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F1EZ [FLBHIC

1.1 £

o(a) T BB o OO Z LT

62 (perfect number) & 13 o(a) —2a =0 %729 HRB a DI TH 5.

B DTEREBITA A T —IZ L > TEDEIRD SN 7D, SEREUIMRIZ H 2 Al D525
BT 207 X REMTH 5.

1.1.1 #A4 >—DERDEEHA

a ZEEDOTEREE U, a=2°L(L : &) OWIcEL.

o(a) = 0(2)0(L) = (2°T" = 1)o(L) = 2°T'L

LIRBDT N =21 —1 2 BE No(L) = (N+ 1)L £%5DT
N(o(L)— L) = L.

d=0(L)—L &BLELENd=L ULEDB>Tdix L OWETHE. DED 3 DDEEH
H5.

()d=1.N=Ld=1=0(L)—LIZ&Y L ZFEH p THY,p=L =N =2 1.
p =2t — 1 IZFEHT a =2 ZHIZZE2HDOE.

(2)d=L. N=1=2" —1 {2725 DT e=0. a BAHFBUI RV IE KT

(B)l<d< L.d&1,L JAHOKELRDTo(L)>1+L+d £>5Td=0o(L)—L>1+d.
ZHIEFE.

o(a) —2a = 1 %7z 3 BREUE pseudo perfect number (BEBIZEREN) LIFEN D Z 2 03H 5.
INEREZUTHIET 2052 MbhTn5.

1.1.2 FRERZDHEHDM

o(2¢) =2 1 BRI D L E e+ 1 BFEBMTHD. ZZTlEg=ce+1 DBEHLRDY
BIZBR> T ,0(2¢) ORRNEGHEEZ L TS,
o(2°) DEH ¢ 1272 BHE1F



q=3,7,31,127,8191, 131071, 524287, - - -
Yo THEMIS . TH5E ALYy IERE NS, (e+ 1 REREBELEDRTH )

£ 1.1: 0(2°) =271 — 1, e + 1:FHK

2¢°=aq o(a) FIRE 7 i
2=2 3 [3]

22 =4 (7]

24 =16 31 [31]

26 = 64 127 [127]

10 = 1024 2047 [23,89)

12 — 4096 8191 [8191]
16 — 65536 131071 [131071]
18 — 262144 524287 [524287)
222 = 4194304 8388607 [47,178481]
230 = 1073741824 2147483647 [2147483647]

0(2°) IO & & 290(2°) SRR B, IR IZ
2%3=6,4%7=28,16 % 31 = 496, 64 127 = 8128, - - -

R, INSIFERADVPER L2 4 DDREHTH 5.
FEBR, a =2° TR LT ola) WEH g DEEa=ag 2BE ¢g=0(2° =2 -1 &V
g+1=2"1=2q DT

o(a) = o(a)o(q) = q(g + 1) = 2aq = 2.

L7z o T o 1358285,

FEBDEZRIININBOMDBBETH D, RN RO—EME L WBOR O ARIZIE, FHE
FOMDARDBAHARTHS. LBIZ, =270y RIZRKRINDZEHRF Y v OBEHENR W
LizE/)Thb.

HADEKRER SHTHE > TV BEEEFIOF D AR 2500 FH BT FE R S g2 RO
bz, HAN K S 2Ky EROREZ M7 Z 5 (BC300 ) FHEBFIORDOAR (21—
2V v R BC300-) B TET\\ 7.

LU, B2 a 1363 0(2°) DE q 12725 a=2° VT a=2° L E T B0 ?

EWV IRV UTIREIT TV, 5.

ZIZTIEEEE a TR U ZDERTOMEBA 2 DEGEICR > THL Z 2127 5.

AT DOIAFERTEIL o« DERTOMEIEH 8 KGR ST T WD S L.

ZZTlda DHEZ SRR TFOMEEE s(a) &EL.



1.1.3  s(a) =2 DEZDELEDA

ZZTls(a) =2 DL ERIHED. a ZERNBHMEL a=p°¢f £T5. X =p°,Y =¢f &
BLla=XY ¢45.925¢p=p—-1,gq=q—1%flid&

(pX — lqu -1)

pq
THODA=pX —1,B=qY —1,p =pg & BFIX

o(a) =

AB _ 2XY.

=

EEHELT
AB =2)'XY.

AB =20 XY O XY Oz R B E R=pq—2p 71
RXY =pX +qY — 1.
CZOREFEAENE NS,

R=pg—2p=2—(p—2)(q—2) THOLEAREXANS R>02DTp=27"1DR=2. L%
MoT2XY =2X +qY —1 DD H, Y > g2 Lo T,

0=2XY — (2X +qY —1) = (2X — q)Y — (2X — 1)
> (2X —q)g— (2X - 1)
=2X(¢—1) - (¢* - 1)
=q(2X —¢q—1)
£oT

qg+1>2X.

— 1, 2X —q)Y =2X - 1) &N 2X —¢> 1. TH8bB2X > g+ 1. £oT2X =g+ 1.qg=
26t _1.a= XY =2%. UL7=23> T, 2&H.



B2E RBOTEHEBTEH

2.1 7TV EFAT—DER;(P=2) DHFE

p>2MEHDLE2X 1 ZANEUI EULINHEDPERLS ANV XZEHLE WS,

20 — 1 DAV XF DL & 207120 — 1) FERBEMRD. Aty IBDPFER TRV
&, BERNTORFOEL VREAE HIT 5.

FE1Lp > 27 PFEHOLE 22 -1 OFERFB Q X Q-1 =2Lp £FEIIFB (Fermat). T H5IT
Q@ = +1 mod 8. (Euler)

Q=1+2Lp BDT 2p+1 DEUNIARD. ZZTQ=1+2p DHEEEFRS.

ZDEIT p,2p+1 e HITEBITIR D55, p % Sophie Germain FEH &\ 5.
p=2,3,511,23 SWNZDHIT, L H D Z S EZNERIZH D08 5 DIED o TV,
IROFEFNEA A T —MWFPRU 25 F2 57TV Y a L -,

E 2 p>2 BEHERBOEE, M, =20 -1 5L,
Q=2p+1DF K PD2Q=+1mod8 DL X (Q=2p+1I12&D Q=1+8k IFEHZX\.
By Mizutani) Q = 2p+ 1 & M, O#E. & <IZT M, EA )V IFEHITR SR,

WIZQ=2p+1 7 M, DR¥45 Q IFHREL.

Q=2p+17EH Q=+1mod8 D& ¥, Q=1mod8 DHFEIFHB X\,
= -1mod8 DHHIX Q=2p+1 = -1+8L FEIEDT p=—-1+4L THhbbH,
p=3 mod4. ZDEIR QIEF Q=7 mod8Q="7,47 RETH 5.
MDOFIE M, =20 —1 DEHRKE Q IZ2VWT Q-1 2N L2 DTHS. [2,p,- ]
DI > TWVWB I RRDIRETH S,
RIZKRD RS2 AT 5.



P=27%0DT[23] &2 2EKL, N, =23-1=7.
N, OKZERT Q IZ2\T Q — 1 2ERBHMRL TNV 5.
Q—1=06 DERNBIMRIL [2,3] (253 22D XS 2 list THRBLTWS.

P=2 p=7

N, =127 = [127]
126=[2,32,7]

P=2 p=11

N, =2047 = [23, 89]
22=[2,11] 88=[23,11]

P=2 p=13

N, =8191 = [8191]
8190=[2,32,5,7,13]

P=2 p=17

N, =131071 = [131071]
131070=[2, 3, 5,17, 257]
P=2 p=19

N, =524287 = [524287]
524286=[2,3%,7, 19, 73]

P=2 p=23

N, =8388607 = [47,178481]
46=[2, 23] 178480=[2%, 5, 23,97]

p=11,23 DHAEE N, EHEBIZ SR\,
L7z T, 5e R 5cid i,

LA L, N, O&EERFO® OMEEIZMKD 2L DTH 5.

INSDWER, 7z, A1 55—, 5770V a b WHORBOBEREEE-LORELES
DTHBN, TDHDEMPFRN S N2 Z EIXRHZE VT WA,

ZIZTiEp=23,Q=47TH7 Q=2p+1 %iii/=7.

BoOKEWHlEHITTHL.



P=2p=29 2DT [2,29] % 2% 2EKRL T\ 5.
N, = 2% — 1 ORRBEH [233,1103,2089].

Oy = 233, Q5 = 1103, Q3 = 2089 12D\ T
Q1 —1,Q2—1,Q5 — 1 ZHRBDAEL F-FE R D

Q1 —1=232=12%29],Q, — 1 = 1102 = [2,19,29], Q3 — 1 = 2088 = [23, 32, 29]

END 2x29=2xp BHERFELTA>TWV3S.

INAVEILD FR 7 D THURZ DB EOFER VL TREILTL X .

—fIZ P E2FHEBL L, N, = P BRBO L E a=p°N, & P ZEETBRR2ME .

—MUZ P EFRBE L, p=e+ 1 PRBOLE, Q=T THLTa=pQ & P ZEL
TEFRERE WD,

UTTHR, ERBOFEHR P 0B&LIOTN, = =1L 0KFZNT Q ORNBMHET>

TWa. ZOBUERI P S EERO D BFEREZFKR L TWZITES L.

#2.1: P=2:5 At 2 (JEER)

» N, SRS R

11 (2047) 23*89

23 (8388607) A7%178481

29 (536870911) 233*1103*2089

37 (137438953471) 223%616318177

41 (2199023255551 13367*164511353

43 (8796093022207) 431%9719%2099863

A7 (140737488355327) 2351%4513%13264529

53 (9007199254740991) 6361%69431%20394401

59 (576460752303423487) 179951*3203431780337

67 (147573952589676412927) 193707721%761838257287
71 (2361183241434822606847) 228479*48544121*212885833
73 1 (9444732965739290427391) 439%2298041*9361973132609
79 (604462909807314587353087) 2687%202029703*1113491139767
83 (9671406556917033397649407) 167%57912614113275649087721

97  (158456325028528675187087900671)  11447*13842607235828485645766393
101 (2535301200456458802993406410751)  7432339208719*341117531003194129

ENR3DEEp=>50DHAE Ny =2x112. Z XA
(LD L, 20— DKHFITH 5 Z & %)

9



# 2.2: e+ 1: prime, ¢ = 2p + 1: prime

e | (2e+3) =factor (Q = (3°*! —1)/2) fet 2¢q

2 (1)=7 (13) 13 117

4 (11)=11 (121) 112 9801

10 (23)=23 (88573) 23*3851 5230147077

22 (47)=47 (47071589413) 47*1001523179 1477156353259726319517

28 (59)=59 (34315188682441) 59*28537%20381027 785021449541029367424039801

40 (83)=83 (18236498188585393201)  83*2526913*86950696619  2217132441215188849680459825800
52 | (107)=107 A B

A = (9691622833840009948398361)107 * 24169 * 3747607031112307667

B = 62618368768939376720930024035982040019969414457001

2.2 TIREFAT—DER(P=3) DIFH

3EEE LEALE Y XZERIZOVWTE 7oA 1T —ORERIZIETIT 3.

B3 p HFEBOL E T2 OABPERM Q 20w TId Q-1=2Lp £ HIT 3.

X512 Q =41 mod 12.

MDFE A OEFERM Q 12DV T Q— 1 2HRENMLZEDTHS. [2,p,---] DI
HRoTWAILEEDOIRETHB.

P=3 p=5
N, =121 = [11,11]
10=[2, 5] 10=[2, 5]

P=3 p=7
N, =1093 = [1093]
1092=[22,3,7,13]



P=3 p=11
N, =88573 = [23,3851]

22=[2,11] 3850=[2, 52, 7,11]

P=3 p=13

N, =797161 = [797161]
797160=[2%,3,5,7,13, 73]

P=3 p=17

N, =64570081 = [1871, 34511]

1870=[2, 5,11, 17] 34510=[2, 5,7, 17, 29]

P=3 p=19

N, =581130733 = [1597, 363839
1596=[22,3,7,19] 363888=[24,32,7,192]

P=3 p=23

N, =47071589413 = [47,1001523179]

46=[2, 23] 1001523178=[2, 23,29, 37,103, 197]

2.3 —BOBPBREBCTOIIINTELAST—DHER

Tz eF AT —DRERV A S NI HWDTE LI a = PPN, THHILT DL WS H
UWHESRZ T 5.

HP-1#£0modQ D& E¥
2)P—1=0modQ O &T
KA % BENRD 5.

BEBP 2ELTBHLEN, = 2 OFBHT (FH) Q L2V T

B

PP =1mod Q

12725,

1) P—1#0mod Q 251X modQ T P ONEITFER p THS. PAQITLD, 7L< D
INEBIZ X PR =1mod Q 2DT Q — 1 13 p TEING. £oTQ—-1=kp EI}S.

11



l-a) p>2 ZRET S, Q,p FEHITHERDT kITEE. L7 >T,Q=1+2kp LFE
5. X147 —DRAEIZE 5T
P = (P>
Q

P
L)
(@)
W Q = 2p+ 1 HFEE (p : Sophie Germain FEH) L35, T 51T (g) =1%z2kKETHE,
P=n? modQ %725 n 2’H 5.

P =PPF =1 mod Q. WAIZ

pr=pit =@l =1 mod @Q

INEY, ERNT QI PP—1 OFERNTIZHRS. P-1£0mod Q RDTQ XN, = P’;;l )
EPSEE

I-b) p=2DLEX Q—-1=2k.p=27DT Ny =P+1 2720 ZDORNEDED S EFE
FRT Q zkD 5.

2) P=1mod Q R OIXRDGENB T 5.
Pi=1modQ iZ&>T

Ny=1+P+---+ P! =pmod Q.

