We have E = aD + ) 3,,0,,; for some o, 3,; € Q by definition.

In fact, « = E.F must be an integer.

In particular, 3,0, = E—aD € NS(S). Thus, ) 3,0, € V.

In this way, while D.F' = 1, the natural projection fD — V of the

primitive closures is well-defined.

Consider the composition fD SV - ﬁ/V which is a surjective
homomorphism of groups.

Its kernel is equal to Tp. So Tp/Tp ~ V/V follows. O

(38)
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Via ¢, we can regard S as a smooth projective curve of genus g
defined over the rational function field K = C(P*).

We assume that it has a K-rational point O.

Let J,/K be the Jacobian variety of the generic fibre 7 /K of .

The Mordell-Weil group of ¢ is the group of K-rational points 7, (K).

It is a finitely generated abelian group.
The rank of the group is equal to r.

There is a natural one-to-one correspondence between
the set of K-rational points F(K) and the set of sections of .
For P € F(K), we denote by (P) the section corresponding to P
which is regarded as a horizontal curve on S.
In particular, (O) corresponding to the origin O of J,(K)

is called the zero section.

(39)
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In [Sh, p. 362, Theorem 3], we have the natural isomorphism of groups
J»(K) =~ NS(S)/T 0.
By definition, the torsion part J,(K)., is isomorphic to f(o)/T(O).

From Lemma 9, we conclude J,(K)¢or =~ 17/V.

Let f : X — P! be a fibration as in Proposition 4. We recall r = 0.
Furthermore, if f admits a section, then we see that
the Mordell-Weil group of f is trivial from Corollary 8 and Lemma 9.

Hence, we have the following.

Lemma 10.

Suppose that f admits a section. Then it is the unique section of f.

Proof of Theorem 2. We only have to show that f has no sections.

The assertion follows from Lemmas 6 and 10. O

(40)
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Derivations having divergence zero

Flg=7

2016 £ 8 H 27 H

1 FE

R M A% RESHBIZE OB TS, Q(A) T A Ditk% %
3. B D: A— AW R-B5 (R-derivation) THDH LI, f,ge A &
re RIZNUTUTND3IGMEALZTLEEZED.

(1) D(f+g)=D(f)+ D(g).

(2) D(rf) =rD(f).
(3) D(fg) = fD(g) + gD(f).

R85 DT 2 EANLMEEZLNICELD .
(P1) AP :={f e A|D(f)=0} I FAD REALIHETHS. Kz A

BERDEL E AP X ADEHRIKTH 5.

(P2) f/g € QA)IZHLT

D(f/g) — D(f)gg—QfD(g)

LEDBE DIEQA) LB B REHT, QAP NA= AP 24
723, D &S DD Q(A) ~NDILR L IT..

(P3) ROEA 02 T3, ZDLEAP T ACBVWTREMIZEAL T
W3,

(P4) D »"BMEZE4 (locally nilpotent derivation) TH 5 & I,
EED fe ATHUT DY (f) =0 %2 A7=T AK€ Zso DT
ETBHLEEED.

(P5) A% R k0D n ZBEZIHERE Rz, x0,...7,] £T 5. ZDOLE,

div(D) = LI, 5
LRED, div(D) 285 D DF#L (divergence) &\ 5.
(P6) A = Rlx1,79,....,0,] £ T 5. ZOLE DHMNR=AFSH (triangu-

lar derivation) THd & E, i = 1,2,..,n T LT D(x;) €
Rlx1, 29, ..ywi1| ZATZTEEEFD.
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(P7) A= R[z1,29,....,2,] T 5. 2O E, DMV EAESRSHHFES
HAOTHD.

(P8) R Q2EBLHIR, A% R EOn ZRLIHARL TS, ZDLE,
D WRFEER S div(D) =0 Th 5.

AFTIIATOMEZ AL UTHEBAN 0 LR EDDIZONTE
89 5.

B 1.1 (Hilbert M 14 FERE)

k&R, k(x1, 29, ..., 20) & bk EOn ZHOEHBEEIK L% k(x1, 22, ..., T0)
DWARTEEZELEDET D, 2O E LNk, 1o, ..., z,] 1& k AREE
U CTHRAER»?

Z ORREIL, 2N k[, 22, ..., 1] DEBS k AREOARAE M IZ DWW
TH>HDTHS. ZOMEIX, n DB 2UTOEEICEEHNTHD L%
Zariski [15] DR U7z, LD U, n D33 L EOGEHITIIKBEIPHI SN T WS,
B O K HlIE 1958 4E1Z Nagata [10] 12 & D FER I 7z,

ST, ZOMEZZHAR FOESOSETRHRTHI L E2ER LS.
D % % HAE klxy, 29, ..., 1] ED k-85 D%EES DD Lk LD nZHE
MEABUAR k (21, 20, ..., ) NDIER & U, L := k(xq, 29, ...,xn)D B, Z
DEE, LTk ZET k(v1,12,.... 20) DIFFIKT, LN k[, 29,...,25] =
k[z1, 2o, ...,2,)P TH 5. > T Hilbert O 14 FIEDRRI 54 & LT,
UTFOMENREZSND.

FnﬂiELE 1.2 (ﬁﬁ‘:%gjé Hilbel‘t 0)% 14 Fl:ﬁ%)
k%M, D #%IERB LD LSS LT3, ZOLE klay, 2a,..., )P 1
kREE UTHRER»?

ZOREIEn B3 U TFDBEIXEENTH S Z &M Zariski DFERN 5
WS, —H, n P ALLEDOGEITERAPHoNT WS, FHZn=23D
5612 1% Nowicki-Nagata [13] X> Miyanishi [8] 12 & 0, BLERZEWLUT O
ROFEH X N7z

£ 1.3 (Nowicki-Nagata, Miyanishi)
k %80 DK, D % k[z1, 29, ..., 7] ED k-5 T k1, 0, ..., 2P # K
THYH, BEEHTRVEDETE. ZDEE,

(1) kl[z1,22)P = k[h] 2 AT ZIHR b € K[z, 20) \ k DFET S, DX
D, klry, 22)P i3k EO 1 Z2ROLEABRIZFANTH S ([13]) .

(2) D % RAFEERN LT 2L, ko, x0,23)P 12 k ED 2 EHOLIAR
BIZARTH 5 ([8]) .
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1.3 1dn =2 DHEIZ, Berson [1] ¥ El Kahoui [4] (Z& D, UFD Lk
DEHABRDGEIZ -RILINT VD, FAZDERTH 5.

£ 1.4 (Berson, El Kahoui)

R %180 @ UFD, D % R[w1,72] E®D RS T Rlay, 29)P # R T®H
D, BEHLTRVEDETE. ZOLE, Rlr,x0)” = k[h] AT TLIH
X h € Rz, 20] \ RDPEFIET 5.

U LAt s, 8L 1.4 13— D%k 1 Tldkz L2\, Maubach [7)
WZEORDESBBINREZSNTNWS.

5 1.5 (Maubach)

k%R0 DfF, R = k[t2,t3) £ 95, DL E Rz, y] I2BI1F 5 RS
%D = t2%+t38% LED DL, Rz, y|P = R[Ft?, F212, F32, ..., F™2, .. ]
Y755, EUF=te—yd Rlz,y) £B<.

FEOFIZBIT B RS DIE (P6) &0 ZMENTHY, 51T (PT) I
K O EAEEES T, HIZdiv(D)=0TH5S. LU, 2OX5MHED
RWEASTH->TH, TORIE RAEE U TEREKTIZZAW.

ARETIE, Bl 1.5 DX BRBRITERHL, HHEERZ &0 2 2
ZIEANBRIZBIT D, D0 L 28I 28R Z2RRS.

2 ERHZAXEEORKICOVT

ZDETIE, R2#IH A% R EDnZEELIHAER R[r1,29,...,2,) £ U,
R DfEk%E Q(R) THRDT.

EHE 21 feA\REL D,

(1) f »EF%IAN (closed polynomial) TH 2 &I, B R[f] »* A T
BWTEAL L LEEED.

(2) fH55EEA%IEN (weakly closed polynomial) TH 5 &1, R[f] C
Rlgl 72 Q(R)[g] N A = Rg] &7 & > B EMEHA g € A\ R
PFETEHLEESD.

