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A 2012 FEERIZTO R CEEL RV BERT 5 Z L2 57208, T OBUERTH S5 5RBOATE %
BNINEHEL, EFV R B0 EEHEERB/EUBRE Lo KITRIZE->TLEIDTIX
BWIPEREL, Z2Z T, 5B 1 ERIIZHAD R —LAXR=JIZEWT

2013 -4 A SRR L TIUC A D £ 9. BUEEPBEHE IOV TOYE., flc AR E
& MR CciT VW E T

EWDTFI VAR, TNIEZTNRDICEREIZDIED, VA v A TIRLZZ L EH o7
WS, U UEBIC TR & EELU THEAEMRRV. EELZ - THEMnEbEDRRh o7
DTH5. T UTFOAEEFIXHE» S EMIED S D & UDiHliE Vg o 7200 & BOREEE L
TIEAZBI ULz, 2HIZRS ZAHEKND D DFSLERD TEREDORY Y 7 7T THRELWUE
ZLTESZRWD] EPIHZUTER. T0%, BEOHEETH X138, 4 HIlk>/=0T
MODABHIZE > Z L BRIZIT o 72, d#EIHE A BIZHEHAOYAHABR L TH 72, ZZ THUIEBR
ndEEVINLrotz.

BRI 5 THH D 10 ZRTEBDE/EIINT, ZI— LN THZEEZ2 LTW5. 4k
HEHOFHIZ & B L, BUERTD» S ERAED A ) VFVRIIEERITS Z &, IHEEREZ2 A Y D¥AT
FHRTHIELEEPHEREL TND DI LT,

TABRIEEENEL R O BEENED 2 5 TR TET, A1 7 —FEBOWsE, Bty <1212
FARZT VO, W HAEAEZ S D WTERIROILHDORN DY I 2 —2arved skl s
FTNFNLU T TP TIHEREZL TWD. A ERRICIIBESINEIETH 5 o7,

FERTIXHMIBIEETH L BREICEBERRTER V. RO SNNEBET A IcLRne
Wi WeHAHREI U2, UL LEROEEH B ELSABRERIHET IR 770 71Z
ZIFANTL N7z,

T OFER, NI ERACHRE T E ZHETH L WBEME 2175 BEDE U2, ZHIFFAIZE -
TELHLWF Y LYYV THo> T, BKRENHEMARERMEZBEUREI TR NIV IR -
T2 TR EEHRELUR L WHRZOMENRTERE RN > 7.

RO EFETIEDHINZINSB/ONEIRETIELOTRELEIMEDE NS DIZHR D DD
H5. BHOHLMEDLLELEHINZTNITHEETEILITOFETHKRDL S, THRMOMLHIZRD
BRI B LIRS, ZDEWIEKRTHS. 2 U THEHZOBIHFRIZEERT 2455 3555
ZWRICH 2 X B LR BEREOKEBRIT XS I1Th o7,

2012 FED %, BIRBULA D SHEGE THRADOHF) 2) =a—T )L [BREF) LT5FE
DT, BEWERHEZ LTSN WA, EW0WS A=A @, ZNHROH P TOHEBEHIEE DX
BTHD.

28 IERIF BB KFIZEH U= ZF 2 CIEREICFNL D OBUFNSE 2T 5 2 & % ORI R
EHERLEUTEEHD I LIC U BERUTIFEIZE > TOHEE TR S NETEEOFE



ELTHOTWNTES o ZEREBHIZZ L VRSB HNR D O EKRENTS & AiEx
DIFEREMTRD. 22 TAvEa—ROBRENPKEN. 7Y —Y T D swi-prolog & W TH
FWETO T T L BASTED RZITULMER, HFANICEROD RN TNEZNEZEHL » 2
BREFLESZOMICTS. B THUAEREZIHT A2DE026 ZARITEIAEVDH H4FH
Wz, F Db, FAERERAHPICEE TEREAR L. ZERBARINDE I L2ETD
LINEANT Aotz

BB ITEZNSDORERZBN TSI 2 ERHKE UBEOBEL X THREOMEZILL
&S] LU mHIDERIE 110 DREDOREFEOME], (A1 7 —FEBOF M, THEEH %
S, [B22Bo—Rib] itk o7z.

SERB O] OFFE (FIRIET) ke QICEREZFRUKESIZEFHD I THE W, ¥3
DETHATHE S 2 ZAIATY Y N EWVWLOREHL TN, ZNEERENRED A LH
ATWEZ LDINTH 5.

2 TEHEImEY K

HARE a ORI DOM %S o(a) TRIZLIFTTITMHLINZILHENINEZHRK a D
B ACa—2 ) v KRB E IEO 72\,
FEWARE a=p° DEE o(p°) = Bl Rbh s, ML a,b RENTHER ST

p—1

o(ab) = o(a)o(b)

WD LD, Nk o(a) REEMEERKOLES.