Q& N, DERFHDT N,=0mod Q. PZIZ p=0mod Q. p,Q FFEHRDT p=Q.
P=1modQ Iz Xz (g) - (5) ~ 1.
U723 o TIRDFERDGEH T & 72,

EE 1 AR P AEDOL E N, = P ORRF (W) Q ILOWT P—1#£0mod Q %51,

1. N, DERET (FH) Q 12oWT (g) —1.
2 —BIZ 21 BEK Q DL X (g) —1 BET B L, Q 1& N, DFELE T
P=1modQ % 5X, p=Q.

1% Lagrange D50 —f%1k.

EE 2 p AFMEL, N, =L 2B Q=2p+1 1 N, DHFLT 3.
IDLEQ=2p+1 BHFEK
Proof.
Q=2p+1 REKRTHRVET S, ZOBNOERTEED Q) £T5. 2p+1> Q2 %l
T.Qo b N, DERFRDT Q # P.

12



PP =PN,+1=1 mod Q.
p IBHLRDT Qo 2L U7z P O THS. 7z )VYOD/NEHZHNWT
P21 =1 mod Qo.
WRIZ, Qo—11Fp DFE. <2 Qy—1>piT7b
WH+1>Qi>p* +2p+1>2(p+1) +1.

INTFELL.
Lagrange OFERITEH A WARIZIL W& 5 72,

ME 52507 P IZonT (g) — 1 RWET Q ARELESIZ Q=2p+ 1 2T Q,p
B3R Q N, DENDRR T 2D 2L 2 HRAT 5.

() L =2 OB%, 7405 Q=4p+1 2177 Q,p R &,

P=3Thbhip>3DREHBN Q=1+2p BEHDLEp= -1 mod6 KD Q =
—1 mod 12.

s (5) =1 2y

DI LIFPAHIFERE U 72 (By Mizutani).

P=3UATHIARAHENI EDH L7255 M.

#23: P=3;,p,Q=2p+1=—1mod 8 &3

L p Q=2+1

2 11 23
5 23 47
20 83 167
32 131 263
44 179 359
47 191 383
59 239 479
62 251 503
89 3359 719

2.3.1 P=5 DiHpa
TR EFAT—DRE (—fRkDEGE) & P=5 T &

13



P-1=4=22%30Tp=Q=2No=P+1=5+1=2%3.Q=3,p=2.

EE3 1N, = T ORET @) Q LowT (5) = 1.
2 FHMQ w1 eHIBLE (5) =1 #IBET L, Q BN, ORKEH T

(3) =1 D&M FHRMADHEEA L S5EHE L ED Q = £1 mod 5 HEDRIK
%%,

Q=1 mod5D&E Q=2p+1 EHTHTBLTEHL 2p+1=1+5L. TN &Y 2p=5L.
p=5L=2Q=11. L7=h>T, (5°—-1)/4=11%T1.

Q=-1mod5DEEQ=2+1% p BEHDL X,

£24: P=5pQ=2p+1 bFEK

k p Q=2p+1=9+10k

5 29 99

17 89 179
35 179 359
47 239 479
71 359 719
83 419 839
101 509 1019
131 659 1319
143 719 1439
161 809 1619

2.3.2 P=50Q=2+1 bFZBOHEE

A = (46566128730773925781) = 59 * 35671 * 22125996444329

B = (11368683772161602973937988281) = 2238236249 * 5079304643216687969

C = (2775557561562891351059079170227050781) = 960555749+17154094481%27145365052629449
D = (2584939414228211483973152162718633917393162846565246582031)

E = 20515111 x 1431185706701868962383741 * 88040095945103834627376781
F

G

H

= (40389678347315804437080502542478654959268169477581977844238281)
= 179 % 9807089 * 14597959 * 834019001 * 8157179360521 * 231669654363683130095909
(2407412430484044816319972428231159148172627060269235244049923494458198547363281)

I = 2939 % 6329 * 129499 * 308491 * 304247586761 * 2084303944451

14



£25 P=50Q=2p+1HEHN

p Q=2p+1 (Np )=&K i
2 5 (6)=2*3
11 (781)=11*71

23 47 (2980232238769531)=8971*332207361361
29 59 A

41 83 B

53 107 C

83 167 D=E

89 179 F=G
113 227 H=1I
131 263 J=K

- %620216264269531 * 8237123176890810696379

J =918354961579912115600575419704879435795832466228193
3761787122705300134839490056037902832031)

K = 2621 * 23928199 * 34720241 * 16815642611861* —
250805666433416532678429525124977090318975999001796354124089

2.3.3 P =5 ;ZREAHLEDOEK

P=5 p=3

N, =31 = [31]
30=[2, 3, 5]

P=5 p=5

N, =781 = [11,71]
10=[2,5] 70=][2, 5, 7]
P=5p=7

N, =19531 = [19531]
19530=(2, 32,5, 7, 31]
P=5 p=11

N, =12207031 = [12207031]

15



12207030=[2, 3, 5,11, 71, 521]

P=5 p=13

N, =305175781 = [305175781]

305175780=[22,32,5,7,13, 31, 601]

P=5 p=17

N, =190734863281 = [409, 466344409]

408=[23,3,17] 466344408=[23,3,17, 31, 36871]

P=5 p=19

N, =4768371582031 = [191,6271, 3981071]

190=[2, 5, 19] 6270=[2, 3,5, 11, 19] 3981070=[2, 5, 19,23, 911]
P=5 p=23

N, =2980232238769531 = [8971, 332207361361]

8970=[2, 3, 5, 13, 23] 332207361360=[2%, 32, 5,7, 23,293,9781]

234 P=7

FRIZIEIAT) VI BRE D oD TEIEREZ Z ZIZ#HE 5.
HEB P=7THIEDL &,

EE 4 HEHRpATIZDOWVWT

1. N, = 751 OREF (@) Q 22T (5) ~ 1
2 FBMQ w1 eHIBLE (T) =1 #IGET L, Q & N, DRMET.

P-1=6=2%3. LE#>TQ=3=p &74H Tzl =3x19 il

2.4 P =1T; p: Sophie Germain 3%

1) BCT 5282, 7 L REBER Q ILOWT (%) =1 %&f#<.
HEEANZ & D
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Q=1 modd D& & (—1)% =1. Z0HA,

(9) oarsrigtzTE 5.

2 =43 =9=2 mod7ICkD Q=1,24 mod 7 %5 (¢) =1.
Q=356 mod?t,cv;(%):—L

MAGDLEZL Q=1 mod4d 2 Q=1,2,4 mod7 725 (%) =1

INZEHLICHETS. Q=1+4k ZHVTHEAQ=1+4k=1,2,4 mod 7 Z2EZET.

Q=1+4k=1 mod 775 k=0 mod 7. PAIZ k=TL £FITZH5 Q =1+4k = 1+28L.
@ =1 mod 28.

14+4k=2 mod7 75 4k=1=8 mod7. k=2 mod?7

WRIZk=2+7L EITEP5 Q=14+4k=9+28L. Q =9 mod 28.

1+4k=4 mod7 75 4k=3=3+21=24 mod7. k=6 mod 7

WRIZk=6+T7L EIIBEDNS Q=1+4k=1+24+28L =25+ 28L. Q = —3 mod 28.

WIZ Q=3 modd D Q=356 mod7 75 (g) — 1 DHDEE.

Q=3+4k ZHVTHERXNQ=3+4k=3,5,6 mod 7 Z2EEHT.

Q=3+4k=3 mod 75 k=0 mod 7. PAIT k=7L £EIF 275 Q = 3+4k = 3+28L.
£27T, Q=3 mod 28.

Q=3+4k=5 mod 775 4k=2=2+14=16 mod7. k=4 mod 7. PAIT k=4+T7L
EEILNS Q=3+4k=34+4(4+7L) =19+ 28L. Q = —9 mod 28.

Q=3+4k=6 mod7 75 4k=3=3+21=24 mod7. k=6 mod7. PAIT k=6+7TL
EETENS Q=3+4k=3+4(6+7L) =27+ 28L. Q = —1 mod 28.

BLEIZE D, (g) —1OrEQ=+1,43,49 mod 28.

2)Q=2p+1 £EETHLE, (§) =1 OBALEST p 25k 5.

2a)

2p+1=+1+28k &EITDLEp=(£1-1)/2+ 14k IZ& D (£1-1)/2 FEHH. +1=-1
DT p=—1+14k,Q = -1+ 28k. Hilix p =13 428 =41,

2b)

Q=2p+1=+43+28k LHFIFEDTp=(£3-1)/2+ 14k 1T &Y (£3-1)/2 1FAE. £3=3
ROTp=1+ 14k, Q = 3 + 28k. #ilix p = 29, 43,

2¢)

Q=2p+1=+9+28k LEIFZDOTp = (£9—1)/2+ 14k (T&D (£9 - 1)/2 IFAH
+9=-9 D Tp=—-5+14k =9 mod 14;Q = 19 + 28k. il p = 23,37,79

PAEXD Q<200 &3 5L Q=47,59,83,167.

P=7TDEEDFTP-1=6=2x312&D p=Q =3.

p,Q=2p+1 BRED L DK,
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#£26: P=17,p,Q=2p+1=27+28k HFEHK

k D Q=2p+1

41 83
83 167
17 251 503
20 293 587
29 419 839

74 1049 2099

K2 P=T,pQ=2p+1=3+28k HHEK

k P Q=2p+1

29 99

113 227
17 239 479
20 281 563
35 491 983
47 659 1319
53 743 1487
65 911 1823
68 953 1907

92 1289 2579

#£28 P=7,p,Q=2p+1=19+28k HHEHK

k P Q=2p+1

1 23 47

13 191 383
16 233 467
25 359 719
31 443 887
46 653 1307

73 1031 2063
100 1409 2819

A = (7427940054393865983365007662428001) = 83%20515909+4362139336229068656094783
B = (102812251604677061048459359469231621132196401)
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£29: P=7,Q=2p+1 HEH

p Q=2p+1 (N, ) =K 57
2 5 (8)=23
7 (57)=3*19
11 23 (329554457)=1123%293459
23 47 (4561457890013486057)=47*3083%31479823396757
29 59 (536650959302196621139601)=59*127540261*71316922984999
41 83 A
53 107 B=C
83 167 D=E

C = 8269 x 319591 * 8904276017035188056372051839841219
D = (2317320324970087447233098679232119852283366872016190787490668645944057)
E = 167x66733x76066181+7685542369+62911130477521+303567967057423x18624275418445601

Q=2p+1M N, DRNERTL725DIE

@ = 47,59, 83, 167.

FhIa U7z p IZIRDEED:
p=23,29,p=83=13+5%14,167 = 13 + 11 « 14.

241 P=7 ORR#¥HHE

P=7 p=3

N, =57 = [3,19]
2=[2] 18=[2, 3%
P=7 p=5

N, =2801 = [2801]
2800=[24, 52, 7]
P=7 p=T7

N, =137257 = [29, 4733]
28=[22,7] 4732=[22,7,13?]
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N, =329554457 = [1123, 293459
1122=[2,3,11,17] 293458=[2, 11, 13339

N, =16148168401 = [16148168401]
16148168400=[24, 3,52, 7,13, 19,43, 181]

P=7 p=17

N, =38771752331201 = [14009, 2767631689
14008=[23, 17, 103] 2767631688=[23, 32,17, 71, 31847]

P=7 p=19
N, =1899815864228857 = [419, 4534166740403]
418=(2, 11, 19] 4534166740402=[2, 13,19, 15913, 576791]

P=7 p=23
N, =4561457890013486057 = [47, 3083, 31479823396757]
46=[2, 23] 3082=[2, 23, 67] 31479823396756=[22, 72,23, 1811, 3855937]

2.4.2 P =1modQ Dl

# 2.10: P — 1 OERNEH

P P —1 OERNEHM

3 [2]

5 [22]
7 2,3
11 2, 5]
13 [22, 3]
17 [24]
19 [2,32]
23 [2,11]
29 [22,7]
31 2,3,5]
37 [22,32]

2.4.3 P =31 ODBTLHK
P12 2{H EOXFMERN T2 ELHEEE L.
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#2.11: P—1 OERBH R

P P-1DERBDMR

41 [23, 5]

43 2,3,7]

47 2, 23]

53 [22,13]

59 2,29

61 (22,3, 5]

67 2,3,11]

71 [2,5,7]

73 [23,37]

79 2,3, 13]

83 [2,41]

89 [23,11]

97 [2°, 3]

101 [22,57]

#212: P=31

P (N,p) R
3 (993) 3*331
5 (954305) 5%11*17351
7 (917087137) 917087137
11 (846949229880161) 23*397*617*150332843
13 (813918209914834753) 42407*2426789*7908811
17 (751670559138758105956097) 751670559138758105956097
19 (722355407332346539823809249) 571*%14251*88770666332610762169

23 (667110388134976008804624141476513)  1509997*61562537*7176374761323733117

P—-1=30=2%3%57%0DTQ=23,5ZEH
p =3 TORKBIE 3x331 T Q=3.
p=5 CORERKNBIM 511+ 17351 T Q = 5.

2.4.4 P =43 OPTLH

P—-1=46=2%3x77HDT Q=37 I21FH.
p =3 TORKBIHE 3x631 T Q=3.
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#2.13: P=43

p (Np) 7

3 (1893) 3*631

) (3500201) 3500201

7 (6471871693) 7*5839*158341

11 (22126041415981493) 6038099*3664405207

13 (40911050578149780601) 40911050578149780601

17 (139866740627629048068560801) 647*56770350869*3807926835707

19 (258613603420486109878768921093) 229*2699*4219*46399%2137444528747943

p =7 CORERKBIME 75839158341 T Q =T.
N THRERIZIEL\WAY,6/26 ICRAFERIA P =43 LEIREL I A% P =47 L
ZZTP=47T OFFELBEEHSENTRE 2. 2w .