Bl 2.2 (1) EWICEBRARB r,s € Z>1 IZHUT, 27y* € Rz, y] (3%
FZIHA T, Q(R) N R[x,y] = R[z"y*] & A7 .

(2) Ri=klz] eBL. ELVEBEETS. 20L&, g=1ayc Ry
FEHZIHALD, QR[N Ry 2 R[] TH 5.

(3) R#UFD &9 %. 20L&, 2 TOEMTHRWSIHAITHERELIH
XTh 5.
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(4) Ry := k[t2, 3] & BL. 722U K IIEEP 0 DRET 5. 0k &,
h:=t*z — 3y € Rz, y] 13FMAZLIHNTIEARW.

¥ 7z, AR @D Russell-Sathaye [14] 12 & 28ER1%, Q(R)[f] N A = R[f]
EALTEEAN f e AR DELSFIET DI L EZERLTWS.

8 2.3 (Russell-Sathaye)

R%Z®I f € A= R[x1,x2,...,1,]\R ZEHTHRWLIHAT £(0,0,...,0)
02ATEDETE. 2T, cf) % f OLHRERNDRETEE I NS
RDATTNETD. ZOLE, of) = RESIXQR)fINA=R[f]N
J% D LD,

ZOMEILQR)f]NA=R[f] 2AETLER f e A\ R OMi¥AH
AL 52 TWA. BIAIE, 2R f 05 WARDREH R O¥TT
5% E510FTE, Q(R)f]N A= R[f] AT LER f BHEKTE .

T 2.4 F=(f1,f2,.0, fu1) € AV HIZH LT, R-E% Dp 2L FTE
5. Kge AITHUT, Dp(g) := det J(f1, fo, e, fno1,9) EEDD. 72

fiba J(fl?f?) "'7fn—17g) & (f17f27 EEX) fn—lag) D (:1:17:1:27 ,.’L’n) L:Eg‘a_z)
YavfisTHsd. ZORES Dp 2V AET VD R-B5 LITR.

B0 DI R LD 2 ZHELIHAIR Rlx,y] ITBEWT, BEAZHAL v
a7 VEIOEZIFECERYH 5.

EHE 2.5 (Kojima-N)

R %K 0 DI, f € Rz, y]\ R 2 EHTRVWELIEAT, Q(R)[f]N
Rlz,y| = R[f] AT THDETEH. ZOLEYUTNAMETH 5.

(1) fI3EHLHEATH 5.

(2) fIBT 2 Y a7 v ROES DB LT, Rz, y|Pr = R[f] D3k

DAL,

Z DERE 2.5 1% Nowicki [11] DR EDBEIZB SN T WD HERE D
Bk EIZHEER L7265 D Th 2 ([6]). 7z, T OFERIXBIE EOREMZLIH
RD—DDRFMD T2 > TWBEIT TR L, EH 1.4 DR HEERIZ
BoTW5b. 25 %, KOMEIZUMEREUATITIENS.

T 2.6 R 210 DB, f € Rlz,y]\ R 2 EHTHVWSEAL T 5.
ZOrELUTRETSH 3.

(1) f HEEHLEATH 5.

(2) fIZBT 2 Va7 v RIOES D, IZBIL T, Rz, y)Pf = R[g] & A
232N g € R,y BHFET 5.
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R LD 2 ZHO%IERE Rlr,y] ©B\WT, LR f € Rlz,y] \ R 12 &
BY T VMO Dy RUFO &S I8 5.

_ _0fo , 0f0
Dy=—%5,8z T ar oy

>, div(Dy) = =5 (fy) + 55 (fo) =0 &7 D, Y ILT VROEHD
FIZ0 LB ZENbNSE. —HT, UFTOHEIEE RHPQE2EL L
% Rlz,y) TBFBREH0I1CRBESOMEELTRLTVNS.

B 2.7 R% Q2 E60%IK, D% Rz, y| BT 2FWH 00D R-E5H L
5. ZDLE, D=Ds»D, f(0,0) =0, u25%IHN f € R[z,y] » MK
—DOHFHET D, TOZHERX f % D-ZIENX L ILX.

2.6 LMEH 2.7 2AbE S LROMEREES.

T 2.8 R% Q28088 D% Rlr,y| 281} 5 0D R-ES,
feR[zy %2 D-ZHAE TS, ZOLELUTRAMTHS.

(1) fHPHEAZHATH 5.
(2) R[z,y]” = R[g] % #7723 LR g € Rlx,y]| WFET 5.

ZOEMIL, Q- I R LEOFBMN0 B LD T IR LT, E8
40—t GABLOTHSE. T, fl15 OB D =24 + 122
2H5—EERELTAS. Hl15128VWT R = k[t2, 3] 1XQ 2 &L
THY,div(D) = 0% A7=9. £/, 2TOEH DIZBT % D-ZHAIL
h:=t2x — 3y THBH, H2.2 (4) TAHZE DT, h ITHEALEATIX
AN

3 GEER

ZDETIE, 1 H, 2HETHRANZNET, ERRETEOFLIZETSH
DOHZITS. ZDEEZBELT, RM P M 3znhFn R bk Eon
ERLHABREZRTED LT 5.

COHEDGHTIEATOMEZH WS,

£ 3.1 (Kojima-N)
R%z#1, f € RM\R% QR)[f]NRM =R[f]2ATHDLT 5.
ZOLEUTFOEMEN) & (2) IXFAETHS.

(1) fEBHZEATH .

(2) QR)[f] F#EM(n, Q(R)) = {Q(R)[g] | g € QR)IM\ Q(R)} B
JBMARITGTHS.

STHIZ RDEEN 0D &, LD (3) & 44 (1), (2) XAMETH 5.
(3) R[f] &, 5 R-E4 DIZ& > T R[f] = (RM)P £ &4 5.
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3.1 BEHOEMEICOWT

[(P8) DEH]

D % RM = Rz, 29,...,x,] FORHREZEH,L TS, 22T, R ED
n ZEBEERBICH VWA T 28U, n+ 1 2R HEAE R =
Rlxy, o, .. xn, T] & X 5. %72, D% D(x;) = D(2;),D(T) =0, L
T, Rt Iz B3 28N 2 EHT L. DDEDHIZELY, D & REATEEY
NTHD. Wo>TTDHEHRFEEEN, 7S, 2T,

F:=expTD = Z %(T]j)z
=0

b, FIZRMNIZBII5 R EOACHME RS, £/, F(x;) =
v + D(z;)T 4+ $D*(z))T* +--- ,F (T) =T,(i = 1,2,...,n) THZIDT
1<i,j<nizxLT,

(1) 258 = 6,5+ 2980T 4

OF(T OF(T
(2) aéj)zov 8%):1

LD, 122U, 6 X7 axy H—DTFTNRTH5. ft>T, FRroEE
Y a7l J(F) i

14+ 2808y g, 25874y 5T g1,
O+ go 1+ OFET + gy Q2T 1 gy
W) gy 14+ 88T gy o 14 B g
0 0 0 1

(

275, 72720 gij € R iFord 1(gij) > 2 8RB ZHRTH 5.
T, det(J(F)) 128135 T OFEEAD L,

0D(z1) BD(:EQ)

ox1 +

4o 280 — giv(D)

THb. LIAT, FIFRMIIZBI2HCRAME 2D T, detJ(F) € R*
Thd. H#t-7TC,div(D) =0 %2155.

3.2 2.2 (3) DFEAA

R%#UFD& L, fec RM\R%2%. K:=Q(R )us< 9, K[f] %
BL M(n, K) DFKTHBEIET 5 Z L %2RT. K[f] 5 M(n, K) DX
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ThRWETD. §58, K[f]S Klg] %% ge KW\KP#HETS. 5 R
DOTHWIEe € R\{0}IZ& D cg € RM & TE, K[g] = Klcg] DY LD
DTgeRM\REULTEW. £z, 2 LDTIC f, g ITERIEE R /-
RWELTEW. feKlgl&h, 2%HERu(t) € K[t] 2T f = u(g)
CEITE. ZOMLOREE LT, deg f = degudegg #1545, H L
degu=1THhodL95L, f=ag,ac K* &FHIW, K[f]=K|g] 7P
IREIWZNT 2. Ko Tdegu>2&7%20 degf > degg 2135, deg f I¥H
FROMEZ DT Z Diamz ARMEE D RS Z & T K([f] 2 G0 ATE2E5.