2.1 FHHEIIOM
a=2°¢ LU, FHBHOMDARNEZH NS &
ola) =0(2°) =27t —1=2a — 1.

EE TINS5 a=2°1Kb0(a)=2a—1 %77~ 7.

ZNE T WENRZ L THED, FLHBFIOHDOARDVHANSNT WD Z LITERE LV,

ZTIZTHEOWMFUZ LS DB LN, ZOWEMHEL LTHERS.

o(a) =2a—1 Zifi7=THRE a 1Ta=2° TR 577 ZOMWEZEDEHREZMTRE (almost
perfect number) &\ 5.

We B BMOBEALABETIL 2 ORENTTEL. L1 L 2 ORI DIMNIHSE B D 5 i,
RIZITRRINDE Z <, =R I ULED TREAMCH L WEEE LTERINTWS.

2.2 3xtEY b

L CIROMEZEDLETEZ e =20 ZHLTD3HEYy bEES.
(1) o(a) — 2a = 0 Zif7= T EHRBUIMD, (Z IFZEEBTRETING)
(2) o(a) — 2a = —1 &= 3 ERBUT, (BE5E2%0)

(3) ola) —2a =1 Ziifi7= 4 HARBUIfTH.

o(a) — 2a;a < 2000; |o(a) — 2a| < 10 DMEHIZWHR/ZRKREATHE S.



% 1: o(a) — 2a DM 1 HF

a  RKNELME  oa) o(a) —2a
22 2, 11] 36 —8; 8 I EATHEIDTE R
130 [2,5,13] 252 -8
184 [23, 23] 360 -8
1012 [2%,11,23] 2016 -8
50 2, 52] 93 -7
7 7] 8 —6 ;6 72 AT E D e AL
15 [3, 5] 24 —6
52 [22,13] 98 —6
315 (32,5,7] 624 —6
592 [24,37] 1178 —6
1155  [3,5,7,11] 2304 —6
9 [32] 13 -5
5 5] 6 —4 4 EFFETBE O R
14 [2,7] 24 —4
44 [22,11] 84 —4
110 [2,5,11] 216 —4
152 [23,19] 300 —4
884  [22,13,17] 1764 —4
% 2: o(a) — 2a DEH 1 HKr
a  FRHERBDHE  o(a) o(a) —2a
3 3] 4 =22 EIFERBEOEEK
10 2, 5] 18 —2
136 (23,17 270 -2
2 2] 3 —1:2 ORE BB
4 [22] 7 -1
8 [23] 15 -1
16 [24] 31 ~1
32 [2%] 63 -1
64 2] 127 —1
128 [27] 255 —1
256 28] 511 ~1
512 [29] 1023 -1
1024 [219] 2047 -1



2.3 ZE2HOME

a=6%a=281F0(a)=2a &7z . T 1+2434+6 =2x6,14+24+4+7x (14+2+4) = 2x28
LB, —MIZ o(a) = 2a ZHi7ZTHRE 0 22—2 0 v RS HARF Y U ¥y DT EIZTREHN
(perfect number) & FEA7Z. RO ME L 1,

o DT RBUIRIZD 5 %
o AHDEREBIID D H,

METHENI NS FKRAROHM THRBLED AT — 2o THM L BIRETH L. BZ
STHAZ 3 KHEE (D 3 %0, IEP & FEHMO M DIEX, SLHRDAEAREME) & 01320
L.

3 AA4AT—DfRE
FA4 T —IMEBOTZEBOZRETBEILIZHRINU . FOIEAIXEE A, T80T A 1

T W\ R 5ENDDTHS. F—LudFHFE T o(a) =a+1 ZH7ETHRS a FHREBTDH
5, EWS EHOHEIETH 5.

a ZEBOZEMETHE a=20°L(LAKR) £ ET 5.
o(a) = 0(2°L) = 0(2%)o(L) = (2°™* — 1)o(L).
N=2t1_1 B
o(a) = (2°™ = 1)o(L) = No(L).
o) =2a 12&>T
No(L) = (2 —1)o(L) = 0(a) = 2a =2 x 2°L = (N + 1)L.
ZZTN((L)-L)=L &%&5.

d=o(L)—L 253, Nd= L.
e>01&b N>1. 2npx d< L.

l.d=1D2& N=L 1=0(L) - L.

IHNE L OREIE 1, L 2EKRUERICED L IZFELK p.

2.d>1D&Ed#1,L. 1, LUMNZ L D d DHBZ e %2EHKL o(L) >1+L+d. =D
MR d=0o(L)—L>1+d ZHIEFE.

MLUTHEEW a 13 2°L =2°p L EFTZDEK p I p=2ct1 -1 LFRETE 3.

ERERID LD REMEREICZITAND Z N TE .