2.4.5 P =47 OPRLEH

7 2.14: P =47
p (N,
2 (5 5 (48) 2% %3 2256
3 (7 7 (2257) 37 %61 4985713
5 (11) 11 (4985761) 11 % 31 % 14621 24328923222241
7 (15) 35 (11013546097) 43 x 256128979 118717384915430520913
23 (47) 47 p Q R

P = (6244431427870991103143587190904393457)

Q = 23 % 6630274723 * 40948079822587250236010333

R = 38163287179566286364739584960284318645903560932520605771619355525614197713
72720 p=11,13,17,19 13EH

P—1=47—-46=2x23,p=Q =23 D’H 5 I L 2 MERTE .
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246 P=11

P=11,P-1=10=2%5.Q=p="5 2bH 3.
ZOrE Ny = E=1 — (16105) = 5+ 3221,

PP _ p_
N, = ﬁlz 11101_

# 2.15: P=11
e p (2p+1) (N = 53R a
12 (5)=5 (12)=2%*3 132
2 3 (1)=7 (133)=7*19 16093
4 5 (11)=11  (16105)=5*3221 235793305
6 7  (15)=3*5  (1948717)=43*45319 3452271037237
10 11 (23)=23  (28531167061)=15797*1806113 740024994423222267661
12 13 (27)=3%  (3452271214393)=1093*3158528101 10834705943388058361345353
16 17 (35)=5*T  (50544702849929377)=50544702849929377 A0
18 19  (39)=3*13  (6115909044841454629)=6115909044841454629 A
22 23  (47)=47 B C
28 29  (59)=59 D E
30 31 (63)=3?%7 F G
36 37 (75)=3x%5> H I
40 41 (83)=83 J K
42 43 (87)=3*29 L M
46 47  (95)=5*19 N O

A0 = 2322515441988780809505203793273697

A = 34003948586157739898684696499226975549

B = (89543024325523737224653) = 829 % 28878847 * 3740221981231

C = 7289048368510305214290278538501245253967902613

D = (158630929717149157441443670489) = 523 * 303309617049998388989376043

E = 22876156239024650606645326473334848325625895160495412605609

F = (19194342495775048050414684129181) = 50159 * 2428541 x 157571957584602258799

G = 334929803495559909531894224896304907162715367932636041603766981

H = (34003948586157739899240688230576198697) = 2591x36855109%136151713%2615418118891695851
I =10511531995000535984031884072175901907045798792322646350775223148922564 70617

J = (497851811249935469864782916383866125124241)

= 83 x 1231 * 27061 * 509221 * 14092193 * 29866451 * 840139875599

K = 225324023604401248793730853803334956796672939988861482205529251845184623522089398641
L = (60240069161242191853638732882447801140033173)
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= 1416258521793067 * 42534656091583268045915654719

M = 32989690295920386835890134305346271024600891

— — 71541311810885973997778797699690196049501133

N = (881974852589746930929124688131918256491225687357)

= 2069 * 22666879066355177 x 18806327041824690595747113889

O = 7071633096370052987228539828633738974356170631456409943
— — 18500556468267327181081133208187483831077

2.4.7 KEODOE

KREBELTHEENVARENRATI R0,
e=0 mod4d D& Z ¢=1,3,5,7,9 mod 10
e=2 mod4d D& Z ¢g=1,3,7,9 mod 10

P=11 PZNFEHF2EY 2B 3EDL» o772 LR LIDESITREDOED 1,2 Hr
OEOMEIL 10 R T/ S NZHEZO T, RHMAERIZTER Y, WS 2 TE S,

ORI IITTHRERIL > THIRING., ZHIFEIPPEMERTIED S, £-72KF
BADRWHERLZDTH 5.

[WF2E3E] 2, 11 L RABEH Q KOV T (%) =1 %2fiR<.
FERXADEDND .
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248 P=13

Np — Pp?;l
#2.16: P=13

p  (2p+1) (N,) = 731 a
2 (5)=5 (14)=2*7 182
3 (1)=7 (183)=3*61 30927
5 (11)=11 (30941)=30941 883705901
7 (15)=3*5 (5229043)=5229043 25239591813787
11 (23)=23 (149346699503)=23%419*859*18041 20588710756109377851047
13 (27)=33 (25239592216021)=53*264031*1803647 588034167905566113995468101

17 (35)=5*7 (720867993281778161)=103*443*15798461357509
19 (39)=3*13 (121826690864620509223)=12865927*9468940004449

A = 479677535758244089774221240729252401
B = 13700070098791209449615908553795581328767

2.49 KEDOH
FKEBEIT DL,
ee=0 mod4d %5 ¢g=1,a=1 mod 10.
ee=2 mod4d 5 ¢=3,¢g="7 mod 10.

13* =1 mod 10. ZOME %> THHTE 5775 5.

25
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2.4.10 P =17 ORTLHK

# 217 P =17
p  (2p+1) (N) = 7 a
2 (5)=5 (18)=2 * 32 306
3 (=7 (307)=307 88723
5  (11)=11 (88741)=88741 7411737061
7 (15)=3*5 (25646167)=25646167 619036125548023
11 (23)=23 (2141993519227)=2141993519227  4318245869562919805432923

2.4.11 KEODOH
ep=1mod4 75 g=1,a=1 mod 10.

e e=3 mod4d %5 ¢g=7,a=3 mod 10.
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2.4.12 P=19 DBPREH

#218: P=19
p (2p+1)= (N) = 7 a
2 (5)=5 (20)=2%*5 380
3 (1)="7 (381)=3*127 137541
5 (11)=11 (137561)=151*911 17927087081
7 (15)=3*5 (49659541)=701*70841 2336276856400621
11 (23)=23  (6471681049901)=104281*62060021 39678305316298170811527701
13 (27)=33 A B
17 (35)=5%7 C D
19 (39)=3*13 E F

A=(2336276859014281)=599*29251*133338869

B= 5170916427125338184627482845241
C=(304465936543600121441)=3044803%99995282631947

D= 87820585119825665555381186232873824348321
E=(109912203092239643840221)=109912203092239643840221
F= 11444866473400800560844914118060307887728197861
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2.4.13 P =23 OBPTLEH

#2.19: P=23
p (2p+1)= (Np) = 72 a
2 (5)=5 (24)=23*3 552
3 (1)=7 (553)=T*79 292537
5  (11)=11 (292561)=292561 81870562801
7 (15)=3*5  (154764793)=29*5336717 22910743717655977
11 (23)=23 A B
13 (27)=33 C D
17 (35)=5*7 E F
19 (39)=3*13 G H

A=(43309534450633)=11*3937230404603

B= 1794162914577065657306289817
C=(22910743724384881)=47691619*480393499

D= 502080344178161156557235817166801
E=(6411365434575589496641)=103%*62246266355102810647
F= 39318406442815392450806435199657663047640001

G=(3391612314890486843723113)=2129*63877469*24939218613613

H= 11002902177363902238826201492329237570873472728697

BAEW SIRDOHER DA HE:

N, ¥ p=2, P=—1 mod 4(P=3,7,11,19,23, --- ) D& & p> =4 THN 3.
p> 2 1A
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533 Wieferich OF=#& FD—i%1b

3.1 Wieferich OFZMDESEH

TWEB p LT 207 — 11X p OFEBUZRZ L WD ERDP T 2 VY D/INEHTH B,
2r=1 — 1 WY p? ORI B EDHEE p % Wieferich DFEE L L5,

Wieferich 1% (7 2 VY DREM) 2P + yP = 2P (p > 2: FE) ZHi72 T 0 TRVWER z,y, 2
N EhE p TENARWEE (T IVYOREHDOES (1); % LWIES) p & Wieferich D5
5% 2 &R LU THFOIIA 2 ErE T

Wieferich DRBUIAAMUMED H 2 FE L N TW5.
FHE 2 D721F T 1093,3511.( 3 H H D Wieferich DEBUIH 2 L T5 & 3x 1017 T HhAKEWV)
Wieferich DR DS % 1572 X 7 W p % FE Wieferich ZE L w5,

LArthur Wieferich in 1909
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3.1.1 abc F¥78
EARE n % BIRNE R L

n=p1p?---p,,e; >0

LB L& RRT DM pipe - ps & n OIS (radical) £ W\ rad(n) & EFKL.
rad(n) IFEWTERD LA T TV (n) ODRFEDEKTLTHS.

abc PR L IE HAR a,b,clda+b=c %Hi7zL a < b,(a,c,b) lEHWICHERE ELEDOE
Be>0Il20WTHIEHR K. WFIELTRTD a,b,c LELDFEMEZTEZT) I2DWT R = rad
(abe) B &
c< K R

NS AIRVASS

abe-FAEDMAET 5 & I Wieferich EEUIMERIZH 5 Z £ 233D 5 (Silverman 1988). L HH—
AT & > T abe-FRMNR I NBHE, FE Wieferich FEUIMRIZH B Z &3 o7z,

Wieferich Z#0& 2 il U 22 D02 & 220 WBITE, I Wieferich REUIEIRIZH S5 Z L IFEHEEL X T
WRER L S5 TEWV. ZOEIRIKHMBU P T VIR TE abe-FREMORNVERT I EWBT
SRV, TNEBFEORBEI ZRBELTVWS.

ZITIE 25 18 p? OB B EDEE p & BRNFERTO Wieferich DFEBE NS

AR T DA

?7- wieferich_loop3(2,1=<20000) .
wieferich = 1093
wieferich = 3511

Z X Wieferich O£ 1% 1093,3511. Z2EKT 5

?7- wieferich_loop2(2,1=<20000) .
wieferich2 = 3511

RN IR T D Wieferich DFERE 3511.
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3.1.2 Wieferich D& & T2 DERK

FEBIZOWTIE Ip:EBD L EA )L Y X2 — 1 I EHRTRH L0 &S RE»
HO, ERAENEFBREINTND,
FHp>2T/LT 20 -1 BERDOFES Q? THNG L &

2”7 —1=0 mod Q?

Fermat (Z&HE 2971 —1 =0 modQ DT Q—1=pk. Q,p FFHFEHREDT k IZEEL
k=2k tEFZZ2 5D 2% —1=2"_1=0 mod Q2. TP X Q ML TD Wieferich
DERUIRS.

Z AT AMTE D W ER WK T D Wieferich DEBAHTEZZ L IZEREZHEZ 5.
HRWEKRTOD Wieferich OF#IL Q = 3511 72721 D, UhFE I TV,
Q=3511ITR/HLTQ-1=0k IZEoTpHEE5.

3511 — 1 = 3510 DFRNEMRIE 2% 33 %5 % 13.

XoTp=5 7k 13.

p=5D&E 22w _1=31

p=13 D& T 2P — 1 =18191 EHLRDOTEANTZFE7=7\.

D D Wieferich DFE# 1093 THEAL THA LS.

1093 — 1 = 1092 DO FEKE iR 22 + 3% 7 % 13.
p=3D&E 22w -1=7 FEROTELRHRTEFR =720,
p=T, D& 2P _1=127T.
FERRDTEAR T 2R 78\,

LU, 1017 £ 0 K& 72 Wieferich DFRBHFHRENT I 26 PHRTRH 2 A )L > T
MMAD I % ATRENED T S .
LU, 23 HRTHH 2 Aty TN Bbns.

3.1.3 P A.2KETHHTEH

T, MRS EBOMEE D E 5D TEMDTERBDGE, Thbb, AR P 2KL
TEHHERBUIRD.

ZITP=30D8KRERDL2FHD L ZAIZHLE p=5IZHUTELE N, =121 = 112
BHTW3.

SEFRT D2 — MDA N LV ZEDRP L HHBIZE DN - 72D 7.

DVTHRAS, 3 FBHOH 221 = 1093 1% Wieferich DEHTH 2. MLV > BRTH S
5.

INESISNUWRRTHS. IIZEEZVWAWAEZT N, WEARTEFOHLEEZHEL TA
£5.
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#3l:p=e+1,N,= (37 —1)/2:3R%

e 3 =FKNEHME N, N, DRI
2 32=9 13 [13]

4 3*=381 121 [117]

6 35=1729 1093  [1093]

3.2 HFFRHY P #EE T D Wieferich

HEBPIZHLUT P HERZER Q 1Z PR —1 28 Q? DEBUIRBGEERQ % P
%K & $ 5 Wieferich ¥ X\ 5.

& D EHIZ — R D Wieferich FE# & B\ .

HEH Q 1X P2 —1 20 Q2 DB AR BIHE P KL T 5 MV EIKD Wieferich B2
(AL

3.2.1 Q=2 DFAE

JE RNHZER P 2DTQ=2+R2Z:H5.

P—1040{88k5 5483 H%bb P=1 modd D& X 25 P K& T 5 Wieferich
DR D,

LALZDEE R p il DOWT N, 134 2 FARFICHRZRW. Z0&2 NN TIEs 5.

p: AEBOLE £ EIZDOWT PP=1 mod4 i2&->T

N,=(PP—-1)/P=1+P+---+ PPt =p mod 4.

WAIZ N, B4 2 FHRTFIZRDET5E N, =0,N, =p mod4 i &N p=2. FF. Zhik
N, &4 2 FARFHRRNI L2 HEIKT .

P=1modd D& No=P+1=2+4L. X>T N 1Z 4 %FHK IR =700,

P =3 modd D& &E Ny B4 ZVLHRFIIKDEE Ny = P+1 =4k &EIFZHDT
P =4k —1 BEBIZ R 256 E2BVET 5.
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BlTRDED .

#£32p=2Q=2P=3+4k

P=3+4k Ny=P+1 ORKNEH

3
7
11
19
23
31
43
47
99
67
71
79
83
103
107
127
131
139
151
163
167
179
191
199

2]
2]
[2%,3]

[2°]
[22,11]
24,3

[22,3, 5]
[22,17)
27,37
[2%,5]
[22,3,7]
[23,13]
[22,3%]

[27]

[22,3,11]
[22,5,7]
[23,19)
[22,41]
[23,3,7]

[22,32, 5]
[2°,3]
[23,52]

INS6D Ny WX FEARTZRD. FAHRT 2RO Z &3k U THIAN R BIR TIE .