K[f] 2 &TBAT Kg] 22 5. LrFAOHRIZED ge RM\RE
LTEW. 22T, c¢(g) € R\ {0} 2ZIHK g DEBRBOBRRAKICE T
5. Klg] = Klc(g) 9] 2D Tc(g) € R* £ LTEW. o T 2.3 &
b, Klg|nRIM = R[g] BB 0D, X512,

R[f] ¢ (K[f]n RM) c (K[g]n RI") = Rlg]

Y70, R[f] C Rlg) ZAad. £/, @31 LD g BEHSEATH 5.
BT, fIRFBAZERTH S,

3.3 rE2.3DIA

AT Ol 2.3 2, UFD LICHIBR L 258D EETHS. AT
&, i 2.3 OFERHIZ T DR,

W@ 3.2 RZUFD &35, fe RM\ RIZHLT, REIHEKRDBED K
KAKITTE o(f) € RTRDT. ZOLE, £(0,0,..,0) =02F5&, M
THETH 3.

(1) f B QRANRM = Rf] &H7=T
(2) ¢(f) € R* &7 5.

(i 3.2 D)

K :=Q(R) 8. £/, o(f*) € R* A3 %HEK f* ¢ R 24
WC f=c(f)f* LRT. ZOXRRIIROELSGEBRVTETHS. F
T, c(f) € R OGEEEZS. ge K[fINRMN 223, gc K[f] &b,
UGy Uy ey Uy € K ZFHNT

G =Un f™ + U1 [T f + g

LFHIIS. £/, re R\{0} Zru; € R, (i =0,1,....m) &7RB XSz
%. ge R" T £(0,0,..,0) =0 &Y, up = g(0,0,...,00 e RTH3DT,

(g —u0) = frumf™ L+ rum 1 2+ - +ruy) € K[f] N RM
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ThH5. 2T, g1 :=rumf™ L+ rtum1 "2+ +ru € RM & B<.
T5&, c¢lg)=r-c(f) telg—u) €ETR %5, t>T, g € rRMN &7
D, ru; = ¢1(0,0,...,0) e rRTH 5. &> Tu € R%1G5. BUF, Il
PRI7R55mIZ & > T ug, U, .y um € RE1G25. T g e R[f]| 2EKT 5.
WoT, K[f]ﬂR[”]— R[f] 380 51D,

RiZe(f) ¢ RFDHGEEFAS. f* ¢ R[f] &0, R ETIXR[f] S R[f*]
T, K ETIEK[f] = K[f*] Th5H. ZIT, AitDiEwL"?, K[ 1N
RIM = R[f*] Dk 0 322, BAE& D,

R[f] G R[f*] = (K[f*]n R = (K[f] N RM)
MEL D B, MEEOFENE AR S .

Ik D, LR hnd

% 3.3 RZUFD &3 5. f,ge RP\RMF(0,0,...,) = (00 L0)=0
2D R[f] C Rlg| BT 5 5. _o)a%fyb) Q(R)[f] N R = R[f]
BRI, g b QR)g]N R = Rlg] & H7=F.

[ 3.3 DEEMH] g € R[f] £V, wo,u1,...,um € R Z VT
9= f(umf™ 1 f 4 )

EEFE. EoT, elg) = c(fe(umf™ +um1 fm 2+ +uy) & D,
ME3.2 X0 ¢(f) € R* 7D Te(g) € R* 720 g5 Q(R)[g]NRM = R[g]
(RN

3.4 FEIE 2.6 DIERA
FIROMEERT.

1 R, f,ge Rlz,y]\R% R[f] CRlg] A7 DLT 5.
ZDLE, Rz, y|Pr = Rlx,y|Ps DD LD,

[fEDEEM] f € Rlg] &0, H5ZIHN u(t) € R[t] ZHWT f=u(g) &
FHIIS. ZDEE, fr =u(9)9z, [y =1 (9)gy £FED (772U, 0 FZudD
tIZEAT WA THS). £oT,

Dy = —fyde+ foils =W (9)(=gy8s + 9o75) = v'(9) Dy

DEDND. f¢ R &V, U (g) #0. ®>T Rlz,y]P7 = Rz, y]s

EH 2.6 DAFHZIED 5. K = Q(R) L 8L f M9 RHALHA A 5%
FA%IHAT K[g)N R[z,y] = Rlg] D R[f] C Rlg] 7% g € R[z,y]\R*
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FAET 5. LOMiEE, EH 2.5 25 &, Rz, y|P7 = Rz, y|Ps = R[]

L%,
Wiz, Rlz,y]Pr = Rlg) &% g € Rlz,y] \ R¥H-o72T5. D

% Dp ® Klz,y] ~NDIEREYL 5. ZOLE, D(g) = Dp(g) = 0 &9
Klgl c K[z,y]° THBDT

Rlg] € (Klg] N Rlz,4]) € (K[z,y]P 0 Rlz,y]) = Rlz,y]Ps
£oT, K[g|NR[x,y] = Rlg] WY LD, ZIHNA g DREEAMEIZER 3.1 &
DAES. HUT, fIREEMSEATH .

3.5 frRE 2.7 DEEAA
p:=D(x), q:=D(y) LBE,
p=> [mnlpa™y", ¢=> [m,njamy"

ERT. 272U, [m,n]p, [m,n]g € R. TDEE,

—:Zm[m,n]p m=lyn men—l m=lyn=1

aq m, n—1 m—1, n—1
ay = Zn[m njgx™y" T = Zn[m —1,n]z™ "y
TH5. 0=div(D) =L+ 5L &0, L =-FTHEDT, mn>11

HUT,-Lmn-1], = 1 [m 1,n), 2185%. CC“Cf:— So[m,n]pzmy™

B, f:ffb, [m,n]f = %[m—l,(}]q (le,n:O) f‘.’.i&)é
—Lim,n—1], (m>0,n>1)
torE,
1
f: Z 7[m 170](1xm+ Z _7[m7n 1]]7"1: Yy
m>1,n=0 m,n>1

THBEDT, fa=q, fy=—p L0, D=D; 2D, f(0,0)=0TdH5.

3.6 EIE 2.8 D:ifBA
ZOREHI, EH 26 LME 2T POoELIIGEONS.
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1. HIROBNHE
FEEOED HES:, FRHOEEICR L CHE N D - 72, EHETHRE 7 7 7 A > TREOFEEICR Y,

BHICET 2#ma LT < o Big, 18 LW H o {1,2,3,6,9,18 1221 T, K% 257>
12]136[918& W15 KO IZRUIY, ZN6 200HEENENELTHD L,

1+42=3, 3+6=9=3% 9+18=27=233
EWVWIHIREENRH D Z LIZRM N, 61T, HEoF o 6,18 ICBAL T,

6=2x3, 18=2x32

MO TND Z EICRAB W, £2TC, 2x33 =54, 2x3* =162, i 5 L, Zhb bR
HEEE L O ERbhol. DF D, 6,1854,162,4867% K D2 x kO OB OMEEL, KA 2o
TOILXEID Z 6 2008 EFNENRE L THD L, #7332 ..,3kE 20T THD.

1 2|36
N—— N——
3 32
1 213 6(9 18
N—— N—— ——
3 32 33
1 2|3 6(9 18|27 54‘
N—— N—— —— ——
3 32 33 34
1 2(3 69 18 (27 54|81 162
N—— N——
3 32 33 34 35
1 2(3 6|9 18 ‘27 54‘81 162 1243 486‘
3 32 33 34 35 36

ZOBEITSE o T, FE A G I XY o 7034t 42 4k L 7p o TN A B DOR95L 52 5k L7 5T
HHDORHDDOMNE I IERI TV o7z, ZTORER, 4T 2 EC5HCBE T o2& Z R o b O3/
T, WIEXTL 72, 7FOEZ L O ONRH YD, Z111328,196,1372,9604,67228,72 F D22 x 7K O TH

>77.