4 1—2Yy K OREK o)

s(a) % a DHBRLZZRBOBME T 5. £72 ¢ %2 a DENOEREK LT 5.
HBOHBIE (2—2 Vv FEE) o(a) DRFBIEI

TEHERSNZ OBEBOMIZED I TH 5.
BEBIEUZ DWW TR DRl R AR D 32D,



EE12<s=s(a) 35L& 25(a)<a—2 %7z, 7272L,s5s=2,q1 =2 [FRINT 5.
T 2 25(a) —a=—1 %=L Ea=2p L EIFE. ZZTp=2°T"+1 ZFEKTH 5.

IDeEe41132m 5. F,=22" 41137 x)b<v—%L

a ZEBREEBE T2, A1 T7—12& D a=2%p,p=2T1 -1 2 EI} 5.

e T D) +1)  p2t! a
o(a) = (2p) = 1 == =3
WA
26(a) —a=0
ZDWNALT B

EE 3 20(a) —a=0 %2jfizdeEa=20 &FEIFE. TZTp=2" -1 IZFEHKTH 5.

TRO5 o BMEBGEEHTH 5.

5 HRE

a=p BPEBOGE, 5(p) = B DT 25(p) —p=1 MY LD, &oTa BEHTHNIE
20(a) —a =1 DD LD,

20t — 3 MEM p TR B5E, 2° - p B ¢ DBBHL LU p. TilT. a=p. &BLL
20(a) —a=1.

TR 4 HAB a 5 26(a) =a+1 %729 L & a FFERF-I3EK e ORFRBE 2 5.

#* 3 fERBOE

e |2t —3=0p 2°xp=a

2 |22-3=5 22 x 5 =20

3 12¢-3=13 23 x 13 =104

4 | 25-3=29 24 x 29 = 464

5 120 -3=61 2% x 61 = 1952

8 | 29 -3=509 28 x 509 = 130304

9 | 210 _3=1021 | 2° x 1021 = 522752

11 | 212 —3=4093 | 2'' x 4093 = 8382464

13 | 2™ —3=16381 | 2'3 x 16381 = 134193152

BIMIE L OBERDL DS, e=2,3,4,5 ERHDADODBHETL 3L ZAD5FT 2.
(1) 25(a) = a DHEF BBGERBUZ R 5.

(2) 25(a) —a = —1 OHBEIE 7 Vv —FHTEIT 3.

(3) 26(a) —a =1 OHEIFBELUT R 5.

X517 125(a) —a| < 10 DEAD o DR ERDZ I EHNTE S, FEBCHEENS 3 <D
CEELIENPDTHS.



5.1 o(a)—a=1

A4 T —DFAMATIE o(a) —a=17%5 a FREE VD ZEERHEDNTVWS. EREAD
EELTa=2pp>2 (AEHD2M5) 127252 L% o(a) THELZLE S WS RE%E
ULTHZ UL UEELRZEIETERVDTEIMIHD THVAWVWAFHNT,

a=2p DLE (p: TAHEE) o(a) =3(p+1)=3(§+1) £LB5DT20(a) =3a+6 12725,

ZDHRHEZS.

Tbb 20(a) =3a+6 /=T EE, a=2p (TIRDN?

BRI LT a=2p DM 8 DRTH 572, a=4p,5p,a = PEp(p # P:FEE) OBEIES> £LT
&7z,

LD L, a=6p, 28p B EDGEIIFHMOT N EDLDOTHL W L LSRR, 2Ih 5
AT H IR 2 EX, MR 2 WS < OfEPIREL CE 20T, iIFl e 52 &
INSIZDOWTIE, THAREF D ([T LSRR Z ]G U7z

=
D.

5.2 s(a) =2 DE&EDTEHDIHA

a MEEHDE Z s(a) =2 ZIREL TR 5. (HBEREL TWRVWASEKRLEH 5)
a ZHERBOHEL a=p°¢f 35 X=p°Y =¢f 2B a=XY &5,
p=p—1lg=q—1%fi5&

gmy:@X_U@Y_U

pq
THODA=pX —1,B=qY —1,p =pg & BFIX
AB
Z —oxy.
HEELT
AB = 29/ XY.

AB =20 XY O XY Off#iE R B LE R=pq—2p 70
RXY =pX +qY — 1.
COREZEXREXN LWV S.

R=pq—20=2-(p—2)(q—2) THOEERELANLS R>04KBDTp=27"1D R=2. L7
MNoT2XY =2X +qY —1 BEDVIID, Y >q &> T,

0=2XY — (2X +qYV —1) = (2X —q)Y — (2X — 1)
> (2X —q)g—(2X 1)
=2X(¢—1)—(¢*—1)
=q(2X —q—1)
£oT
qg+1>2X.

—H, 22X —q)Y =2X - 1) IT&NiX2X —¢g>1. Thbb2X >q¢+1. £oT2X =g+ 1qg=
2€+1_1.