3.2.2

ZRTELULTHR2LTS. 20L&

INEHRIZ XKD

— R DFETEHE — MR D Wieferich DFRE
WHEB P 2EIZTI2HERBCBE VT p=c+1 BEHDLE N, =

PP =1 mod Q.
1) P=1 mod Q THWRS, Q 2EL LT, P DMEIZ p. —H, P#£Q BDT7 I~V D

PP 1=1 mod Q.

33
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Q>3,p>3DEQ—-1=2pL EBH L EZHNTHITS. £oT

Q-1

P~z = PPl =1 mod Q%

L7935 T, FE Q XED P ® 5RWEIRTD Wieferich DEIZ% 5.
p>3 ERELTVWADT,Q=1+2pL>7 Q—1=2pL>2p2&Y Q-1 OAHHENRNT
pIZDWVWT N, = I OREBHMET, Q* AHEIZ R DL DEBRT T I

ZNIEERIZIZ T E RV, B THERMIIZITS.

2) p BMERLS p=2.Q=1+2k.
ez k=1,2,3,561250TQ=3,57,11,13
No=1+PRDTINH Q% TENDLGEELT,FETE. LHRNFE2ELEENLZIOLD

IZEBIZEONS,
3.2.3 N, M EFRFEETH

#33: P=-1+9N

P Ny =P+1 ORKNKIIHE

17 2,37
53 2, 3%
71 [23,37]
89 2,32,5]
107 (22, 3°]
179 (22,32, 5]
197 (2,32, 11]

3.4 P=—-1+52N

P Ny=P+1 OEKRELHE

149 2,3,5%]
199 [23,57]
349 2,52, 7]
449 2,32, 5%
499 [22,53]
599 [23,3,5%]
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#3.5: P=-1+T7N

P Ny =P+ 1 QRN

97 2,72

293 [2,3,72
587 [22,3,72]
881 [2,32,72]

% 3.6: P=—-1+112N

P Ny=P+1 OHEREHRE
241 [2,112]
967 [23,112]

#3.7: P=—-1+132N

P Ny =P+ 1 QRN E
337 [2,13%]
1013 2,3,13?]

3.24 Q>2 0DFEE
) P=1 modQ 7%5,% jIZ2& PP=1 modQ IZ&D

Np:1+P+"-+Pp_1Ep mod Q.
Ny=0 mod Q> I2&5 & p=0 mod Q DY EDDT p=Q.
P=1+Qk &BL &

Pl =14+Qkj+---=1+Qkj mod Q%

—1
Np:1+P+...+pp—1Ep+p(p )

x Qk=p=Q mod Q>
ZDEE N, =0 mod Q* IZFE. Lo TZIDHAIFEER.

HP#1 modQ 26, Ny=0 modQ I2&d& Q #EE LT P ORBULp. 727 I
D P l=1 modQ. £>TQ—-1=pk. p>2 D& EiT k=2L.
Ol = pL DT

Q-1
Pz

= PPL =1 mod Q°.
£oT QIXED P DFNEKRTD Wieferich DFEUT72 5. ZHIETTIZRLUT.
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3.2.5 (BULEKT)Wieferich DR DETE

JEDS P D (FWEK T)Wieferich OB E AMMIEELRDH D £S5 0D TIhorarya—&
THELTALS.

P,Q #20 #A 3L PP —1 OFFEIEALT, 5omhava—KR%&ELT, P27 —1
DRERRNBR%FEITT 2 L FEDNRBEL Tl RERAE 2 25 Lk,

ZITHE, PO 1A Q2 OGS pAEAD TRRDHEE 2 DOMOFEICE
WA, POMDEEE Q? 2L LTITD.

#* 3.8: HWEIRD Wieferich 8 P =3,---,199 O, Q < 5000

Pl Q
3 1
19| 3
19 | 137
23 | 13
31| 79
31 | 6451
37| 3
53 | 47
53 | 59
53 | 97
59 | 2777
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# 3.9: FWEIKRD Wieferich E# P =3,---,199 Ofl, Q < 5000

P Q
67 | 7T
71| 47
71 | 331
73 | 3
79 | 7
83 | 4871
01| 5
109 | 3
127 | 3
137 | 59
49| 5
151 5
163 | 3
173 | 3079
179 | 17
181 | 3
181 | 101
191 | 13
197 | 7
197 | 653
199 | 3
199 | 5
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ZDORIZHD PIZHLUT prime=Q THEAONS Q IZEALT, HFE K p 05, Q—1=2pL
W73, Q-1 0OEMTF p IZ2VT N, = =L ORBAREIT, QF HIRBUL DB D& R
T5.

3.26 7O45LA

RDTT T T L CTEFURLEREZUTFIZEL.

wief(P,Q,P0,PP):- Q2 is Q*Q,
power (PP=P"P0O mod Q2),

write (PP=P"P0) ,put(9),
write(mod=Q2) ,put(9),

(  PP=1 -> write(PP=ok); write(no)),
nl.

wief2(P,Q):- PO is (Q-1)//2,
PO >=2,

for (2=<P0,PW),

factorize (PW,PW0),

PWO=[PP],

write (prime=PP) ,put(9),

wief (P,Q,PP,KK),

fail.
wief2(P,Q):-!.
FATH
8 7- wief2(23,13).
prime=2 22=23"2 (mod)=169 no
prime=3 168=23"3 (mod)=169 no
prime=5 147=23"5 (mod)=169 no

9 7- wief2(53,47).

prime=2 600=53"2 (mod)=2209 no

prime=3 874=53"3 (mod)=2209 no

prime=5 867=53"5 (mod)=2209 no

prime=7 1085=53"7 (mod)=2209 no
prime=11 202=563"11 (mod)=2209 no
prime=13 1914=53"13 (mod)=2209 no
prime=17 2093=53"17 (mod)=2209 no
prime=19 1088=53"19 (mod)=2209 no
prime=23 1=53"23 (mod)=2209 1=o0k

38



P=53,Q=47,p=23 BEDII 5Nz, I SICHEZHEIT TIROFERE X /2.

* 3.10: Q? 7 N, DI

P 1 Q »p
3 |11 5
53 | 47 23
71 | 47 23
79 | 7
101] 5 2
137 | 59 29
49| 5 2
151 5 2
97| 7 3
199 5 2

3.3 EARFELHLOHEZTEHDH
UEDTF—22FRIZUTESRTF2E O\ E2ROHE2 HIT5.

3.3.1 P=353
# 3.11: P =53
p (2p+1)= N, = i a
2 (5)=5 (54)=2+33 2862
3 (7)=1 (2863)=7*409 8042167
5 (11)=11 (8042221)=11*131*5581 63456991998301
7 (15)=3*5 (22590598843)=29*778986167 500706190876621573747
11 (23)=23 (178250690949465223)=178250690949465223  31173812431056824238751548578194927
13 (27)=3 A B
17 (35)=5*7 c D
19 (39)=3*13 E F
93 (47)=47 e H

A = (500706190877047811461) = 13 % 3297113 % 11681692691969
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B = 245976374684817681602736538606687298140501

C = (3950812685697719092424754481) = 647 x 4013 x 12479 x 121936356626073149

D = 15314412936385684029826954552174353350696783028210620401

E = (11097832834124892930621135337183) = 229 x 326884 70798197 x 1482545708952391

I = 120838084300705448509353018182383219548095580591429385933186087

G = (87567239118838619296100386576471206763) = 472 x 4969 * 21529 * 16055056483 *
23080289344401529

H = 7523341718463863201525775016855522659535920597794835286613930378332647396067

P=212BWT Ny = 5d+1=2%3 2 ZIOFEARET 32,
GIZAT? LW EHRTHRH D, 47=2p+ 1.
p=29 £TTHL 592 LWIEHKTHH YD R 5D wxmaxima DHES &2 7=

332 P=T1
#312: P=1T1
2 (5)=5 (72)=23 % 32 5112
3 (1)=7 (5113)=5113 25774633
5  (11)=11 (25774705)=5%11*211*2221 654978581329105
7 (15)=3*5 (129930287977)=7*883%21020917 16644106779790992717817

11 (23)=23 (3301747030310022361)=23*143554218709131407  10747990727482727047368690334263535561

13 (27)=3° A B
17 (35)=5*T c D
19 (39)=3%13 E F
23 (47)=AT7 G big

A = (16644106779792822721873) = 3202878953 * 5196608121641

B =273124511757748992738986545319414474009953393

C = (422954732018032457097788761537) = 239 * 3652120847 * 484563667343825089

D = 176371117937340781806990224586174626005792843120041060998977

E = (2132114804102901616229953146908089) = 1900857799450121 * 1121659287043817009

F = 4481886586637081935569839157302377956474817214183976021737973255529

G = (54180621257240427046019992014174494350633) = 47%%242329%101214532738371118365636938570353

H = 2894194089963906004849054026497654260619806809292930186226138112926209752659428153
ICBWT Ny =23%32 5% 20D FHKT 22,32 2Ffo T3,

JIZBWVWT GIT47? L WO EHKRF23H B, 47T=2%23+ 1.
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3.3.3 P=179

#313: P=179
p (2p+1)= N, = 7@ a
2 (5)=5 (80) = 24 %5 6320
3 (1)=1 (6321) = 3 % 72 % 43 39449361
5 (11)=11 (39449441)=39449441 1536558922354721
7 (15)=3*5 (246203961361)=281*337*1289*2017 59849094506436090124081

p=3ICBWVT 72 LWVWHEHHRTFARHS. 7=2x3+ 1.

3.34 P =137

% 3.14: P =137

p  (2p+1) N, = 7 a

2 (5)=5 (138)=2*3*23 18906

3 (T)=T (18907)=T*37+73 354865483

5 (11)=11 (354865621)=11*101*319411 125010414744264181
7 (15)=3*5  (6660472840687)=8933*745603139 44038088983707823203728383
11 (23)=23 A B

13 (27)=3° c D

17 (35)=5*7 E F

19 (39)=3*13 G H

23 (47)=47 I J

20 (59)=59 K L

A=(2346320474383711003267)=2346320474383711003267

B= 5465035682610653717879961178365556122821683

C = (44038088983707871820318461) = 864319 * 19805293 * 2572605139183

D= 1925197417969549460912161511671456536120639693634141

E = (15513533694485813664044412986329681) = 17x103x8859813646194068340402291825431
F= 238913014349144128571410485112685260256845095745917501392062668019921
G=(291173513911804236660449587340421782827)=291173513911804236660449587340421782827
H= 84163168377442927933524042922256325776247704876773687945116498292399482547483

I = (102573254726919359630889312802648113437647615807)

= 1381 % 143235060131 * 518550578298278365204966204101137
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J =104444749751619994641076050602515305522087006896962812

— — 24738478203470769145406043274426557803983

K = (678199615411490923350187085927605536880232074954687758366541)

= 592 % 616367 * 316092460536539293043853391060042444716569284439483

L = 456597384633751903346547654483[60digits]475472486261488580834605020461

p =23 T K =592 % 616367 * 316092460536539293043853391060042444716569284439483
SEFHIAF 592,

3.3.5 P=197

% 3.15: P =197

p (2p+1)= N, = 7 a

2 (5)=5 (198)=2+ 32 % 11 39006

3 (71)="7 (39007)=19*2053 1513822663

5 (11)=11 (1513822861)=661*991*2311 2280026864369614141

7 (15)=3*5 (58749951412747)=T7*29*97847*2957767 3434036198152417107087067363

p=2 T FHKT 32

3.3.6 P =199

# 3.16: P =199

p (2p+1)= N, = 73 a
2 (5)=5 (200)=25 # 52 39800
3 (1)=7  (39801)=3*13267 1576159401

p=2 T FHKNF 23«52 2 EHDEHKNF.

3.3.7 B#E

FRVEIRD Wieferich 8 Q 1xH F D A,
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# 3.17: MOWERD Wieferich R Q OHl ; Q : 500 7*5 8000 £ T

P prime = @
P=31 prime = 6451
P=59 prime = 2777
P=T71 prime = 331
P=83 prime = 4871
P=173 prime = 3079
P=197 prime = 653

# 3.18: Wieferich &% P = 3,--- ,59 Ofl, Q < 5000

P Q

3 1
7 5

1 71
13 863
17

19

19

19 13
19 43
19 137
23 13
31 7

3.3.8 —##®M Wieferich &%k

ZDHRT P =5 DEED Wieferich ERNH TEVDIIREZL O CHRBIFHZ LT 5
P=50Q=20771 B"HTE/.
—RIZEZoNZZH P IZX LU TINEEE T 5 Wieferich 2RV H 2 Z & IFHGFTCE 5.
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% 3.19: Wieferich Z# P =3,---,59 OHl, Q < 5000

P Q
3179
31 6451
37 3
41 29
43 )
43 103
53 3
53 47
93 59
53 97
59 2777
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Mochizuki Theory and Poincare-Segal n-groupoids

Kazuhisa Maehara at Gifu

December 23, 2015

Abstract

In this article the way which Mochzuki’s theory is applied to is mainly modified just like the relative Frobenius
map. Thus we shall repair a proof of litaka-Viehweg conjecture, Secondly, we consider a surjective morphism
over a scheme from a product manifold onto a manifold with the automorphism group of general generic fibre
algebraic. We apply Poincare-Segal n groupoid to the situation above to prove that the latter manifold is also a

product after a certain base-change.

1 Introduction

In the first section we revised a proof of Iitaka-Viehweg conjecture by relative Frobenius like map.To show Ilitaka-
Viehweg conjecture([I],[Vieh]) max,,>1 x(det f*w?;%) > var(X/S) if the general generic fibre of X/S is of Kodaira
dimension > 0, one constructs a cyclic covering Y — X such that the general generic fibre of Y/S is of general type
and max,,>1 ~(det g*wg/"é) > var(Y/S). One shall show var(Y/S) > var(X/S) and that max,,>1 x(det f*w;eé%) =
max,,>1 r(det g*wgeﬁ}g).

In the second section we briefly explain Poincare-Segal groupoids to apply it toa kind of deformation theory of

manifolds with additional property.