28,196,1372,9604,67228,72 £ D22 X TR DK OMEEL, FOKD & 5 I12K%kZz 3 >F Iz XIb
END3DODEEENENELTHD E, 7TL72,.., 780 TWeDTHS.

12 4‘7 14 28‘
7 72

49 98 196

73

124‘7 14 28
7 72

12 4‘7 14 28‘49 98 196’343 686 1372’
7 72 73 7%

12 4 ‘7 14 28‘ 49 98 196 ‘343 686 1372‘ 2401 4802 9604
7 72 73 7%

75

12 4 ‘7 14 28‘ 49 98 196 ‘343 686 1372‘ 2401 4802 9604 ’16807 33614 67228
7 72 73 74 75 76

SHITMTEE T CHD E, WIF24PX31FE VI ERRONY, ZOBROKEO#EL, #K5k%E 5
OFTOICRYIY FNS 500 AER L THDLE, 311,312,...,31k 75TV, ZLTEFORIE, 2°x
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1278 W HTH Y, ZOBOMBOMIEL, KEE T OTOIIREY ZND 7T O0KEENEIEL
THDE, 1274,127%,.., 127k L e o TV 2D TH S

2O XD BRI OMEE, 3,731,127 Vo TeRBUTEBR L TWL Z &b, ¥ T T7DREICD
DZEEDALIZEZA, ZHITANVEBUXFERE VDA THD Z Eafrsik.

FE1. AEUXEHRIL M, =2"1-1LB0T, nic1,23,2RALEZEEM,NERLERD
DEUN .

F7o, My=1+2+-+2"THDHZ b0, ETHREL TEHEN, Aty XFEHRM, & X
SEBNDD, =20 (M) LD B A T O EH > TN Eidbhol-. E5IZ AL XERITES
Bl bDIZHEET L Z &R bholk.

TE2. ZTEHxIIL, xZBRIFIBEOBRINTX) Bx ICELLRDbDTHDH. T74hbb, x=1x)T
H5.

72E 208, AN XBHEIICET A6 =2x3%20lcEtbE, 1(6)=1+2+3=6THDHDT, 6%
SEEBTHD., ANV UXBHTICHET2528=22x7b1(28)=1+2+44+7+14=28L V58T
H5D.

DEDZ D, ZRHDOZ EICETHHEBREZR X, D = 2" X (M)k%E ALt o XFEHEM BT 58
KIRAESL LY, EN AT AT 5 2 L2 Lz, £ L THIEDRE, M sEick~sn, &
H1, EH2, THI LW 3OOTFEHEHDLIZ ENTE, IHICINLOMEENDL RN L
RSB E VIO AL EETH I ENTE, H-RUFEOMERATR R L.

2. AILEUXREM,OFLRERIZCDONT
EP, AL XEEM, BT D ERRERE VD bDOEERT 5.

EES. ANTBUXHBEM, E ENNHELNDD, = 20(M,)* & ALt v XFHM, BT D ERIRER &

el 21X, 6136 =21 x 3LV AN XFEHBITHT LH L IREKD, TH Y, 181318 =21 %3210 A
Nt XBEHBICET D 2IRESD, Th D, 281328 =22 x 750 ALt o XBHTICET 5 1 IRAE%K
D;TH Y, 19613196 =22 x 7250 ALt v XBHTICET 8 2 IREHD, TH 5.

ANt v XM BT D R IRAEEID, DFIE % /N SWIEIZIE T, el On + EOKERZ 5 1 /35— b,
ZDOWDOn + HEDOKIEEZ S 2 /38— b, EHIZROn + MEOKEEH 33— b, LUFRERIZ L THE + 1%
—hETEEZD. Tz 2, 196 OFEDHE 1 3— MI1,24TH Y, 5F2 /59— 1L7,14,28, 53 /35—
1%49,98,196 T 5.

12 4‘7 14 28‘49 98 196

7 7?2 73

WD Z &N LD,
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il 1. ANE U XEBMAZEET 5 BRIREED, ORI %2 /N S WIRICE T & X, 5 j/ 35— F OO
mIMm,) ThH 5.

(GEW) D, DFIEDOH 1 73— b OFi
142+ -+2"=M,
THY, % 2/%— FOFX
My, +2M, + -+ 2"My, = M, (1 + -+ 2™) = (M,,)?

Thd. BERWEICI D Ej /N~ hOFfiX

(M) ™%+ 2(Mp) ™ e 4 27 (M)

= (M) 11+ 2+ -+ 2") = (M)’
L7xv, GER . GEPIR)

WIS, B HBOHITENLIELLD DRI DE S TH H1(Dp) & EFKT .

EEA. ANV XBEM T D HBRIREED, DK DD, % Fr< Hk/S— ~ &EFk + 13— O %
D)ETSH. ME1IEZANTE VLD L
T(Dk) = (Mn)k + (Mn)k+1 — Dy

LT5%.
e ZiE, ANBrXFERTICBET DD, =28, D, =196, D; =1372 (IZNENRD XL H 12725,
12 4|7 14 28‘ 49 98 196 ’343 686 1372’
7 72 73 74
D, =28 DA - 1(28)=7'+72-28=7+49 —28 =28
D, =196 DA - 7(196) = 72 + 73 — 196 = 49 + 343 — 196 = 196
D; =1372 OG5 7(1372) = 73 + 7* — 1372 = 343 + 2401 — 1372 = 1372

LOBINE 1D K DIZ, DDOFKIEDOEZFNIEI L TIE, Dy =1(D) DY SL>DTH5H. £ LT,
BRIZE 1 IRAESD IR D Z LNV 2 T,

RE2. AU XBEM AT 58 1 IRESD, IFZEEHTH 5.

(GER) E#F2 L VD, =2"M, THY, EF4 LV (D) =M+ M)*—D,; THLHDT
(D) =M,1+M,—2")=M,(1+1+2+--+42"=2")
=M,1+1+2+-+2")=M,(1+2"-1) =2"M, = D; GEHK)

[EZ 1] SN AV XFBMAZET 28 1 IREED,IBETH Y, A4 T —I2 LD LlmED5%E
EHUIDITIRD Z EFEH STV D, S6IC THROEEENPFET 2008 90 [TRAFRRE L 72
> TS EARITIZ.

EBES. x LAOKEENSONR L Tx IZ8D L&, BxzRlZEE2B i v,

72213, 18DHEA3+6+9=18, 54 DHE9+18+27 =54THHDT, 18 & b4 [T
HD. 18 & 54 1T ANE U XFREBOE2IREE L FEIIRERTH S, —XAIITIRO Z E NG TE 7=,
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R 3. AU XBEM BT D BRIRAELD TR 2 TH S

GEW)  1(Dy) = (MK + (M) =D, TH Y, 1(Dy) = Dy & 72 > TOIIED 1T 522 TH D . Dy, =
2M(M) LY
T(D) = (Mp)* + (M)t — 2" (M) = (Mp)F (1 + My, — 2™) = (Mp)K (1 + 1+ 2 + - + 27 = 27)
= M)A +1+2+-+2"1) =M1 +2"—1) = (M,)*2" = D*
LT, ANt XBHEM BT 2 BRIRERD TR E2ETH D, GERK)

a4, A XBEMLITEET D 1IRAEED, ORI O WELINS 1T 2 125 L,

GER) Dy =2"M, %V,

P S S S 1424420+ My + -+ 2"M, (D) + 2"M,
17772 2n ' M, 2"M, 2"M,, - 2nM,
_2"M, +2"M,
="

£ o, BUREED, ORI OWHFS, 1T 2 12FE L. FEFR)

Iz, glEe e U TOBLIRELD, DRI O WEFNZ OV THFE L 7.

MES. ANt XFEEM BT D ERIRAEED, DK O EkI— b & Fk + 13— b OO EEFNS, 1 X
UTFThs.