ZIZT2X =q+ 1 DWWV B Y = ¢ WEFS5Nz. ULizh>Ta= XY =2°,q¢=2°T -1
o7=MDT a I35EEHL

ZOMEIIEFE AN TH S, 12720 s(a) =2 ZRKEL TVWE O TEHIZITR SR\,



6 TEBDOETHE

g=2"1 — 1 BEFD L & 2°¢ 1T H 5. BEBOTITBE L IZROERTH 5.
MDONRTA=Z mIZH LT qg=2T — 14+ m DBRDL & ¢ =2% % m FIIETBRE LS
2EE WS, 727U m BB OEE.

6.1 TEBOHE

x4 BEBOGE

emodd e e+1 2¢ % q a a mod 10
1 1 2 2%3 6 6
2 2 3 2257 28 8
0 4 24 %31 496 6
2 6 26 %127 8128 8
0 12 13 212 % 8191 33550336 (1456) 6
0 16 17 | 216 %131071 8589869056 (Cataldi,1588) 6
2 18 19 | 2% 524287 137438691328 (Cataldi,1588) 8
2 30 31 A B (Euler, 1772) 8
0 60 61 C D ( Pervushin, 1883) 6
0 88 89 E F (Powers, 1911) 6
0 106 107 G H (Powers, 1914) 8
0 126 127 1 J (Lucas, 1876) 8

A = 230 % 2147483647

B = 2305843008139952128

C = 250 % 2305843009213693951

D = 2658455991569831744654692615953842176

E = 288 % 618970019642690137449562111

F = 191561942608236107294793378084303638130997321548169216

G = 2196 % 162259276829213363391578010288127

H = 13164036458569648337239753460458722910223472318386943117783728128

I =226 4 170141183460469231731687303715884105727

J = 14474011154664524427946373126085988481573677491474835889066354349131199152128.

a DREDEIZ 6 78 SVHZEL a=6 £721X 8 mod 10. ZNIXZEEEDOFFDEAMOME
DO ED.

BEREBRT D LEROERNRDNS. 1270, 22 Te>1 DHALMEDR.

e=113HNDEHELLTHERS.

ee=0 mod4 745 ¢g=1 mod 10. a =6 mod 10.

ec=2mod4 75 ¢g=7 mod 10. a =8 mod 10.



7T m EITUTRENLZIGEDEE
71 m=2

2 FIIMATHEI LA 2 R TALD. g =2 + 1 BEBDGEIZRS.

#£ 5 g=2T1 + 1 EK

e e+1 emod4 2¢ % q a

0 1 0 3 3

1 2 1 2%5 10

3 3 23 %17 136

7 8 3 27 % 257 32896
15 16 3 215 % 65537 2147516416

3,5,17,257,65537 HIX 5 D7 T —FRBTH 5.
2 ITEATHE L 2HED a = 3,10,136,32896,2147516416 %2 7 T ¥ —DREHEIFA TR D
VAR

e>3DrE g=7a=6 mod10. £ <IZa DEREDEIL 6.

Proof. e+1=2"12&D r>275 e+1=4N L EHEIFZDT
g=2"'+1=2mod 5. —H, ¢ IEFFHRDT2°=3x 2" 2D T ¢q=7 mod 10.
a=2°xq=3%q=6mod5, a l¥MHEL DT a=6 mod 10.

72 m=4

q =2+ 3 VEHDLGE

#6:p=2,m=4

emod4d e 2° % q a a mod 10
1 5 2% % 67 2144 4
2 6 26 % 131 8384 4
3 11 2 %4099 8394752 2
2 14 214%32771 536920064 4
3 15 2% %65539 2147581952 2
1 17 27 % 262147 34360131584 4
3 27 A B 2
1 29 C D 4
2 54 E F 4
2 66 G H 4
3 83 1 J 2
2 98 K L 4

A = 227 % 268435459, B = 36028797421617152
C = 2% % 1073741827, D = 576460753914036224



E = 25% % 36028797018963971, F = 576460753914036224

G = 256 % 147573952589676412931

H =649037107316853507609507569598464

I =283 % 19342813113834066795298819

J = 187072209578355573530071687601903897267059558449152

K = 298 % 633825300114114700748351602691

L = 200867255532373784442745261543596063265446546273971631816704
Ke[lb e

eec=1mod4 75 g=7,a=4 mod 10.
ee=2mod4 75 g=1,a =4 mod 10.

e e=3mod4 725 g=9,a =2 mod 10.

8 m EIFTFEITHRENLI-ARADE

NIA=Z mIZHLTqg=2T — 14+ m DPBEHD L & 0 =2% % m ZEFBEL -2
EWVWS Z LI LRI D7z AR EZ RO KD, 72720 m 3B ORE (EBRICIX 1 HifRE
KHEDEDONRENES D)

o(a) =0(2¢q) = (2t —1)(q+ 1), ¢+ 1 =2 + m ITEE LU TRORER 2175

o(a) = 0(2°)
=2 -1)(¢+1)
= (¢ —m)(2" +m)
=q2°T +m) — m(2°T 4+ m)
=2a+qgm—m(q+1)

= 2a — m.