2 Iitaka-Viehweg Conjecture

2.1 Application of Mochizuki’s Theory

Lemma 2.1. Let k be a sub-p-adic field. Let S be a variety over k. Let U be a geometrically irreducible and reduced
scheme surjective over S. Assume that U is trivial over S,i.e., there exists a variety Uy such that U is isomorphic
to Uy xi S over S. Let Ty denote the absolute Galois group of the rational function field of U (resp. T's that of S,

resp. Ty that of k). Then one obtains the next trivial representation
p:Tg — Autr,(T'y)
whose representatioin is trivial, i.e., one assoviates an identity homomorphism between I'y over I'g.

Proof. To each g € I's one has an automorphism of I'yy fixing I'gsuch that one associates (ug,s)? = (ud,s?) =

(ug,gsg™ ') € Ty to (ug,s) € Ty = L'y, xr, ['s and one has the unique homomorphism which factors the homo-
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morphism above on the pull-back through inner automorphism s — s9 of I's which is I'y:

'y

\

FUHFU

L

I's ——1Tg

I'x = Uicrzil'y

ziu; = xdud

One constructs a new representation of I's to a topological automorphism group Autr,(I'x) from a usual

representation I's to a topological automorphism group Autr, (I'x ) when one has a continuous homomorphic section

of T'y /T's. One has a finite representatives {z; }; in I'x such that there exists a cosets decomposition I'x = U;ej2; Ty
iug = 29U = o) uig

where there exists u;q € I'g such that the equality above holds.

Let 0 : I's — I'y C 'y be a a continuous homomorphic section of 7 : 'y — I's. Let g € I's and denote
o(g) by g. A usual representation I's to a topological automorphism group Autr, (I'x) when one has a continuous
homomorphic section of I'yy /Ts:

T;U; —> aciguig
where z;] = o(g9)zio(g™") and u! = o(g)u;o(g~"). One there denotes u; = (ug;, s;) € 'y = Ty, X1, I's. One finds
Uig = (U0ig, Sig) € I'y such that
9,9
i W

;U

= Tg(i)Uig
where i — ¢(7) is a member of a representation of I'g to a permutation group of I : I's — Sym(/). Now one

constructs two types of a new representation of I'g to a topological automorphism group Autr,(I'x):

1. Recall that 7 : 'y — I's and o its continuous homomorphic section and u; = (ug;, ;) € T'v = T'y, xr, 's.
Let s;, € I's such that
m(ziug) = 7(xi)si = m(xg(:))Si,
The map
Tl — xg(i)(u0i97 S/ig)
gives a representation of I's to Autp, (T'x).

2. Recall 2;9u;9 = 24(;)uig and denote m(u;y) = si9. Let 573, € I's such that

m(x3)s” = m(24(:))Sig = T(x7u)

The map
9.9 _ _
xi(uoi, ") = T]u] = Tg)Uig = T gy (Uoig, Sig)

gives a representation of I'g to Autr, (T'x).
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Note that I is bijective to I'x /'y as sets and it is a finite set by the hypothesis. Since Sym([) is a finite group,
the cokernel of the representation I's — Sym([) is finite. Hence there exists a generically finite morphism S’ — S
such that I's: & ker(I's — Sym([7)). Note that the pull-back T'yy along the inner automorphism I's — I's : © —
grg~! = 29 is itself I'y and it denotes Fg’). Note that I'y = 'y, xr, I's. One obtains the following commutative

diagram:

I'x

N

rY ——-ry

i Inn(g) l

T's —Tg g

where the right side square is a pull-back and the bottom horizontal arrow is an inner automorphism by g € I'g.
Then one obtains the relative homomorphism g : 'y — Fg?) =TI'x fixing I's.
Thus one obtains

I's — Autp, (T'x)(g — §)

One can apply Mochizuki’s theory([Mch])

Lemma 2.2. From Mochizuki’s Theorem ([Mch])

Aut?‘;;en(rx)/ker(rx — Fs) = Autzl()g)(k(X))

one obtains

T — Aut?"(I'x)/ ker(Tx — T's) = Aut?% (k(X)) — Out(T

k(S) XxsH(5))

Note that

OUt(FXxsﬁ) = Aut(T Jker(T,  —= — =)

X xsk(S) X xsk(S) k(S)

The representationl's — Out(T" factors through the algebraic group scheme which is the birational

X sk(5)
automorphism group of X xg k(S). One can take a subgroup I'g» of finite index of I'g:s such thatI's» just maps to

a neutral component of the birational automorphism group Bir’(X x g k(S)).

Since one has the next isomorphism

H'(Ts,Bir®(X x5 k(S)) = HL(k(S)/k(S), Bir®(X xgs k(S)))

One can find a genrically finite morphism S’ — S such that a torsor with group action by Bir®(X xg k(S)) over
Spec(k(S)) associated to an element of H!(T's, Bir®(X x s k(S)) becomes a trivial torsor,that is a neutral element of
HY(Tsr,Bir’(X x5 k(S")) since a torsor with group action by Bir®(X x s k(S")) over Spec(k(S’)) can have a section.
Therefore, the element H'(T's/, Out(T

XXSk(S))) is trivial which is an image of the element

H'(Ts, (T wa) — Aut(D

X x sk(S) XXS@)

representing the extension

FXXsﬁ) — FX — FS
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2.2 Weak Positivity

Our main aim was to show the following theorem.

Theorem 2.1. Let f: X — S be a fibre space of non singular varieties. Assume that k(wx,) > 0 for the generic
geometric fibre X;. Then there exists an integer m > 0 such that r(det f*wX/S) > var(X/S). Here f*wx/s) is

taken to be the double dual as the original conjecture.
Viehweg’s Lemma:

Lemma 2.3. Let 8" — S be a Kawamata covering with respect to an ample divisor. Let X xg S’ — S be
the pull-back. Then X xg S’ has rational singularity. Further take a desingularization X' — X xg S’. Then

r(det fl.w¥] /S,) < k(det f*wX/S)

We shall prove the theorem above in the following several steps. By Viehweg in order to prove the theorem,

we can assume further that var(X/S) = dim S and show the theorem.

XXSIHXO XTSI

| ‘
S<——9
Xo
T
Let f : X — S be a fibre space. From the extension of the functon fields R(X)/R(S), we have purely
transcendental indeterminates t1,-- - , ¢, over R(S) such that R(X)/R(S)(t1,--- ,t,) is a finite extension of degree

d. Hence we obtain a dominant rational map X — S x P". Resolving the indeterminacy of the rational map
X — S x P", we have a birational map X’ — X and a morphism ¢ : X’ — S x P". We replace X’ by X and
let Z denote S x P". Let X" be the integral closure of Z in the function field R(X). Namely, p : X — X’ with
v: X" — Z is Stein factoization. Let p: X — X’ be the structure morphism.

Recall the next lemma due to Kawamata-Viehweg.
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Lemma 2.4. wx/s is weakly positive with respect to f.

In other words, given any a > 0 and any big Q-invertible sheaf L over S, it holds that H(W?;?S ® f*L) > dim S.

We have a rational map X — P(I'(X, (wx/s ® f*L)®™)) defined by Ox @ I'(X, (wx/s ® f*L)®™) = (wx/s ®
F*L)Y®™ for m >> 0. Take a resolution of the indeterminacy of the rational map, which is denoted by by X* — X.
Then replace X* by X. Since X is non singular, there exists an effective Q-cartier divisor D such that w?}% Rf*L =
Ox (D) for any a > 0.

Lemma 2.5. Let D be an effective Q-divisor on X. There exist an effective Q-divisor E and an effective Weil
divisor D' on X" D = p*D’ + E such that E is a p-exceptional divisor, i.e., the p image of the support of E in X"

is of codimension < 2.

Proof. Since u: X — X" is birational, there exists a locus of codimension < 2 outside which the restriction of p is
an isomorphism. Hence we have an effective Q-divisor decomposition D = p* D’ + E such that E is a y-exceptional

divisor. O

Lemma 2.6. There exist Q-ample divisors Cy and Cy such that D' = Cy — Cy in ZM(X" @ Q up to Q-linear

equivalence.
Proof. There exists a Q-ample divisor C7 such that C; — D’ is Q-ample, say, Cs. O

Lemma 2.7. There exist Q-ample divisors D1 and Do over Z such that Cy = v* D1 and Cy = v* Do up to Q-linear

equivalence.

Proof. We refer to the next lemma.

Lemma 2.8 (EGA4-3). Let f : X — Y be a proper flat morphism of finite presentation. The set of y € Y such
that X, is smooth over k(y) is open.

Since f : X — S is a fibre space of non singular varieties, i.e., a projective connected morphism, a general fibre
X, for a closed point s € S is a non singular variety. Let Divg be a scheme representing a functor 7' — Divg,(T).
Its components are quasi-projective. Let I be the universal relative effective divisor on S x Divg/Divg. Note that
a fibre of a closed point of S for I' C S x Divg — S is an effective divisor on S. A general fibre of a closed point
s€ S for f7II' € X x Divg — S x Divg — Divg is a non singular variety, i.e., smooth and irreducible over k(s).
Let = be the universal relative effective divisor on Z x Divy. Since the pullback of the universal relative effective
divisor over I' C S x Divg to p~'I' C Z x Divg gives a morphism Divg — Divz, a general fibre of a closed point
t of Divy for ¢ 'E C X x Divy — Divy is a non singular variety. Hence there exists a dense open set U of Divy
such that ¢~!Z/Divz|y is smooth and irreducible. Therefore there exists one point in X" over the generic point of
an effective divisor on Z corresponding to a closed point t € U.

A general member of the linear system of a sufficiently ample divoisor on X" is irreducible and moves freely.
Hence the direct image of a general member by v is able to be a general irreducible divisor on Z, which is associated
with a closed point t € U.

Hence there exist a Q-ample divisors Dy and Dy over Z such that C; = v* Dy and Cy = v* Dy up to Q-linear
equivalence. O

Note that Pic(Z) = Pic(S) x Pic(P") and that Pic(P") £ Z. Let p: Z — S and q : Z — P". Let
¢=vou:X — Z. Now put them together. We have
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1. wx/s = Ox(D — f*L)
2. D=uD +E
3. DI = Cl - CQ = V*(Dl — Dg)

4. D; = p*A; + a;q* H, where A; is an ample Q-divisor on S, H is a hyperplane section of P” , a; is a rational

number and i = 1, 2.

5. wx/g = Ox(=f*L+E+¢*(p* A1 +a1q" H—p* As—asq* H) = Ox (E+ f*p* A+bg*H), where A = —L+A; — Ay,

a=a; — as.
6. pwy = 1Ox (m(E + [*p* A+ ag”H)) = . Ox (m(f*p* A + ag* H)).
Note that ¢.Ox(mE) = ¢.Ox.
Lemma 2.9. ¢.0x C &%0y4

Proof. We apply the next lemma to a finite morphism X" /Z. We refer to Weierstrass preparation lemma.

Lemma 2.10. Let a convergent series g € k{xy, - ,zn} such that g(0,--- ,x,) # 0 and order p. Then B =
k{x1, - ,2,}/(g) is a free module over the ring A = k{1, ,x,_1} and has a basis of classes (1,2, -+ ,xP~1)
mod (g).

The convergent series rings are strictly henzelian. Hence X" /Z is Kummer gerbe ,i.e., cyclic cover, with respect
to the etale topology. We have v, Ox» = @;2371(’)2(—2‘D), where D is an effective divisor with respect to the etale
topology. Note, however, that the composition of the morphisms X" — Z and Z — P” is a connected morphism.

O

2.3 Cyclic Covering

Let L = Ox(¢*q¢*(bH)). Here b > 0 is taken sufficiently large. Choose a non singular irreducible divisor D such
that L®™ = Ox (D). Take a cyclic cover Y = Spec Bo<j<n—1 L® of X, which denotes 7: Y — X. Note that Y is a
non singular variety and Y/S is a fibre space. By adjunction formula, Oy (Ky) = Oy (7*Kx @ 7*L®("=1). Tt is well
known 7.0y = ®o<ij<n—1(L™")®". Hence by projection formula, T*wff}g = 1.0y ®0, Ox (w;‘?’/”s)@ox L®m(n=1) et

g = for. One obtains g*wg;g C @Ogign—lf*w?é% ® L®mn=1)=1) and det g*wg/rg C ®? ®o<i<n—1 det f*wga;% Qox
[®(m(n—1)—1)

Proposition 2.1. g*w?ﬁ}g = fu(1:Oy ® Ox (w%%)) ® L™ € o @ocicn1 @05 ® Og(mA), where r; =
dimT'(P",O((ma + b(m(n—1) —i))H)

Proof. From the argument above, we have g*wg/"; C @0§i§n71f*w;8}71y @ Lemn=D=1) C @o i 100 Ox(ME) ®
Oz((mag*H + mp*A + b(m(n — 1) —i))H C & @o<i<n—1 pxOz((ma + b(m(n — 1) — i))¢*H) @ p*Os(mA) =
& Bo<i<n_1 ®OY ® Og(mA). Here r; = dimI'(P", O((ma + b(m(n — 1) —i))H). See the following lemma.

Lemma 2.11. p,Oz((ma+ b(m(n —1) —1i))¢*H) = ®0Y, where r; = dimT'(P", O((ma + b(m(n — 1) —i))H).
O
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We may assume that if b is taken sufficiently large, the generic geometric fibre of Y/S is of general type, if
necessary, the canonical invertible sheaf over the generic geometric fibre of Y/ is abundant with R? g*wy /s = 0 for
1 > 0. The composite map Tovou:Y — Z is generically finite and the invertible sheaf ¢* H is relatively ample
with respect top: Z — S.

Lemma 2.12. Let S be a non singular variety. Let L be an invertible sheaf and E' and E locally free sheaves of finite
rank over S. Given the exact sequence 0 — E' — E® L and E = O™ for somen > 0, then k(L®" @ (det E')~1) > 0,

where r = rank P’ .