. - 2
SN E
GEW) Dy =2"M, LY,
S, = ! + ! 4+t ! + ! 4+t !
M T 2(M)R T 2n(My)k=t - (My)* 2" (My)k
1424 42"+ My + -+ 2"M,  T(D;) +2"M,,  2"M, +2"M, 2

2n (M,)F T 2n MR 2P(Mp)F | (M)t

£oT, DyOREDOFER/S— L Fk+ 13—k @i&@@ﬂ;ﬂuskciwzﬁa:@é. GIERA %)

3. INFTHOZLHETLIHR

TR ARTEARBFIE THe> TWD At o XBEEM BT 2 BRIRAESNY, M, =1+2+ -+ 2" % JLf
WL RETHDHEEZDZENTESL. £9T5L, M, =143+ +3"°M, =145+ + 5"/
EMBRBRRMIED CTE /oW EB 2T, 2O L E2EF 7 T T OREICH LT EZ A, ZRUT AL
T AR LT DO 2D ZENTEDLDT, TOXIRGHILERIL I v
RN T, ZONENLD 2 E TOWSE%A MathSciNet & U9 B O U — B 2 T
TH%E, T.YamadalYIO#HFZE, A.Bege 25 [BIDOAFZEN H oo 7.

T.YamadalY]DO#F525° A Bege % [BIDOA TR, & 2BNOKE O EZo(N) & Liz b &, NPERE R D
Fo(N) =2NTH B, o(a(N)) =2NE LEEBAOMEEIT-> Tz, £ LTENE S LIZERERD
S B AL DRI 72 SN TH V, AR T & 1X R e > T,
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Fiz, fr, REIOFERSHR Sz, ZIVUIARFERO T HHEIZEN S O TIEH o 7283, BRI
B2 DHFEL I o TN D,

UbEDZ Ln, RFRIIZNETHON TIPS TZHEETH DL DO TIERWNEE X, ZOM%E%:
HDHZ LEETDT-.

4. RHBCEATEAINEUREH M, DELRER

AWFFRIZBNT ZAVE TANE O XBEM, ) D FERIRAEED R T 5 5 OBz R LFE L7z,
LoL, BEICETO2ARZ A TWD L, BONHRIZIR< MO TVDLI D THo72. Lo Lt o
T —FNRRLHOT, TNEHEBELT, M, =143+ +3"°M, =145+ +5"2EZHNT
[FREZRBFZEN CTE RV EE X, T2 TIOEMTIE, M, =1+3+-+ 3" HAVHFEICO VT
~NTNL,

3n+1_1

F9, M, =14+3+3%2+ - +3"LEL. ZDEE, SEHREYOHFEICLY M, = BRFEHND

2

ZlEERELTERL.

RE6. M, = TISFHICARD LE, M A3 AL RFRE LA

FezE, M, =3l o 130 R0, THHE3ALELXERTHD.

2

TET7. 3ALCURERIM, L, ZANDLELNDD, =30 x (M) %3 At o X B M, BT
5 ERIRER & M5

e ZIE, 117,1521 2BlicE 5 L, 117=32x () THY M, =13 THHDT, 1171E3- ALt
RXFHOM, = 131 D FELIRAERD, TH DH. £72, 1521 =32 x (13)2THHDT, 15211F3- ALt
X FEH M, = 13RI B 20R4EHD, TH 5.

3- ALk v XM BT D B RIRAERD, ORI /NS WIEICIERT- & &, 20/ 5— kO,
B z21% 3M, = 1312B99 B F20RAEHD, = 152U OV TIZLL FD X 91272 - Tz,

139 ‘13 39 117‘ 169 507 1521
13 132 133

WOME 61X, M 1LIZKSET 2B DO/ — NOFBEICETH O THY, FNEEHTDHZ ENT
7=,

GEB6. 3 ALY XFEE M BT D FRIRAEID, DRI j5— ORI O FE(3M,) Ti 5.

(FEFH) D DRIER D 1 73— hOFIIZ
1+3+-+3"=3M,
ThHh, 25— hOFIZ
My, + 3 3M,, + -+ 3" M, = M, (1 + -+ 3™) = ( °M,))?
Thd. HENREIC LY Ej/— bRk
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( 3Mn)j_1 + 3( 3Mn)j_1 + et 3n( 3Mn)j_1
= (M) A+ 3+ 437 = (O,
LY, GEHENT. GERK)

EES8. 3 AN XFEH M BT D HERIRAESD, DD Z < Hk/S— b &5k + 13— hOF1Z&T(Dy)
ET5. mE6EHANTE VLD &

(D) = (3M,)" + (*m,)* " -

Dy
LT 2.

EHIT, 3 AN B OIM BRI T D EBRIRAEBD BT 2 kD AKX B F R Lz,

MRE7. 3 AT XEE M ICBET D BEIRAESD IOV TLLF ALY N2,
Dy = 2t(D) — (°M,)"

k+1

GEW)) %7 E0D, =3"x (M) T v, @6 L0ty = (M)  + (M)
‘(\\3

—-D, THDHD

Y — 3w (3M,)" = (Pm,) (1 + 2M, —3M)

(3M,) 3" —1)
2

(D) = (3M,)" + (M,

e sesa - (25O

3 k. n_
ThB. EoT D)= (M) +EED wpy sy,

21(Dy) — (M) = (M) + (3M,) (3" — 1) = (3M,)" + 37 x (M) = (M) = 37 x (*M,)" = D,
(RERR#L)

3- At v XFEE MRS D B RIRERD, O W L CHROMEREH/D Z LN TE .

B8, 3- AN XEH M T B ERIREED, DFk/S— & Bk + 13— b OO HEFNS, 1T L
272 5.

-

1+ %M,
k _3n( SMn)k—l

Bic, 5=,

GEH) Dy = 3"(*M,), (D) = (M) + (*M,)" =D kv,
1 1 1 1 1

+ +ot + +oet
(M) 30m) (M) (M) 37( M)

1434304 M+ 30(3M,) (D) +D; (M) + (3M,)" =Dy + Dy

Sk=

3n(3M,)" 3n(3m,)" 3n(3M,)"
M)+ (M)t 1+ 3,
3n( 3M,,)" 3n(3M,)
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L oT, DDEkA— &k + 19— k @iﬁz@i@iﬂuskaiﬁc:@é. GERI)

[(EB 2] MRS &AM 8 OB LIHIHP LI bOTH S, ZIUL, M5 1T B AKS =g

M, =211 CEXET L, = LB N0 THD.

2 (Mp)k-t

5. RHpICBETEIAINEXRE M, DFELRESIZDOUNT
AIETE CICEE2 L 3ITET D AN U XBEEOFBRIREBICET 28 >OMmBEE B A LA L. Zh
ORI E 2T, X0 — Rz Z21T 7.

n

+1_q .
NELND.
p—-1

M, =1+p+p2+-+p'EEL. ZOLE, HHEHIOEIZLY PM, =2

EHO. M, =T D L E, M Ep AL U RERE LS

FE10. pALBUXBHM, L, TN 6ELN5D, = p™ x (pMn)k%;’p')‘ Nl XFHPM, T
B9 2 FEhIRAES & 5.

p-A Nl XFH PMG BT 2 BRIRAEED, ORI E /D S VIR ~T2 & &, 3 j/ 38— b OGBS
HIRDEBAFEN LTz

EE1. p-Antr B PM BT 2 ERIRAEED, KD j/3— S OKBOFIL(PM,) Th 5.

(FEFA) D DFRIER D 1 73— b OFIIZE
1+p+-+p"= "M,
THY, %F2/5— FOfX
PMp +p(PMyp) + -+ p™(PMy) = PMu(1+ -+ p™) = (PMy)?
ThDH. FFEOIRINEIZ LD Fj— b Oofnix
(M) + p(PMR) ™+ e 4 p™ (PMy)
= ("M) A p ™) = (M)
e, GE Sz, GERRK)

EE11. p-ANEY XFEHPMICBET 5 BRIREED, DK DOD, &R Fk/S— & Fk+ 15— O
MEt(D)ETH. EH1ZHWTE 025 &

(D) = (°M,)" + (Pm,)* " = D,
ET5.