M ULTo(a)=2a—m HRE5NT.

FHRERA o(a) = 2a — m OIRIIMBESERBOETHEL LTTE 507
WS HEEZHETS.

m BB UREVE KB T V. m =2 TRHKBID R 5 72

9 5Bl

9.1 o(a)=2a—-2
m=2797%bb, oa)=2a—2 27 TRDOERENE-7-.
T IARRIE I N7ZT.

(W7 A
o(a) =2a—2 T a PMEEZS s(a) =2 272307 (A1 7 —DFHZEMTE S < LR
W25 95)



7 0(a)=2a—2

HEBE  o(a)

3] 4
10 [2,5] 18
136 [23,17] 270
32896 [27,257] 65790
2147516416  [21°,65537]

s(a) = 3 2GRN D 5 D,
WIZm =4 OBEEERS.
9.2 o(a)=2a—14
o(a) =2a —4 2= TRORENE- 7.

# 8: o(a) =2a —4

FEBE  o(a)

[5] 6

14 [2,7] 24

44 [22,11] 84
110 [2,5,11] 216
152 [2°,19) 300
884 [22,13,17) 1764
2144 [2°,67] 4284
8384  [26,131] 16764
18632 [23,17,137] 37260

a=51%s(a) =1 ROTKHNZHD. ZOHNIMUNMEL UTHTHEDS 221275,
a=110,884,18632 13 s(a) = 3 HOTKHNC 5. KHIZE S5IZHDZ>5TH 5.

[ )
o(0) =2 — 4 T a HIBEE S s(a) = 2,3 ZHiFT A
s(a) =3 &M TRE T RTRD K.

10 EN3DEX
10.1 a=23° DFE

TRBMTIE2DREVEARTH NI I ITEIDODREDEEEKS.

a=3° B LE ola) =0(3%) = E=L, BROT 20(a) =3 —1=3a— 1.

10



ZZT20(a)—3a=—1 %729 o ¥ Z2MEL T L. ZhEFE2HRMTEZLZ2DIEE 7
WRWDT 3ty MZLUT

(1) 20(a) — 3a = —1 &7 ERBIZMI D,
(2) 20(a) — 3a =1 Z 7= HRBUIA A,
(3) 20(a) — 3a = 0 & 7= 3 EARBULATH
ZMEIZT 5.

10.2 FUEETEH

20(a) —3a = —1 Z{=THRBIZOVWT AV A VEIZFHELTES .

# 9: 20(a) —3a=—1

ola) REBHHE

3 4 3]
9 13 [32]
27 40 3%]
81 121 [34]
243 364 3%]
729 1093 [39]
2187 3280  [37)]
6561 9841  [38]
19683 29524 3]

ZOBEFPHFITIEAT 3DOREPWATHTEZ, SVHBANE s(a) =1 DI TH 5.
s(a) =1 ZBELZLE a D3IDOREIIRDZLIFTSON5.

11 3%2KEET527EHN

e+l _
0= 3 IR LT o(39) = L M g 1o T B, LD E a—aq 2 3EEET S

2
TERELES LT 5.

11.1 3%52KEET32ZE2HOHE

A = 370 % 3754733257489862401973357979128773

B = 9398681223266955568884336291512894246732289173595197254503404033277
C = 3192 % 6957596529882152968992225251835887181478451547013

D = 322720996484187844746619306273472246597518644973851120620

—— 67563800310073569424269938090581449997117

INS N oROFEGFHZEL ZENTES.

ec=2 mod4d D&E q DREDEIZL 3, a DREDEIZL 7.
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#10: 3 &K &3 558

emod4 e FRBAHE qmod 10 a a mod 10
2 2 3213 3 117 7
2 36 % 1093 3 796797 7
0 12 3'2x797161 1 423644039001 1
2 70 A 3 B 7
2 102 C 3 D 7

ec=0 modd D& g DREDEIL 1, a DREDOEUIL 1.

THDOTE R TIIREOED 4 £7213 6 THo7N3 KL T HBRBMTIIREOEN 7T £7-
12725,

11.2 3%2KE T H2L2HDARER

PHEDERIMDEETIE 0(a) —2a =0 2= THDOZ L TCINMEBDGEIEA L T -2k D
a =200 (2°);(7272 U, (2°) 1X3E50) I X iz

TR AAT—DEALEPOHAEL 0(3°) PEBM qDLE a=39 23 %2KETIRSR
BEIPRZ 2zl 22088050,

3e+1 -1 3e+1 + 1

qg=0(3%) = 5 Ebg+1= DT

20(a) = 20(3%)o(q)
=3 =1(g+1)
=q(3°" +1)
=3a+q

ZIM6 q2HTIENTERVDT a DEKRERT% Maxp(a) EELGLFELEAT S LIRD
AR ICEED NS,
20(a) = 3o + Maxp(«).