Proof. Take the dual and we have a homomorphism (E ® L)* — (E’)* and let the image be F and K the kernel. F
and K are torsion free and locally free outside a closed subset of codimension > 2, which we denote S°. F' is of the
same rank as E’. We have the exact sequences 0 — (E®L)* - F - 0and 0 - KQL — (E)* — F®L — 0 over S°.
Thus F®L is globally generated and F®L — (E’')*®L is an isomorphism over S°. Hence det(F®L) C det((E')*®QL).
Note that det((E')* ® L) = L®" @ (det E')~!, where r = rankE’. Therefore k(L®" @ (det E')~1) > 0. O

Proposition 2.2. k(Og(mA)) > k(det g*wg}g)

m

Proof. Apply the lemma above to the following formula, g*wg/s C &% @o<i<n—1 ®O§ ® Og(mA), where r; =
dimT'(P",O((ma + b(m(n —1) —i))H). O

Consider the case when m = 1. Let D be a classifying space for a variation of Hodge structure and let I be the
monodromy group, which is a subgroup of the arithmetic group of all linear automorphism group of H4mXs (X, C)
which preserve a certain condition. Let ® : S — I'\ D be a holomorphic period mapping satisfying the Grifiths’
transeversality relation. A period mapping ® gives rise to a variation of Hodge structure by pulling back the
universal family over I' \ D. Since the generic geometric fibre of Y/S is of general type and var(Y/S) > dim S, the
period mapping Phi is a finite to one mapping. Hence we obtain k(A)dim S.

m(n—1)—

One obtains g*wf?/"é C 690<z‘<n_1f*w§?’/’g ® L ) and

detg*wy/s c ®* ®o<i<n—1 det f*wx/s R0y L8(m(n=1)=17)

. Consider the following homomorphism

0:p* @ @ocicn—1det fuwdy @0y OV 5 p* @ @ocicn 1 det fuw(y @0y LEMDT

1

e The 6 is isomorphic on the Z \ ¢~ 'supportH.

1 (m(n—1)—1)

e The 6 is isomorphic on the Z \ p~!support @ ®p<;<,_1 det f*w?;% ®oy L?

Hence 6 is isomorphic on the whole Z.
r(det gawe) < k(det ]y @0y LEMD70)
(det f*wx/s ®O L®(7n(n b= 7’)) = H(det f*wX/S Ox O?}(m(nfl)fz))

m(detg*wy/s) < k(det f*‘*’x/s ®ox (’)®(m nmb)= Z)) r(det f*wx/s)

This implies
var(X/S) < var(Y/S) = k(det g*Qg;’g) < k(det f*""x/s)

We therefore show the revised version of litaka-Viehweg Conjecture.
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3 Poincare-Segal n-Groupoids

In this section we briefly introduce the notion of Poincare-Segal n-groupoids which we refer to Carlos Simpson’s
Homotopy Thory of Higher Categories([S3] ).

Recall that a groupoid is a category where the morphisms are all invertible.
Definition 3.1. The following definitions are given by mutual induction onn > 1:

e a strict n-category A is a strict n-groupoid if for all z,y € A, A(x,y) is a strict (n — 1)-groupoid and for any

1-morphism u : x — y in A the two morphism of composition with u
Ay, z) = Az, z), Alw,z) = Alw,y)
are equivalences of strict (n — 1)-groupoids;

e a morphism f : A — B between n-groupoids is essentially surjective if for every x € Ob(B) there exists
z € Ob(A) and an arrow u € Ob(B(z, f(z)) is nonempty;

e a morphism [ : A — B between n-groupoids is fully faithful if for all x,y € Ob(A) the map A(z,y) —
B(f(x), f(y)) is an equivalence of (n — 1)-groupoids;and

e a morphism f : A — B between n-groupoids is an equivalence if it is fully faithful and essentially surjective.

Theorem 3.1. A strict n-category A is an n-groupoid if and only if for x,y € Ob(A) the (n — 1)-category of
morphisms A(x,y) is an (n — 1)-groupoid.

If A is an n-groupoid, mo(A) (resp. 7<o(A)) is defined to be the quotient of Ob(A) by the relation of inner
equivalence. A truncated 1l-category 7<o(.A) is defined to be

(r<1(A) (@, y) = mo(A(z,y)).

Theorem 3.2. If A is an n-groupoid, for any 0 < k < n there exists a strict k-groupoid 7<p A the i-morphism of
which are those of A for i < k and k-morphisms of which are the equivalence classes of k-morphisms of A under
the equivalence relation of inner equivalence. There exists the natural projection A — 1<y A which is a morphism of

n-categories.
Let nSTRGPD be the category of strict n-groupoids and Top the category of topological spaces.
Definition 3.2. A realization functor for strict n-groupoids is a functor
R : nSTRGRD — Top
together with the following natural transformation:
r: Ob(A) — R(A)
CG(A z) :mi(Ax) = m(R(A), r(x))

the latter including (o(A) : mo(A) = mo(R(A)) such that (;(A,x) and (o(A) are isomorphisms for 0 <4 < n such
that (o takes the isomorphism class of x to the connected component of r(x) and such that the m;(R(A),y) vanish
fori>n.
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Theorem 3.3. There exists a realization functor R for strict n-groupoids.
Let M be a category and X a set.

Definition 3.3. An M-precategory over a set X is a functor F : Ay — M such that F(xo) = * is the coinitial
object of M for any xg € X. Let PC(X, M) denote the category of M-precategories over X with morphisms which
are natural transformations of diagrams.

PC(X, M) = Func(A% /X, M)

One says that an M-precategory satisfies Segal conditions if the Segal maps are weak equivalences W C M:

the Segal maps at (xg,...,Zyn)
Az, ..., xn) = Az, 1) X -+ X A(Tp_1,2n).

When M = K is Kan-Quillen model category of simplicial sets,it is a tractable left proper cartesian model
category. A IC-precategory is called a Segal precategory and if it satisfys Segal conditions it is called a Segal category.
When K is the category of presheaves on A, one has a natural identification

PC(K) = Presheah(Cone(A)) C Presheaf(A x A)

A Segal precategory is a pair (X,.A), where X € SET and A is a collection of simplicial sets A(xg,...,xz,) for
sequences of z; € X .Note that Cone(A) is a quotient of A x A.

Definition 3.4. A Segal groupoid is a Segal category such that 7<1(A) is a groupoid.

Given a fibrant object X in K,i.e., a Kan simplicial set, one can define the Poincare-Segal groupoid IIg(X),
which is a Segal groupoid.It is constructed as the right adjoint of the diagonal realization functor. The diagonal
d: A — A x A equips a pullback functor

d* : Presheaf(A x A) — Presheaf(A) = K
composing the functor above one obtains the realization functon
||: PC(K) = K

Theorem 3.4. If X is a fibrant simplicial set then I1g(X) is fibrant, so it is a Segal category. It is in fact a Segal
groupoid and the counit of the adjunction
Hs(X)| = X

is a weak equivalence. Conversely, if A € PC(K) is a Segal groupoid and |A| — Y is a fibrant replacement in K,
then the adjunction

A— Hs(Y)

is a global equivalence of Segal categories.

A morphism f : A — B between Segal groupoids is a global equivalence if and only if mo(A) — mo(B) is surjective
and for each i > 1 and each object x € Ob(A), the induced maps 7;(A,x) — m;(B, f(x)) are isomorphisms. If A is
a Segal groupoid then mo(A) = mo(|A]) and for any i > 1 and x € x € Ob(A),

Fi(Av‘T) = 71-%(|A|"T)
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When M is a tractable left proper cartesian model category, the model category PCreeay(M) of M-enriched
precategories with Reedy cofibrations and global weak equivalences is again a tractable left proper cartesian model
category. Therefore one can iterate the construction to obtain various versions of model categories for n-categories
and similar objects. For any n > 0 define by induction PC°(M) = M and for n > 1

PC(M) = PC(PC" Y (M).
This is the model category of M-enriched n-precategories.

Definition 3.5. An M-enriched n-precategory A € PC(M) satisfis the full Segal condition if it satisfies the Segal
condition as an PC"~(M)-precategory, and furthermore inductively for any sequence of objects xg, . .., T, € Ob(A)
the M-enriched (n — 1)-precategory

A(zo, ..., xm) € PC"H(M)

satisfies the full Segal condition.

If Ais a fibrant object in the model structure on PC" (M), then A satisfies the full Segal condition.
Let M = K = Presheaf(A). One has

PC™(K) = Presheaf(Cone™(A))

This is the model category of Segal n-precategories. If M = Set, PC(M)™ is called the category of n-prenerves or
n-precategories.An n-nerve or n-category is an n-prenerve A satisfying the full Segal condition.
The Poincare-Segal groupoid functor
Ilg : K — PC(K)

can be iterated to give a right Quillen functor
I, s : K— PC*K)

which is called the Poincare-Segal n-groupoid. The functor II,, s has a left adjoint | - |, which is the multidiagonal

realization on (n + 1)-simplicial sets.

Theorem 3.5. If A — B is a morphism of Segal n-groupoids, then it is a weak equivalence if and only if |A| — |B|

is a weak equivalence. Suppose X € KC is a fibrant simplicial set. Then
.5 (X)] = X
is a weak equivalence of simplicial sets. Conversely, if A € PC™(K) is a fibrant Segal n-groupoid, then
A — 11, s(Ex>|A|)
is a weak equivalence in PC™(K). The pair of these functors provids an equivalence between
ho(K) = ho(Top)

and the homotopy category given by localizing the subcategory of Segal n-groupoids in PC™(IC) with weak equivalences.
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For n-nerves, the right Quillen functor
II, : K — PC"(Set)

is the Poincare n-groupoid the left adjoint of which is denoted | -|. The truncation functor 7<¢ is left adjoint to the
inclusion Set — K since sets are consided as discrete simplicial sets. Note that the truncation functor 7<¢ : K — Set
induces

T<n : PC™(K) — PC™(Set)

and
Hn(X) = Tgan S(X)

)

Thus 7<,, is left adjoint to the following map
PC™(Set) — PC*(K) — K

This composition is the realization fon n-groupoids which are n-nerves that satisfy the groupoid condition in all

dimension. We finally refer to the following theorem about limits and colimits.

Theorem 3.6. The (n+ 1)-category nCat of all small n-categories, admits limits (resp. colimits) indexed by small
(n + 1)-categories. The Segal (n + 1)-categoriy Of all small Segal n-categories nSeCat admits limits(resp. colimits)
indexed by small Segal (n + 1)-categories.

3.1 Deformation of Differential manifolds

It is known that for each compact manifold M the diffeomorphism group Diff (M) is a regular Lie group and that
its Lie algebra is the space X(M) of all smooth vector fields on M, with the negative of the usual bracket as Lie
bracket.

Diffeomorphism groups of compact manifolds of larger dimension are regular Frechet Lie groups; very little
about their structure is known.

For finite dimensional manifolds M and N with M compact, the space Emb(M, N) of all smooth embeddings
of M into N, is open in C*°(M,)), so it is a smooth manifold. The diffeomorphism group Diff (M) acts freely and
smoothly from the right on Emb(M, N).

Theorem 3.7. Emb(M, N) — Emb(M, N)/Diff (M) is a principal fiber bundle with structure group Diff (M).

The identity component of any Lie group is an open normal subgroup, and the quotient group is a discrete group.
The universal cover of any connected Lie group is a simply connected Lie group, and conversely any connected Lie
group is a quotient of a simply connected Lie group by a discrete normal subgroup of the center. Any Lie group
G can be decomposed into discrete, simple and abelian groups in a canonical way as follows. Write G,,,, for the
connected component of the identity G, for the largest connected normal solvable subgroup G,;; for the largest

connected normal nilpotent subgroup so that we have a sequence of normal subgroups
1 < Grit < Gso1 < Geon < G.

Then

o G /G, oy is discrete
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o Geon/Gsol is a central extension of a product of simple connected Lie groups.

o G /Gri is abelian. A connected abelian Lie group is isomorphic to a product of copies of R and the circle

group Si.
e G,;/1 is nilpotent, and therefore its ascending central series has all quotients abelian.
The semi-simple complex Lie group is an algebraic group.

Theorem 3.8. Let S be a scheme algebraic over a field k of characteristic 0. Let X and Y be stacks over S.
Suppose that X is a trivial stack,i.e.,X is isomorphic to a product X x S where Xy is defined over k and that there
exists a strictly epimorhic morphism f : X — Y defined over S. Assume that the fibres of Y/S are differentiable
manifolds (resp. with additional structure spectral triple (A, H, D) consisting of a representation of a C*-algebra
A on a Hilbert space H, together with an unbounded operator D on H, with compact resolvent, such that [D,a] is
bounded for all a in some dense subalgebra of A) and that the automorphism groups of the fibres if the base field is
changed to an algebraically closed field k are isomorphic to complex semi-simple Lie groups. Then'Y is also trivial

over S.