WIZ, p- ANt v XEH M T 2 BRIRESD T 2 RO AKX EFEH L.
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TE2. p AU XFE M BT D ERIREED IOV TLLTF 23 0 32D,
Dy, = (p — (D) — (p — 2)(PM,)"

GEWD)  E#10LVD =p"x ("M,) ThHY, EH 11 L V1D = ("My)* +("M,)"" DT
DT,
w(D) = "My + (PM) T = pr(PM)" = (PM,) (A + M, —p™)
( Mn) (" - 1)

n_1q
= ("M) @+ T p o+t pm D) = (PM,) (1 +(I;——1)) (M) + =

k n_
Ths. £oT )= ("M) + T iy cpyy,

1
@ -1t = (0 — D(*M,)" + ("M,) @™ = 1) = (0 — D("M,)" +p"("M,)" = (PM,,)"
= (- 2)("M,)" +p"("M,)"
Ly
@ — DD — (@ — 2)(PM,)* = p(*M,))" = D
EoT, Dp=@-DtD) - (p-2) pMn)kT“Ei?)Zo. (FEBA#E)

p- AN XFBEPML I BT B Sk IRAELLD, D WEFNZ B L CH IR OAE R A GEH L 72,

T 3. p- ANt XEHPM BT D ERIRERD, DFkS— b &k + 1735— F OO MEFNS JZLL T
Thb.
1+ My,

1+ Mn

Kriz, S = Thb.

GEBD) Dy =p™(PM,), (D)) = (PMy)+ (PM,)" =Dy kb,
1 1 1 1 1

— + — +...+ — -|- +.+—
(pMn)k ' p( pMn)k ' pn(pMn)k ' (pMn)k pn(pMn)k

CL4p+edpt+ PMy+ o p™(PM,) (D) + Dy (PMy)+(PM,)° =D, + D
pn( pMn)k pn( pMn)k pn( pMn)k

Sk:

C("M)+(PM,)° 1+ PM,

pn( pMn)k pn( pMn)k_l

1+( Mn)

LT, p- ANty XFEEPMABT B ERIRELLD, DFIEL DO WEFIS, 1% 272 5. GEFRK)

6. REpICET I IEEHDONT
ER2I12L-T, p-x/wzyxﬁézﬁzpzw ZRHT B 1IRAEED, DA

= (- DtD)-®-2)"M,
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B0, Zhidp =20t &D, =t(D)%EM-T7-0, EORITEEEO I THDHEEZD T EN
T&5., 22T, RO L H2EHR LML EDT-.

EE12. FH¥pltBILIEEBx,
x=@-Dt)-®-2)"M,
EHRIZTHDETD.
S DI, xDKIBOWLBIS 1 L 72 B a TpSH AR E D L &, xR BplcBHT 2BTE2H L

CEZE 3] M2 DIEE 1IZBWT, [HEOTBEEBPFIET D20 E D0 IIRMEREEE e>TnD 2
LHIBATN, p23DEE, RBpITHATITEREFETHFHRTHASZ LITLOERNST IZON5.

CEZE 4] EH2 EEHI NG, p- Aty XFEH M BT 2 B 1IRELD, 13 F 5p o B 2 e 24T
Hb.

ETC, p=3ICBT 5% e Hxidx =21(x) - M, TH D, 1 <x<10°OHPPHTa v B o—F—Z
THAE LREER, 3- At XFEH M, DOFH1IRAED, LA, 1809 & 185498 Hovo7=. Z b D5y
Wi RIIL T CTh 5.

(D) p =3I 25EEH1809IZ DN T
EP, S=22Ch o1, 180NEMIERIL TRV, KIZ1809DFE Mk b LT ORI OHEE %

33x67

RHEE, UTFTDO LI/ o> Tz,

1 3 9 27|67 201 603 1809 |
40 40x67

ZZIZHDH6TIIHRETH LN, 67 = %3‘1& W BRI AR - TV B3 Ak v X FEHC3M, TiE e

V. LarL, 1809=33%x67ThH YV, 18090 DE 1 /x~— FDOEFHT40, £ L THE 2 X— FOEFIX
40X 67L 7o THEY, 3- ANt XFEHK M, OEVIRELKD, L L OWEEZ L > TND 2 ERbI 5.

(2) p =3I2B87 5 522%518549(2 >\ C
P, §=20B0xhm 20, 180911352 SECTIZ/AV. KRIC18549D52 48k & LT DRIBOHEEITLL

34x229

TOXHIZ> T,

1 3 9 27 81| 229 687 2061 6183 18549 |
121 121x229

DI HH229bFETH BN, 229 =L 05 PRR A FE 5 TV B I3 AL L XHH M, T

72w, LvL, ZHICOWVWT$H18549 =34 x 229 TH 1Y, 18549DF D 1 /3— FDHEHT121, £
LCH 2 73— FOAFHT121 x 22908 725 TRV, RIFY 3- A2 XFEHK M, DFE1IRAEED, &L RO
A2 - Tz,
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ZDZEND, BUE, p- AL XFEHIM, (Daﬁwfeéé;@lu\%@ S Hp B9 % 52l < Bk A
HoTEY, ZOMREZEDDITHTY, WRICIHERDERG & Dp- AV XFRE NV IBENEET
HHEZEZTND

FTE13.  FEHpITH LT, FHEwnd s HKRMaL &5 FEHqI
gxp*—1

p—1
Lo TWHEE, WEEHqDp-AILEUXFHE WV, TPM, &<,

w =

el zid, p=30&EITw=67,229LT5L, TNENUTOLIITRD.

67_5x§—1 - 17x3° -1
B 2 ’ B 2

IREY, 67IXEASD3- AN XEROEEIM, , 22913 EHRLTD3- AN U XERTEIM, TH L.
BN E Op- At o XFHE AR EpIZBET 5B oOW Y, BERETTH S.

£72, FHpICBETAMEEICTHOVTIEL, Tp- A ItV XRH M, DEVRERD, LIS FEFEE LW
A5] EWIHRGERENTTWA.

7. '9/“ FZOWARETE
BOMIEFEZ L FO L ST TTND.
(1) p- ANt XFPM BT D LIRAEERD, LIS T, Rl BT 2 5B DSt %, EirqgDp- AV
T UXBREOT Ta—FnbiEDD.
2) p- ANt U XFH MBI T BB 1IRAEED, SMIIAFE L 720D T Wi & ) TREEZGET 5.
(B) p- AN U XFEH P MBI T 2 BRIRAEID, OBBN O 2T 5. T2 h, p- AVt XFHPM,IC
B9~ % Sk IRAEELD, 5> B 15 B 1L 7= BEFR S|
1,p,p%..,p"% PM,,p M, ...,(pMn)k, p( pMn)k, ...,p"(pMn)k,---
BT 2504235 2 & T, ERBROMREOF IR Ao DL EEZTND

ZE Xk

[B] A.Bege, K.Forgarasi, Generalized perfect numbers, Acta Univ. Sapientiae, Mathematica, 1, 1
(2009) pp73-82

[Y] T.Yamada, Unitary super perfect numbers, Math. Pannon. 19 (2008), no. 1, pp37-47.
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1. [FL&HIC

A0 HIL, ZXnBHEIRM;OEZ IS XABORETHDH. oM, L1, W
TCEHZE > TEL L, M IHEA (xi+yj +kz|x,y,z€Z} Ti?=i,k?=k,ij = jk =
Jjt=ji=ki=ik=kj=0%2RcTbDETHIENTES. LML, ZiiT2wE
BATHRDOE DR E D 2 & HTE,

w= (G Dperrer

TH D, T, Fxid = nBEM; % EOITHIE LTI, MyDita M8 E S, 77,
M B DO FTITHIANE1TH D b DOITHIT & M5,

ST, B X 27 248 (a,b,c) 1%, a?+b?2=c?%HTHOT, Zhi2o
DINT A —=HFskt (s>t) T
a=s%—t% b=2st, c=s%+t>
EERDLEINDZEITLLMOENTWS. ¥Rl a,b,c DERKAKIEN 1 THDH &% RIA
EATSREEVIN, Zobtxsktid, skttolfbop—FidEEK<c, o285
I THL ZERMEFSEMTHD. £, BARBEOE X 7 253 & 27 217

|
-1 -2 2
P=<—2 -1 2)
-2 -2 3

ZHWS L, TRTCOFIEE X 7 2N GBA5)NHELND Z RN TW5[Kol.
COEWRTEASITFHRE X ITAEOA Y P EBEZ LI ENTES. IHITINIC
B U T [Tal o h CHEFBE X 2T 2O F ) ¥ NZBT DR 24TV, FxaO72 A
VOV ENWIRTBREEICHFEL TWDH I L ERL, SHIZZEOFEEICONTHR LT,
ULbEDZ &0, Fox lTHEHBERON 7 AEHERUS OB T, FRCIEMRR TOE X 37
AL E I VST b D THDH DM, TIUTHBRAER 2 7.