RDOKEBIIBIZZ O SHFRREMHET o 12 0(3°) BEH ¢ KRBDEHVT a=aq LELZ
LRTEBD, TH5B.

YOHAT, COMEE 3AKET BRLBMOBREBELITR. 3L Z > 2RI AN
KHlEDL DRTVhE LAARL.

12 3%K&T 322 HOETRE

ERICENE g=03) =3 PR DL E =3¢ W3 RELTIHRMTHS. Zh
Em Y BB S L EERD.

=3 BEM g DL Fa=3 &k m E FABBLE 3 EEETIRAML V.
NS DPEAEL 2T NUSREIRD 2N D TAY 2V THER T 5.
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121 p=3m=1

p=3m=10t% q=3 41 FHRIKRD.

#£1l: m=1
emod4 e  HERERKIMR gmod 10 a a mod 10
1 1 3%5 5 15 7
3 3 33x41 1 1107 7
3 15 3% % 21523361 1 308836705316427 7
3 31 331 % 926510094425921 1 X 7
3 63 A 1 B 7

X = 572280636715419056279672990187
A = 353 % 1716841910146256242328924544641
B = 1965030762956430528586812143569325391583084017460083159697707

q DREDEIZ 1, a DREDEIZ 7.
e+1=2,4,16,64 2ETINSIE 2 DN 2DRETH 5.

g=3"Al 3RO sy,

i) 5,

i) 41,

iii) 21523361,

iv) 926510094425921

v) 1716841910146256242328924544641

INSIET7 VY —DEBIZHELLTWS., 22T
3EEETDBITTILT—FHE WS,

5 24T B & REOEIT 1.

AKDT7 2N~ —FHEHE L 5D 2DVRAREFETR SR,
IN6EIEELTEZTIINT—DREHLE VS,

15 Z#BRAT 2L KEDOBIL 7T THD. ANHIFIEERETHATHRDL R L RS,
ZDOWIIRT 2 VI —DEEHEHFTELZANTVRWERES . O E > TR,

13 m EIFFTRELEBDOARERN
q=3" L 4t m HER g DL E a=3 LB INHHEETEEROHEREREL LS.

2
g+1=3"41 4 TEELT,

o(a) = o(3%)
= (3T =1)/2x (¢ +1)
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IZ&oT

20(a) = (3" = 1)(¢ +1)
=2(q—m)(qg+1)
=2q(g+1)—2m(g+1)
=q(3°T 4 14 2m) — 2mq — 2m
=3a+q—2m

7 < UT g= Maxp(a) 25 & fiFEA
20(a) = 3a + Maxp(a) — 2m
NERLNTZ.

ZDARRNE M-SR BT
—THOWREEZEZSLZ LIRS,

14 Maxp(a) IC2WT
JEAY3 D m I ATRE U S 2o ARAEBIEL TX o
20(a) — 3a — Maxp(a) = —2m

IZEAL T 20(a) — 3a — Maxp(a) ZJENV 3 DEEREL VD,
JEE7Y 3 DIEREDHEAY 9 LR DEE a < 5000 IZDWTHKEZE-> 72,

* 12: [EH 3 DERE OMEA 9 AT

a 5]  o(a) | ERSE Kb
5 5] 6 -8 | m=4 FTBH
153 [32,17] 234 -8
26 [2,13] 42 -7
21 3,7 32 —6 | m =3 FIrEH
1161 [3%,43] 1760 | —6
22 [2,11] 36 -5
3 3] 4 —4 | m=2; WUNE
[32] 13 —4
27 [33] 40 —4
81 [34] 121 —4
243 [3%] 364 —4
729 [36] 1093 | —4
2187  [37] 3280 | —4

14



3+ 13: B 3 DELRE OMIEDY 9 AN

2 2] 3 | =2 | m=1¥TBH
15 [3,5] 24 | -2
741 [3,13,19] 1120 | —2
1107 [3%,41] 1680 | —2
14 [2,7] 24 | -1
4 [22] 7 0 FERH
117 [3%,13] 182 | 0O
10 2,5] 18 | 1
2,3] 12 | 3
[23] 15 | 4 | m=-2F7BH
99 [32,11] 156 | 4
759 [3,11,23] 1152 | 4
999  [3%,37] 1520 | 6 | m = —3 FATHH
147 3,72 228 | 8 | m=—4Fi7BH
3185 [5,7%,13] 4788 | 8

ZOFERPSHEAWEEDNRZ 5725 5 %

15 ZTHBOTEH
15.1 THRDZELEE FZDOETHRE

P RFEL o(P°) DFEBM q DL E a=Pq 2IED P O RIBOTEHEIFIES.
IDrE g=LTSl e ip FENTESLHEMURT EAMRLEAED LV PR
»5.