Proof. Let II,, 5(X), II, s(Y) and II,, s be the Poincare-Segal n-groupoids of X,Y and S, respectively. Here n is

taken to be large enough. Then one has the following diagram

I, s X I, sY

~ 7

I, sS

For the simplicity, 1 denotes a generic point of S. The extension of II,, g(Y;) — I, s(n) is to be considered, which
has the kernel Poincare-Segal n-groupoid II,, s(Y7;) where 7 denotes the point associated to the algebraic closure
in an algebraically closed field which contains k(n). Note that II, s(n) = II;(n, eta). Since I, g(n) is the limit
of Poincare-Segal n-groupoids II,, ¢(U) where U runs over all open sets of 7, it equals to a usual Poincare group,

which is an absolute Galois group. The extension
IL,,5(Yy) = T s(Yy) = i s(n)
is determined by the Breen cohomology([Breen2])
H' (1 (n,7), (,,5(Y5) — Aut(Il, s(Y5))))
On the other hand II,, §(X) admits a section over II,, ¢(.5), so does II,, g(Y"). Thus one can consider the cohomology
H (I (), Aut(TL, 5(Y5)))

By hypothesis the automorphism group of Y5 is isomorpihic to a complex semi-simple group, which is algebraic.
Note that
Aut(Ily,5(Y5)) = Auty(Yy)

Hence replacing S by S’ where S’/S is generically finite morphism,the element associated to the section is trivial

in the cohomology
H' (111 (), Aut (I, s (Y5)))
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The canonical homomorphism
H' (I (), Aut(I,5(Y5))) — H' (I (n,7), (s (Yy) — Aut(IL, s(Y5))))

implies the triviality of the extension questioned above. One obtains the proof by vertue of the theory of Poincare-

Segal n-groupoids. O

It is a fact that the automorphism group of a projective flat scheme over a locally noetherian scheme is a scheme

by Grothendieck using Hilbert scheme method. Hence one has the following theorem in the same argument above:

Theorem 3.9. Let S be a locally noetherian scheme. Let f: X — Y be a surjective morphism between projective
flat schemes over S. Suppose X is isomorphic to a product Xo x S where Xy is a projective scheme.Then Y is also

a product over a scheme S’ where S — S is a generically finite morphism.
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CLOSED POLYNOMIALS IN POLYNOMIAL RINGS
TAKANORI NAGAMINE

ABSTRACT. Let R be an integral domain. In this paper, we study
closed polynomials in R"). We give some sufficient conditions for a
non-constant polynomial to be closed in RI™.

1. INTRODUCTION

Let R be an integral domain with unit and let R™ be the polynomial
ring in n variables over R. We denote by K the quotient field of R.
A non-constant polynomial f € R \ R is said to be closed in RI™
if the ring R[f] is integrally closed in R™. When R is a field, closed
polynomials in R have been studied by several mathematicians. See,
e.g., Nowicki [7], Nowicki-Nagata [8], Ayad [2], Arzhantsev—Petravchuk
[1], Jedrzejewicz [3], etc. In particular, in the case where n = 2, some
sufficient conditions for a non-constant polynomial to be closed in R[x, y]
is known. Let f, g € R[z,y] \ R be non-constant polynomials. By virtue
of [2], we know that if ged(f,, f,) = 1, then f is closed in R[z,y]. In
[7], it is proved that, if f is primitive homogeneous (see Section 2 for
the definition of primitive homogeneousness), then f is closed. Also, if
fz9y — fy9= 1s non-zero constant, then f and g are closed.

In this paper, we study closed polynomials in RI™ for any integral
domain R based on the paper [6]. For a non-constant polynomial f €
R\ R such that K[f] N R" = R[f], we give in Propositions 2.10 and
2.11 some sufficient conditions on f to be closed in R,

2. CLOSED POLYNOMIALS

Let R be an integral domain and let A = R = R[xy,...,2,] be the
polynomial ring in n variables over R. When a non-constant polynomial
f € A\ R is given, it is difficult to estimate the closedness of f. In the
case where R is a field of characteristic zero, the following result is well
known.

Date: August 11, 2015.
Key words and phrases. Closed polynomial; Derivation.
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Proposition 2.1. (cf. [2, Proposition 14] or [3, Proposition 4.2]) As-
sume that R is a field of characteristic zero. Let f € A\ R be non-constant
polynomial. If gcd( of . 8f> =1, then f s closed in A.

Ox1’ """ Oxn

In this section we give some sufficient conditions for a non-constant
polynomial f € A\ R to be closed in A.

Let f and g be polynomials in A. Then we write f ~ g if f = ag for
some a € R\ {0}. Now we represent f as

f= Y waxi o
ac(Zso)"
where ug € R and a = (ay, ..., a,) € (Z>)". Then we denote by Supp(f)
the set {a € (Z>p)" | ua # 0}. Let w = (wy,...,w,) be an element
of (Z>o)". We say that the w-degree of f, denoted by degy f, is the
maximal element of the set {a-w | @ € Supp(f)}, where a-w = a;w; +
-+ a,w,. We assume that the w-degree of the zero-polynomial is —oco.

A polynomial f € A is said to be w-homogeneous if a-w = b-w for
any a,b € Supp(f). We say that f € A is a primitive w-homogeneous
polynomial if f is a w-homogeneous polynomial and there exist no w-
homogeneous polynomials h € A such that f ~ h™ for some m > 2.
If degwf > 2, then we denote by LD w(f) the minimal element of {
m € Z | m>2and m | degy, f }. For example, if degy, f is a prime
number, then LD (f) = degy f.

We denote the set {R[f] | f € R \ R} by M(R,n). It is clear that
the set M(R,n) is ordered by inclusion. For a polynomial f € RI", we
denote the set {g € RI" | R[f] C R[g]} by M;(R,n). From Lemma 2.2
to Corollary 2.7 below, we assume that R is a UFD. We denote by K the
quotient field of R. We show the following three lemmas.

Lemma 2.2. Let f € A\ R be a non-constant polynomial such that
K[f]nA = R|[f]. Let g € A be a polynomial. If f ~ g, then R[f] = R]g|.

Proof. Suppose that f ~ ¢g. Then f = ag for some a € R\ 0 and so
R[f] C R[g]. On the other hand, we have

R[f]=K[f]nA=Klag|NA=K[g]nAD R[g].
Therefore R[f] = R][g]. O

Lemma 2.3. Let f € A\ R be a non-constant polynomial and let w be
an element of (Zso)". Assume that degy f > 0. Set p = ged(fry, ey frn)-
We represent f as f = u(g) for some g € My(R,n) and u(t) € RY, where
u(t) =3 wit', u; € R and up, # 0. Then the following assertions hold
true.
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(1) degw [ = mdegy g, where m is the degree of u(t).
(2) degw p > degw u'(g).
(3) If the characteristic of R equals zero, then degy p > mT_ldegw f.

Proof. (1) If degy g = 0, then deg,, f = degyw u(g) = 0. This contradicts
the assumption degy f > 0. Thus, we have degy g > 0 and degy f
= mdegy g.

(2) Since f = u(g), we know f,, = u'(g)g,, for every i = 1,2,...,n.
Then u/(g) | p. So the assertion follows.

(3) Since the characteristic of R equals zero, degy v/(g) = (m—1)degyw g.
It follows from (1) and (2) that

degw p > degw u/(g) = (m — 1)degy g = "degw f.
0

Lemma 2.4. Let w be an element of (Z>o)" and let f € A\ R be a non-
constant polynomial. Assume that f is w-homogeneous and degy f > 0.
Let g be a polynomial in M¢(R,n) such that g(0,...,0) = 0. Then the
following assertions hold true.

(1) g is w-homogeneous.

(2) f ~ g™ for some positive integer m.

Proof. Since f is w-homogeneous and degy, f > 0, we see f(0,...,0) = 0.
Now we write as

f=ulg)=> wg =g> wg™,
=1 =1

where u; € R,u,, # 0 and m is a positive integer. Since f is w-
homogeneous, g and Y " u;g' ' are w-homogeneous. Put g1 = > " | u;g
Then ¢;(0,...,0) = >, ui(g((),...,O))l_l = wu; and degyw g1 = (m —

l)degw g > 0. If m = 1, then f = u;g and hence f ~ g. Otherwise, we

have u; = 0 and
g=9> ug
i=2

Hence 2112 u;g" 2 is w-homogeneous. Using the same argument repeat-
edly, we have f = u,,¢™, which implies f ~ ¢™. O

The following two results are the main results of this section.

Theorem 2.5. Let R be a UFD and A := R[x,...,x,] the polynomial
ring in n variables over R. Let w be an element of (Zso)". For a w-
homogeneous polynomial f € A\ R such that degy f > 0 and K[f|NA =
R[f], f is primitive if and only if f is closed in A.
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Proof. Tt is clear that, if f is not primitive, then f is not closed in A.

Now we prove the ”only if” part of the assertion. According to [4,
Theorem 1.1], it suffices to prove the maximality of the ring R[f] in
M(R, n).

Let g be any polynomial in M¢(R,n). Without loss of generality
we may assume that ¢(0,...,0) = 0. By Lemma 2.4, we see g is w-
homogeneous and f ~ g™ for some positive integer m. Since f is primi-
tive, we have m = 1. Hence f ~ g. By Lemma 2.2, we have R[f] = R[g].
Therefore, R[f] is a maximal element of M(R,n). O

Theorem 2.6. Let R be a UFD of characteristic zero and A := R[xy, ..., Ty,)
the polynomial ring in n variables over R. Let f € A\ R be a non-constant
polynomial such that K[f]N A = R[f]. Set p = ged(fuys e fu,,)- If there
exists an element w € (Zso)" such that degyw f = 1 or degw f > 2 and

degw p < Lfgv—v(f()f;ldegw f, then f is closed in A.

Proof. We prove the maximality of the ring R[f] in M(R,n). Let g be
any polynomial in My(R,n). Then f = u(g), where u(t) = > " ju;t" €
RW w; € R and w,, # 0. If degy f = 1, then it follows from Lemma 2.3

that m = 1. Otherwise, by Lemma 2.3, we have

m—1 7 LDw(f)—1
ooodegy f < degw f < S degw f-

Therefore 1 < m < LD (f) and so m = 1. By Lemma 2.2, we have
R[f] = Rlg]. O

Using Theorem 2.6, we have the following.

Corollary 2.7. Let the notations and assumptions be the same as Theo-

rem 2.6. If fo, # 0 and f,; # 0 for somei # j and p = gcd(fa,, ..., fo,) €
Rlz1|U---U R[z,)], then f is closed in A.

Proof. Without loss of generality we may assume that f,, # 0, f,, # 0
and p € R[r1]. Put w = (1,0,...,0). We know that degy, f > 1 and
degyw p = 0. By Theorem 2.6, we see that f is closed in A. O

Let f € A\ R be a non-constant polynomial. In the case where R is
a field, the assumption K[f] N A = R][f] is satisfied for any f € A. So
Corollary 2.7 is stronger than Proposition 2.1 and Theorem 2.5 includes

[7, Theorem 2.3]. Furthermore, using Corollary 2.7, we can easily prove
[7, Theorem 2.2].

Corollary 2.8. (cf. [7, Theorem 2.2]) Let k be a field of characteristic
zero. Let f and g be polynomials in klx,y|. If frg, — fyg. € k\ {0}, then
f and g are closed in k[z,y].
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Proof. 1f f, = 0, then f,g, € k\{0}. Then f, € k\ {0} and so f = ay+b
for some a,b € k and a # 0. Hence f is closed.

Suppose that f, # 0 and f, # 0. Put p = ged(fs, fy) and f, =
hap, fy = hap, where hy, hy € klx,y|. Then p(h1g,—hag.) = fogy— fy9: €
k\ {0} and so p € k \ {0}. It follows from Corollary 2.7 that f is closed
in k[z,y]. By symmetry, g is closed too. O

In the rest of this section, we generalize Theorems 2.5 and 2.6 and
Corollary 2.7 over an integral domain under some conditions.

Let R be an integral domain. We set Ax = K ®p A = K™, where K
denotes the quotient field of R.

Lemma 2.9. Let f € A\ R be a non-constant polynomial such that
K[f]NA = R[f]. Then f is closed in A if and only if [ is closed in Ak.

Proof. The implication "=" is clear. We prove the part ”<". Suppose
that f is closed in Ag. It follows from [1, Theorem 1] that K[f] is a
maximal element of M (K, n). By the assumption on f and [5, Theorem
3.1], we know that f is closed in A. O

Let f € A\ R be a non-constant polynomial. We may assume that
f and each f,, are elements of Ax. Then we can define the greatest
common divisor of f, ,..., f;, as an element of Ag.

Proposition 2.10. Let R be an integral domain and A = R[xy, ..., x,]
the polynomial ring in n variables over R. Let w be an element of (Z>o)"™.
For a w-homogeneous polynomial f € A\ R such that degy f > 0 and
K[f]n A= R[f], [ is primitive in Ag if and only if f is closed in A.

Proof. Using Theorem 2.5 in the case R = K, f is primitive in Ag if and
only if f is closed in Ax. Hence, by virtue of Lemma 2.9, we obtain the
assertion. 0

The following proposition is proved by using the same argument in the
proof of Proposition 2.10.

Proposition 2.11. Let R be an integral domain of characteristic zero
and A = R[xy,...,x,] the polynomial ring in n variables over R. Let
f € A\ R be a non-constant polynomial such that K[f] N A = R[f].
Set p = ged(fey, -, fz,) as an element of Ax. If one of the following
conditions (1) and (2) holds true, then f is closed in A.

(1) There exists w € (Z>o)™ such that degy, f =1 or degy f > 2 and
degy p < “ppiitdegy f.
(2) fa, 70 and fo; # 0 for somei # j and p € K[z ] U--- U K[xy,).
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Pisot numbers, Farey spaces and
Pearl curves

Osamu Matsuda
(Tsuyama Kosen)

Pisot numbers (introduction 1)
Example 1. Put a =5/3.
Let Fp(a®) be the fractional part of a.

Consider the function mavﬁam ﬁf‘wff
e T )
f(k) = Fp(a®). g@ﬁ‘& é o

by
TPt s
e i, .?y‘::':.

"-.. ¥ *»:I‘L’-‘;‘:a -\.’b
Grafh of f(k)

Pisot numbers (Introduction 2 )

Example 2. Put a = 11/6.
Consider the function AT

s Fo: ;
f (k) = Fp(ak). IR s“-%‘ ,:“":;f‘f;

3
n*'.*.vt > c-.:““’u TFan
PO N e ¥ N e o o '“Jb
::"_ - ,l" '}’é ) 3 LA
BT -.'--;)3;;,_1’ ;«;.' 3
‘i"*' ':"‘:'ig?x, : e

Grafh of f(k)
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Pisot numbers (Introduction3 )

Example 3. Puta = (1 ++5)/2.
Consider the function

f (k) = Fp(a®).

Namely, @® means almost
Integer.

Grafh of f(k)

Pisot numbers (Definition )
EV - JaOx X SHI 7
An algebraic integer of degree n is a root a of an
irreducible monic polynomial P(x) of degree n with
integer coefficients, its minimal polynomial. The
other roots of P(x) are called the conjugates of a .