ARFETIE, ZnBBEREMIZBWTE Y I35 A A ERL, TONEEITH.

[ 1] ABCEM# LT 5. (4,B,C) 2% (M%) EATSAETHD L1, AB,C
D)LY & (2,2) AT IET

A? + B* = C?
BT HEDEND.

(X)) (4,B,C) WX ITT A THHRHIE, A B COADKSD 3->0E, (2,2)5k
DD 3ODEITHREOE X T T A THD.
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PUF, AKWFFEIZIHBWTIE, Mo e X 37 2AEICaH ERER & WO &%= 5 %2, Mg¥
DR AT AEDOSHEERD.

2. 2+3)EOM#

DFEB0T, 4B0) mEraaseL, a=(¢ ), B=(%1 ZZ), C=
3

(%1 Z)}:LT' M3#A,B,Cx KL T 5.

a;

T A=, Zi) May=a,+as BT EE, ARQ+3)ROMBL LIRS, LU

T OB L.

[E1] ABCEQR+3IHOMEL L, &51Z(ay, by, cy) & (as, by, c)lTHRKOE
HATGAET D, ZDOLEEXWUBOIFEXITTAETHS.

2
(GEH). A% = (‘;1 “2(“12+“3)>m%> D, AIXQ+3)ETHDEDOTA)MSFIHET S

as
L, ay(a;taz)=(ag—az)(ag+az)=a?—a5 Th 5. FEIZB? D (1,2) &5 IE
by(by + bs) = b2 — b2Cd 1), C2D(L2)RANE ¢y(cy + €3) = 2 — 2T 5. LI=H-C,

24 B = a? +b? a?+ b7 — (a5 +b2 _ i cf—c? _c?
0 aj + b? 0 2
31 b3 3

THhorDT, (4B 0T X ITT7 2K THSH. QED.

1)
(3 =7\ ,_ (4 =20\ . _ (5 -—21
A_(o 10)'3_(0 24)'6_(0 26)
ET5E, ABCIEQR+3)HOMETHY, T LTUBOIFEMEBOE X T 25 TH
5. O

L AT, EOBIOA B, CIIEFNFN
A= 6 D =G D6 2 =6 )G 13)
LR S %:“G‘A’z(?’ _2),B’=(4 _8),C’=(5 _8)}:®‘<&

0 5 0 12 0 13
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A? +B"?=("?
MY SEDT2h, (AL B, CYEIEH TT 2K THD Z LRbhb.

J:@WJ G: IEE ﬁ_)-gxdl = gcd(al, bl' Cl)? d3 = gcd(a3, b3,C3) & isl/\f: & %dl > 1if: bj:
d; > 1DOGEDOT —Z 5 L, 1TEAEDEEITERRR DN Z > Tz,
3. AIERNBMBNES IS RHMDES

M;BoE 2 37 ZHUTAR LB L WO R A ERT D

[[E5%2] ABCEEXITTAHETH. ZDLE, HETh\WHIME DL - T,
A=DA'/»>B=DB'7»>C=DC", ¥7213A=AD»»>B=BD»>C=CD DL
B BN TA B, CM B Cofg L, EHIZA? + B2 = C?HRk 0 io L &(4,B,C)IXAI#C
HHEWH., ZLT, DEA,BC)DOAIBREE V.
ARITRVWE S A7 2B THL LW .

(HE) (al, bl, Cl) s (ag, b3, C3)Z)§ 5 %ii@ﬁﬁéboﬁ =7 Xi&f&)é L %) Mgiio) |7 =14
2H(A,B, ORI TH S, D& 5B Y2 37 24(A,B, O RIBHTH D &

-

2.
PLFIZRBWT, B 3T 28(A,B, ORI TRVWE D ET 5.

fl2) M:BOEHT7 2
4= 1) B=( 20 c=(5 )
1%, gcd(3,45) =1, gcd(10,24,26) =2THDHDT, A B CEZNTI
=G DG 7 r=G D6 L) =6 D6 M)
LTS, £LT,

A = ((3; 7 —555)’ B = (:)L 20 12125), C = (g 21 13135)

LBl ZOLXA?+B?2=C?% L, s=1ThD. T78bb, (4B,0)FHK
REHEITZAHTHDH. O
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B13) M:Fipv s 37 24
A:(g ﬁQ' Bz(g @' CZ(%):E)
&2 5. ged(8,6,10) =2, gcd(158,17) =1CTHDHDT, A B,CEZTNETh
a=( 66 D =0 "6 D =6 "6 D
EORT A, FLT,
A,:(g 1;54t)’ B’:(g 8—83t)’ C,:(g 5;7515)

EBL. ZOLEEA?+B?=C%%ff< L, t=3Thb. T7bb, (4,B,0)LH7
BT 2 THLH. [

4. AT ESR TZABDHIE

AR E S AT ZAAHEST D120, RO EEERTD.

[ 3 I My BANHE T TRVWSH HME DL > TA=A'D = DA L 5fREN5 & &, AlE
DTHIZHREINE L\ ). E5IZ, BE¥ T 28 (A,B,C)T, AB,ClZZTNENHIT
TRNWBHDHMAEL D TR RS D & &, (A, B,C)IIDTHOREMNABETHD L.

[ 2] (4B 0)ZFBENTRNQR+3) MO H 27 25T 5L, (4,B,0)IEDTD
IRNAHATH Y, SHIZA,B,OIEARTH 5.

. a, a—a b, b, —Db ¢4 € —¢C ,
GEw) 4= (g e, 3),B=(01 1b3 3), c=(o ' NEL, @ =diaj,

blzdlb{, C1=d1C{ é%@za3=d3aé, bgzdgbé, C3:d3Cé&—g‘é. :@(E%, D =
dy dl_dS) - ,_(ai all_aé) ,_(bi b{_b§> ,_(C{ C{—C§>
(0 ds ST = o )Pl m =0 ch LE
<&,

A=DA" =A'D, B =DB' = B'D, C=DC'"=C'D
ThHY, HOEMNTA?+B? =C?0k0 >, QED.

B2 37 ZEDOBAIEDIEIC BN T, LT OMmEITH LN b D THLNEETH
2.
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[E3] (A B COIIFMHHTRNE X IT7 2T, »ODTORRNAHTH D,
Tebb

A=AD=DA,B=B'D=DB,C=C'D=DC
ThdrETH. Z0Lx (4,B0) XK THS.

(3EFH) A2+B2=C2L Y ADA'D+B'DB'D=CDC'DT» Y, a#alkl v A?D?+
B'?D? = C"2D2WER Y 3o, DITIXHATHINFELET D DT, A2 +B'? = C2HA D 3o,
Q.E.D.

B 3 OxHHEE 2D L, [(4,B,0) BEEKIR BIX, A B, COPITITHITTRVWD DM,
DL o TR ORI NTNWEDONRBHD ] Lixh., ZDZ G, ABCHRZEFILEI
HICTRWICHDMED L » TR S D Z L A HIET C& D EIZHOW TSR
7=,

(4l a= (7 2)&LD:(% dg(ttlﬂ1¢0%¢0(h¢0d3¢0)k

T5H., Eblla;=dia' D Daz=dzaz (7272 Ld; #d) THDHETH., Zobkx
aj —ab
dy—ds °

E< &, dy =ay/ug MKV SEHSZ bl ADBD X > TR RSN D Z &I [EET
H5.

ds

Ug =aq +

dq

GEW) D = (0 0

)}:L AD=DA"L3%. AAD=DADA2)KP3%EH5E

dlalz + dza,3 = a’1d2 + d3a,2 (31)
BRSO, Lo T

, _ag—ag
= d
a, d, — ds 2
T&Jé- éjiaz :a,1d2+d3a,2i D
a, = (a’l + 4 — ds d3> d, =u,d,
% d3

Thod. Mild, = ay/ug WY SEOTZDITIXB. D) TR TER LRV, T2 BAD =
DA TH%. Q.E.D.