FRRD TR M m 72 PABET 5.
g=PT 1 b BFEBE LT a = Poq & m BOEABB UKD P OREHELITS.

16 &M
16.1 [p=5,m =0

A = 2524354896707237777317531408904912382240581
—7918479442596435546875 1

B = 5126 4 146936793852785938496092067152780709727333194596510940
—18859396328480215743184089660644531

C = 172723371101888892507727037256[117digits]66189579945057630538940
—4296875

IORIZEDY ¢ DF 2HKiE, 31 £ 7213 81.

I — B8l EmnTWbEERT
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#£14: P=5m=0

FIKB a

52 % 31 775

56 % 19531 305171875
10 5'9% 12207031 119209287109375
12 52 % 305175781 74505805908203125
46 5% % 177635683940025046467781066894531 A
126 B C

#£15: P=7,m=0

RN a

74 % 2801 6725201
12 7'2 16148168401  223511436608353935601
130 A B

A = 7139 % 850534611647968019495395416395[50digits] 146
-930307290253537320447270457

B = 620064964809565522477522001004[160digits]1498675110124641
—-86481525314793

e=0mod4 25 a,q IEKED 1.
e=2mod47%5 q=7,b=3 mod 10.

17 FBOZTLHO®BTHER
SEATRBEN D L MO T2 MO T ARENE/ES.
q= % +m TH-T

Po(a) = Po(P°q) = (PT" = 1)(g+1)

27D, g+ 1= P22 o AW TRO & S ICALHT 5.

o) =T
=(g—m)(g+1)
=q(qg+1)—m(qg+1)
:%(P6+1+P—2)+mq—m(q+1)
:Pa—l—q(P—Q) .

P
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&Y ¢=Maxp(a) ZHWT
Po(a) — Pa = (P — 2)Maxp(a) — m(P — 1). (1)

Iz m VATBE) L -0 R e DEA LA L WS,
BlZIE P=275
o(a) =2a —m.

P =2 2[R > THMRZ Maxp(a) DME A 72.
P=37%5
20(a) = 3a + Maxp(a) — 2m.

17.1 BIBDZLHOEKRMEE

(1) Z37=3 & &

Foq= Pe;fl +m ZFHIZUT a= Py

EMTBN? L WO MEEEBOZEROREAMEL E 5. ZNHBRICKITHIETiXRnD
RIE W59 2 AE A E .

TN —MITENLT 21X, & 0 H AT RHAIZHET.

18 &l

RIZ/ A Z R 729 0 2RSS,
a =< 200000 FEEEDHEIPH TREBURE S 5 O CIEH IR 3000 5.

Po(a) — Pa = (P — 2)Maxp(a) — m(P — 1)

# 16: [P =5,m = 0]

a RRBE  o(a)
775 [5%31] 992

UN =S AN

18.2 [P=7,m=0]
a = 3% \ZBUINME.

17



F£17: [P=T7,m = (]

a FRHEBOE  o(a)
9 37 13

19  UNER
EABB LRSS EHS . LiaoT
Po(a) — Pa = (P — 2)Maxp(a)

Zhi7z9. s(a) =1 DL EDOMERDES. a=q¢f P EORET LT 5.
f=1DLE.

P(g+1)— Pq= (P - 2)q.

&y,
P—g—1=(P-2)q.

(P—1)(g—1)=0»TTHE

f>2mr %,
Y=q¢/ &BF X a=Y,Go(a) =qY —1 2§72 L Maxp(a) = ¢ 12 &> T

MZPY—F(P—Q)Q.

LT
Y (Pq— Pq) = P+ (P — 2)qq.

Zh&D

P=Y(P—q)—(P—-2)qg=q(¢’ " (P—q)— (P—2)7).
EoT P=wq 2723 HAE w BdH5b. ¢ 2> T

w= (¢ N (P-q)—-(P-2)7) =P -7 —¢' +27

XoTP=14+wq
w=(1+wq) (" —9 —q¢ +27

w(l ¢’ +qq) = —¢’ +¢" " +q.
w=1DkZ.
P=1+q &0 Pqgld IZE NS ¢q=2,P=3,a=Y =2/
20(a) =3a+272DT22Y —1)=3Y +2. 2N &bD a=Y =4.

w>2DE X,

20¢ —qg-1)<w(¢' —qg-1)=¢ - ' -7
&y
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¢/ —2qq-2< ¢/ -7

¢ Hg+1)<2¢*—3¢+3.

f>3mr%.
2 2
q°(g+1) <2¢° —3q+3.
LT
¢ —q¢*<3-3q.
ZNIEFIE.
fo2mrx

w(@® —qlg-1)-1)=¢"—qg—(¢-1)=7".
P—qlg-1)-1=q¢-1Lug=g L&oTw=7
P-l=wqg=qlg—1)iC&Y P=1+¢q(qg—1).