If @ > 1 but all other roots of P(x) are real or
complex numbers of absolute value less than 1, so
that they lie strictly inside the circle |x| = 1 in the
complex plane, then a is called a Pisot number,
Pisot—Vijayaraghavan number, or simply PV number.

Note. If « is a Pisot number then @™ means almost
Integer.

Small Pisot numbers
(1) 1.32471795724474; x3 —x — 1

(2) 1.38027756909761; x* —x% —1
(3) 1.44326879127037; x° —x* —x® +x* -1
(4) 1.46557123187676; x> —x% — 1
(5) 1.50159480353908; x® — x° —x* + x4 — 1
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Farey tree

1 2 3 2 4t & 2
Y9 8¢ 7 3 53 7 2 %%

T | * * et " e |
»* -? a .’-" :1 =T T ==t

There is the fibonacci sequence in the Farey tree.
{ by M. Akamatsu and Y. Kobayashi (my students), 2014 )

2 dimensional Farey space F,
Fr={(}) labeN,ged(ab) =1}

b
Gy:= ((1) 1)

The characteristic polynomial of G, is
P(x)=x*—-x-1.
A root of P(x) is the golden ratio or a Pisot number.

AIG1=C DE)=0)
- A[Q)]=2s( D)) =6
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Theorem 1 (M. Akamatsu, Y. Kobayashi, 2014)

Let (z) be a Farey point on F,.

After a finite succession of transformations G, "
ay . . 0)
(b) is transformed into (1 )

’

e @
.(:)/ REPAS )
G oy B
/./ %(:)\(‘) @)
5
Q= =) 1 @5 (1)
] \ o ®
@ o/ A G

Loop structure

Let (Z) be a Farey point on F,. A
Then (f; 2 £ 2 1) (3) = () el

h a 1 _ it ‘(‘J
W ere(b)¢(0) [?»\’ 5“.2;'(,.2.:(,...

v(l _-1{)\;()..
': ..
-

() po

Index tree
,5:)
Forangiigpt. = {(ﬁ)'(a .?. b)'(a Z b)} : f )-—-( )
define index(L) = a + b. (O)’\‘ )/U“‘(i)—*(b)

l)) 0 \: 3
SCHERC A
8

|
/\/ i |
/l\. ‘/Hl\\ e \ .//TI‘\.
/N NS Yy ;\\/\, /:*, ; u/f\
/\/\."/,* f\./\/\ /\ {\7117/\, \7/\
Farey tree Index tree



3 dimensional Farey space F;

a
Fars { (b) | a,b,c € N,gcd(a, b, c) = 1}

c
0 1 0
63: =0 0 1
1 1 0
The characteristic polynomial of G is

P(x) =x3—x—1.
A root of P(x) is a Pisot number.

A0 @) Al(F)]=ms(e(7)

c c

-6 4960

Theorema2 (M. Akamatsu, Y. Kobayashi, 2015)

a
Let (b) be a Farey point on F;.

c
After a finite succession of transformations G;?,

a 0
(b) is transformed into (0)
c 1
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Loop structure

. - : O S
There exist many loops consisting of seven points /jL N

onF; by f;or f5. J *'
A ¢ \
\

L) I\ ;
Moreover, for any loop L = {| b; | ¢, there exist R

¢
natural number d such that

>(v)- (3

Define index(L) = d.

Index structure of F5

Pearl curves

C: y™ =x%(1—x)P
where @, [, m are positive integers and ged(a, g, m) = 1.

After performing some plane birational transformations,
we may assumethatl <a <pf <m-—(a+p).

Question. Classify pearl curves.

y4 - x2(1 _ x)3
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Birational geometry of pairs (S, C)

S: a non singular rational surface.
C: anirreducible curve on S.

Two pairs (S, C) and (§;, C;) are birationally
equivalent

& (1) f:§ = S, is a birational map.
(2) the proper image f[C] coincides with C;.

Minimal models of pairs

(§,D) : anon singular pair, i.e., D is nonsigular
curve.

(S, D) is relatively minimal

< D.E = 2 for any exceptional curve (of the
fist kind) E on S such that £ # D.

# minimal pairs

X, : a Hizebruch surface of degree b = 0.
C:acurveon X.

C ~oA, +eF,
where A, is a section such that A%, = —b and
E, is fiber of the P'-bumdle £;, — P*.

A pair (Z,, C ) is #-minimal
& 0o>2viande =0+ bv,y. If b = 1then

e — o > 1, where v;is the highest multiplicity of
singular pointon C.
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Theorem (by S.litaka )

Assume that (S, D) is relatively minimal with
k[D] = 0. Then S = P2 or (S, D) is derived to a
#- minimal pair (2, C ) by a finite succession of
blowing ups.

Note. k[D] = k(D + Ks, S), K; is canonical divisor of S.

Notations

Z,: a Hizebruch surface of degree b = 0.
C:acurveonX.
C ~0ly + eF;

[e ;e,b;vl,---,vr] : the type of (£,,C ), where v; >
e 2 Vr.

g(C) :the genus of C.
2e —ab (b=2)
b:={e—a—-v;(b=1) = b=0.
e—ao (b=0)

Note. SZ,,#, Cy ) is #-minimal and (2, ,Cy ) and
(Zp, C ) are birationally equivalent <> by < b .

A projective model C of the Pearl curve
C: yM = x%(1—x)P

where @, b, m are positive integers and gcd(a, f,m) = 1,
1<a<p<m-(a+p).

Introducing two homogeneous coordinates x,: x; and
Yo: Y1 such that x = x, /xy, ¥ = y1/Y0, we obtain a

projective model C defined by
a+f m

X i =xf (o —x)Pydt
which is an irreducible curve on £, = P!xPLifa>1
then C has three singular points

Q,(1:0,1:0),Q,(1:1,1: 0), Q3(0:1,0: 1)
on X.
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Figure of the curve C

X0 a+ﬂ}’1 "= x1 (xo — x1)‘8}’6n onZ, =P x P!

Q:(1:0,1: 0),Q,(1:1,1: 0), Q5(0: 1,0: 1)

Q2
<

Q4 Qs

The type of the pearl curve C

The type of the pearl curve C defined by
a+ff m i Boym ;
Xo Y1 =x1(xg—x)Pyq is
[V +m, 0; Qs{a, vy, vy} Qo{bitty o pis } Qi{@my, e my }]

wherey = a + ff and Qp{u,uy, "+, uy} means the
multiplicities of Qy, which is defined by y™ =
x" + higher term.

(by H. Yanaba and S. litaka, 2003)

Yanaba’s example (2003)

C: y*2 = x10(1 — x)30

#-minimal type of C:
[30 * 60,2; Q;{2°}, Q,{11,9%,33},0,{10%%,9%}]

b = 60, g(C) =48
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Elementary transformations

EX.. 58%"= %7 (1=%)¥
y%5 = x?1(1 — x)?® (birational)

Type: [49 = 65,0: Q5{49,16%}, Q,{282,9%}, 0, {213, 21°}]

o Q2 o Zo
0 Blowing up at Q5
Q: Qs ‘and contracting F;'.
\,\ 0 Aoo
R £

= [49 * 65,1: Q5{16°}, Q,{28%,9%}, 0, {213, 2%}
Q; o :
%<01

Blowing up at @,
and contracting F, .

= [49 * 37,0: Q3{16%}, Q,{28, 9%}, @, {21%,21°}]
Q2 P 0 Zo

Switch 49 and 37.
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= [37 * 49,0: Q;{16%}, Q,{28, 9%}, Q,{21%,21°})

| Z,
\"\ Q3
\] ©
N
\,_.\\
& A Q1
0 : A Blowing up at Q;
= and contracting F;".
R E

= [37 * 58,1: Q5{16°}, @,{9"}, 0, {21%,21%}]

..\“..\...\ N / ]

— N\ A,
E @y J

=7

E

Blowing up at Q,
and contracting F,".

=> [37 # 53,2: Q3{16"}, Q2{9"}, @, (217, 2'°}]

)X
N
/ N
i N \\\. \.\\...\.. Q 3

Blowing up at Q,
and contracting F,’".
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= [37 = 32,0: Q3{16°}, Q,{9*}, @, {21,2°}]

X
Q1 |
=
\c-\.o .,\\»\.\._._ Q 3
=~ % A )

Switch 37 and 32.

=> [32 # 37,0: Q3{16°}, Q,{9"}, 1 {21, 2"°}]

/./' ZO
Q1 j 0 4)/ Q3

Q|

" - P Blowing up at Q,
: R and contracting F, .

—Aoo

= [32 * 48,1: Q2{16°}, 0,{9%}, 0,{21°}] (#-minimal)

' 21
RS b=e-0-w
A =48 —-32-16
g€ =32
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Fibonacci sequence and pearl curves.
Cp: y™n = x% (1 — x)Pn

Data

DT
(1,1,2) [1=2,0;1] 0 1

2 (1,2,3) [1#3,0;1] 0 2

3 (23,5) [1+2,0;1] 0 1

4 (3,5.8) [1#2,0;1] 0 1

5 (5,8,13) [1+2,0;1] 0 1

6  (81321) [1+2,0;1] 0 1

Fibonacci sequence and pearl curves

Proposition 1. Let
E"; y“n = x“n-z(l . x)”n-l
where, a; = 1 + Ap_s, A=Ay = 1,
Then C,, are rational curves. Moreover, the #-minimal types of C,
are as follows:

(1) [1 %3,0;1] whenn =2, (2)[1*2,0;1] whenn # 2.

Proof. By easy calculations.

General Fibonacci sequence and
pearl curves

Proposition 2. Let
En: yan — xan-z(l — x)an—l
where, a, = dp_1 + Ap—3.
Then C,, are rational curves. Moreover, the #-minimal types
of C,, are as follows:

(1) [1 * a3,0;1] whena; =1, (2) [1+2,0;1] when a; # 1.

Proof. By easy calculations .
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3 Fibonacci sequence and pearl curves

3 Fibonacci sequence:
B, =Fp-q+Ey-n ¥ Fpy a0 =1F=15=2)

1,1,2,4,7,13,24 -

Pearl curves C,: y™ = x% (1 — x)Pn
wherem, = a, + [, + m,_;

3 Fibonacci sequence and pearl curves
Cp: y™ = x% (1 — x)Pn

Data

1 [y B ) #-minimal type
1 (112) (2+21;1) 0o 1
2 (1,2,4) [2%3,1;1] 1 1
3 (2,4,7) [3=4,1;1] 1 3
4 (4713) [5%7,1;2%) 6 0
5 (7,13,24) [10 = 14,1; 4%,3,25,37] 10 0
6 (13,24,44) [18 * 25,1; 78, 53,45, 3,2¢4] 20 0
7 (2444,81) [33+46,1;13%,9%,75,63%2%] 39 0

O, =m, —2a,, €, =0, +d,_4, b,=0(nz=4)
Oy = 01402403, €y = €y_1%€,_2%€,_3

3 Fibonacci sequence and pearl curves

Proposition 3. Let
C-'n; yan = xan—z(l e x)au—l
where, a, = a1+ ap 2+ Ap 3, 1=, =1, a, =
2.
Then for any n =4,
On =My — 20y, €p =0n+ &p_q;
Op = Opn-1+t0n—2%0n-3, €n = €p_y*én_p%ey_3,
b,=0(n=4)

Proof. By easy calculations.
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3 dimensional Farey sequence and
pearl curves

3 dimensional Farey sequence:
an An-1 a 1
(B)G(B> (ﬁ)(l)
my My my 2
where
0 1 0
G3 - (0 0 1) ¢
1 1 0

The characteristic polynomial of G is
P(x)=x%—x—1.

3 dimensional Farey sequence and
pearl curves C,,: y™ = x% (1 — x)Pn

Data 1
n (a,, B, m #-minimal type 5 b
(1,1,2) [1%2,0;1] 0 1
2 (1,2,2) [1+2,0;1] 0 1
3 (2,2,3) [2+3,1;1] 1 0
4 (2,34) [2+3,1;1] 1 0
5 (34,5) [2+3,0;1] 2 1
6 (4,5,7) [4 *6,1;2%] 3 0
7 (5,7,9) [4+6,1;2°] 3 0
Data 2
O 2 R PN
8 (7912 [6 +9,1; 3%, 2%] 0
9 (9,12,16) [8 + 12,1; 45,3,2%] 6 0
10 (12,16,21) [10# 15,1; 55, 3%] 6 0
11 (16,21,28) [14 +21,1;75,5,4%] 9 0
12 (21,28,37) [18 + 27,1;95,6,5%] 18 0
13 (28,37,49) [24 * 36,1;12%,8,7% ] 21 0
14 (37,49,65) [32+48,1;16% 11,9 ] 32 0
15 (49,65,86) [42+63,1;215,14,12%,2%4] 42 0

Oy = Z(mn T Bn) s E€n = 3(771" T Bn)' Eu =0 (n 2 6)

Op = Op2%40y-3, € = €n_2%€,_3
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3 dimensional Farey sequence and
pearl curves
Proposition 4. Let
C,: y%n = x%n-2(1 — x)%n—1

where, a, = a,_, +a,_3, a1=a; =1, a, = 2.
Then forany n = 6,

o, = 2(my, — Bp), e, = 3(m,, — By),

Bn =0, 0y = 0p_2%0n_3, €, =ep e, 3.

Proof. By easy calculations.

Data 3

I e T
15  (49,65.86) [42 » 63,1;21°,14,12%,2%4]
15  (65,86,16) [4+71;27%] 7 1
152 (86,16,151)  [48+69,1;21%, 162,72, 413,213 75 0
156 (16,151,102) [32 #57,1;16%,93,6%,415,22 ] 50 9
15'%¢ (151,102,167)  [37 +53,0; 162,94, 72,516 23 ] 83 16
16  (16,65,86) [21 » 48,3; 6%,5%%,4,21% 42 33
16'a  (6586,81) [16 « 68,6;5%%,4%,3 | 40 40
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