A4,B,O)ZJFHEHI TR W E X 3T 2L L, X HIZA B, CIEENENHITTRWIISH
HME D THHUC R END b D LT 5. DL &, M2 TERSNT- B ug, upy, u, I
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BALT
a by ¢
U, U, U
DY SEOBENEETHD. 22T
a; —as B b; — b B c1 — C3
dl—d3d3' ub_b1+d1—d3d3' U, =cq +

Thd. UbEOZ ENBROERNELND.

Ug =aq +

[ 1] ABCOEFWHMTRNEX ITZ A ETDH. S 512d, = ged(aq, by, ¢r),
d3 = ng(a3, b3, C3)&j_§). JJ\—FZ))‘SE‘Z D jo.
(D) dy£dgTio 2 =222 2 g0y pmmrne i 4B CORTHTHS.

Ug Up Uc

(2) d; =d372 51 4,B,O)IXFHKTHS.

GEF)  dy #ds 2 BIEME3INLHLNTHDHDT, dy = dsDHEERT.
(al aZ) _ (dl dz) (a'l a'z)
0 a3 0 dy/J\0 dsy
k L/VC: (1,2)5&‘%\%%"‘%#5 E a, = dla,2 + dzallvc\&) D )
((11 aZ) — (a’]_ a,2> (dl dz)
0 a3 0 d3/\0 d;
ELT, MRS EHAEL Tha, =dya’y +did, THDH. LTI ->TC, A=A'D =DA’

Y N, RIEEIC L C, B =B'D = DB’,C = C'D = DC'HS KV Nio. i 2 X 0 (4,B, C)
XA TH 5. QED.

B 4) ©xa57 2K

1=(5 1) B=( ) €= 2
EZ25D. di=1,d3=4THY, ay=a'y=3,by=b1=4,¢c,=c'1=5,a3=4,b'3 =
3,c3=5Th5. Li#oT
3—4 13 4-3 8 5-5

X4 =— U, =4+ X 4 = ua=3+1_4

— X —
1-4 3 1-4 3’ 4=5

U, =3+

£0
a b c
Ug Up Uc

Thb. LT, A4BOIEFAITHD. FEEE, A B CONREIT
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1= DG W #=6 DG T =G D6 9

vy, 3 D@ =G Ymmyio. O

WBl5) vHxIT7RHK
A:(g _61)’ Bz(g 523) C=(100 110)
BEEZLE, TH1IIVABOIXANRE XY I T A THD. KB, A B,CONRIE
A= D6 3 =0 DG 2 =6 I T
2 2

@ (5 3G 3 =6 ) o 0

5. REIMGER IS RAH

[E#4] AUBOZFMHHTRNEXY ITZ A ET S, HOLARKIRH - T, az =
day, by = dby, c3 =dc, £7-1%a; = das, by =dbs, ¢; =dc; TH 5 & &, (A4,B,C) % it
MTHDHENS., ZDLEdeREHEEE V.

(Fl6) B 2 35 24

Az(gié) Bz(g iy c=(g %)

%%ié. d1=1,d3=4, a1=a'1=3,b1=b'1=4,C1=C'1=5,a'3=3,b'3=4,C'3=
5CTH 2.

=1 cwsz UL, aBci
ug 3
a=( D6 DE=6 )G D=6 G 3

comex, (3B 4 Y

- T =2 _51)2i)§55i‘9ﬁ0. ZL7,

0
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42 36 D=6 ) 226 D6 D=6 1)

¢# (g _%1)(3 i) (g ib)

Ths. O

(5] (4B CO)ZFBEITRWKHRNRE XY 372358, (4,B,0)0FXAT
H5.

GERA) (4, B,O)IFEENTH D EINE EIET D, S HiZged(ay,bic) =12IKELTH

XW. A=DA', B=DB',C=DC't35&, 4B COBENTHLHZ L XY, DIFHIILT
HbH. ZHUIKHBRENd =1THH 2 L2 EWT 52X, B, ODBFEHTH S Z &
EHL, FETHDH. QED.

6. CNETHDFELEHETFHE

Frx DI AT AR EZ N EE, ENNBEKITH D0 AHITH D 0%
Wris2&Thb. INETOEmRND, (4B, C)NFLENRE X T A THIUIL
TR D720, FIANTRWVWE X 37 2T OV CREMICHFZE L T & 7=,

Z L TCA,B,O)NRDTOHRNATH 572 51F, (4,B,O)IAfITHD Z Lnvbino
7o, £, ABOMBDTOHRNAIITHS Z DL LTmiE4d =BT, £
IIBLAKIOFMETHLEHE 1 257, TN TIEMBE 4 OFEE RS0 H O E D
W T2 H A TDEDTH L. ZORREICH L TEDRRIEEEITo7. TDORER, K5
REGR 1 LD REWKINRE X I35 ZABOHFIENR RS- T, £ L TENIIDTDSy
FEDFIHRIC R S IR ND TH LN, AITHDL. UEOZ L2 F LD ORI TO
X T 5.
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FAGH) TRV E' Y 7 A% A,B,C I

D CE[#(Z
SERENS SRR XA
" # Do A
]
T
BE %

AL ETOEWRT —Z I X DMENDUTOFTREZNL T TN,

[FH] (4,B,C) &R TRWRER e 2 2T 25 L L, &5I12(4,B,0)I1ZD THD4y
RPN CTIRRWERET D, ZDE X, (A4,B,O)NBKEMNTRW e 513U, B, OB T
5.

7. WHABLGEZITSAH

Tex DHWE, MsBOEZ AT RAEEGETHZEThHD. DDA TITRE
Kb DO E IR OIIETHZ L2 AN E Lz, b L ZOEBERT L, RIT,
BIZIE TR 4 7 2ABOESIIED L D RIEEIZR> T D D0 En) Z R
TR D. TD—DODFNRNY & LTI E X T 2V MEEERTD.

[fif6) A4 B O X AT 2ETS. FLTHESRMEDICk->T, A=DA,
B=DB', C=DC'" 5% +%. oLt x, A=A'D, B=B'D, C=C'D:i&EL &,
A B ONIE-E X ITT 2RI LS.

(FEWA) A?+B?=C?X Y DA'DA' + DB'DB' =DC'DC' TH Y, DITITWITHINIE(ET
HDT, ADA'+B'DB' =C'DC'%%55. HIroDuE#THZ & C, ADA'D+B'DB'D =
C'DC'DEEGD. LizioT, A2+B%2=C?B0 b, ABOITE-EXITT 2L
72%. Q.E.D.
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[£7%5) (4,B,C) (A B,C)DDIKRIREH TT7 2 LS.

B 7)  Bl6 TWMoTKEHH e X TT7 28

A:(gié) B:(g i) C:(g %)

1= 96 3)2=6 DG =6 DG F)
Thv,
“T=(g _32)(3 zlx)z(g Izs) B:(g _41)(3 D:(g 106)’
= 5 9= 2)
L &, A,B,0) 1XZA,B,CYDODMK IS T7 2 THDH. O

8. 5 ERH

BAE, ©X 3T AEOHFIEITATLT, 3|EX AT A E VD L DO EEFR LTI
BT TN D,

[[£#%6] (A4,B,C,D) 7% (M%) 3RERZRISAMTHS &1L, A B,C,D D11
53 & (2,2 IXIET

A>+ B3+ (3 =D3
BT THEDERND.

HIREC BT D Z OO RIL, FA 77— —T 1 —, T=XT ¥ 72 EOWFFENR
HHNTWD., LL, M2 OBEITHONISNTETUINDLD, AT H
THREFRIIRIEEON TRV, FxITEARBOREREZRAZL NS, M ETOM
TeHATH LT, MBI ORENZEN O ERDOTIERWNEHFEL TS, &5
kR X 7 ZAENFERICER L, BN EZITH) 2L BT D.
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