MUEIZED Pg BT P=1+q(qg—1) 2723 L EHEATEDONZEN P DL &
a = ¢ DN

WUNEDIFIES 2720 DFEH P OFMIEFEB g BWH->T P=1+q(q—1) 232 Th5.
CDEIRFERELTP=17,43 1D 5.
P=30DCLEWUNMREq=22P=7TD& EMUNMRE q=23%P =157 D& ERUNME q =132 &0
Hns.

19.1 #INBRDEET R

WUNBOEIET AEBRIZIENIZHEEAI ). XY A VEIZHD RO XS IZEMIL L D%
HLUTE-.

# 18: P, g D"EH

q P

7

43
13 157
67 4423
79 6163
139 | 19183
151 | 22651
163 | 26407
193 | 37057

a,b WHWZREREARBO & & FEBH {an + b} (n=1,2,3,- ) ITITMWRIZZ < DR H
5. W E 47 Dirichlet OEHTH 5.
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UL, 2 872 & 218 {n? + 1} ITIEMERIZZ < OFRBD D 5 15E NV, TIIE S 2GR
BT AMRTHBAHIITEZ IR TAR, LELATVWBEEHL. {(n2 —n+ 1} IZHHE
FRIZZE K DRBBH 5 Z L ITMEEZ DGR XV,

WUNBDIFAESRMTIE n ZRBUZIRD DD {n? —n+ 1} ITIZMERIZZ < OFRBD D 2 0% 15
TW5.

CNREIZHMT O TH D, T D& S LD, BUNMEOFERMBE L UTEL L. EITR
HERZeThs.
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Deformation for Any Characteristic Varieties

Kazuhisa Maehara at Ogaki

February 15, 2015

Abstract
In this article we shall construct a theory for defomation of non necessarily projective fibre spaces of positive

characterristic and apply it to an analogy of litaka-Viehweg conjecture of positive characteristic([lita],[Vieh]).

1 Introduction

Let k be a field of any characteristic. For the sake of simplicity, assume k be algebaically closed. Fix an algrbraically
closed field of infinite trancendental degree over k once for all. Let X and Y be varieties over k, i.e., k algebraic
schemes geometrically reduced and geometrically irreducible over k. Let k(X) and k(Y) denote separable function
fields of X and Y, respectively. Let k(X)*? and k(Y")*“P be separable closures of k(X ) and k(Y") in the algebraically
closed field and let Gx and Gy be their Galois groups, respectively.

Proposition 1.1. Assume k(X)/k(Y) be a separable extension. Then there exists the canonical topological group

homomorphism Gx — Gy, the image of which is an open subgroup in Gy .

Proof. A field extension L/ K is called a separable extension if L® j K'is reduced for any field extension K’ /K ([Baki]).
Since k(X) D k(Y) is separable, K (Y') has a separating transcendence basis B, so that K(Y)/K(B) is a finite sep-
arable extension and one can find a separating transcendence basis B’ D B for k(Y). Let k(B)*°P, k(B’)*°? be the
separable closure of k(B) and k(B’) in the given algebraically closed field,respectively. Since

Gix = Auty ) (K(X)*7) = Gal(k(B')“" /k(X)
Gy = Autygy ((Y)P) = Gal(k(B)* k(X))
the restriction of the automorphism group Gx on k(Y)*®? = k(B)**induces a surjective group homomorphism
Auty(x) (k(X)*P) —— Autyy) ((Y)*P) = Gx[k(Y)*P
, where k(Y”') = k(X) N k(Y)*P and so k(Y”) is the integral closure of k(Y) in k(X).
Autyy(y ) (k(Y)*) = Gal(k(Y)*? /k(Y"))
Since k(Y')/k(Y) is a finite extension, one has an open subgroup inclusion, i.e., closed subgroup of finite index,
Gal(k(Y)*? /k(Y")) < Gal(k(Y)*?/k(Y)) = Gy
Composing them, one obtains the canonical group homomorphism which is open

Gx—>GY
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Theorem 1.1. Let k(X) and k(Y) be separable function fields over k which is algebraically closed. Suppose that
there exist separable closures k(Y)*P C k(X)*P of k(X) and k(Y) in the algebraically closed field with infinite
trancendental elements over k. Then the extension k(X)/k(Y) is determined by the canonical continuous open

group homomorphism between the absolute Galois groups.
Homy (k(Y), k(X)) 2= Hom ™" ((Gx, k(X)*P, (Gy, k(Y)*)) = Hom*"" " (G x, Gy)/ equ
where equ is determined by the inner automorphisms Gy . In particular, putting Y = X one has
Auty (k(X)) 2 Aut®"(Gx)/Inn(Gy ) = Owt“"(Gx)

Proof. Since
k(X) = (k(X)*P)x

K(Y) = (k(Y)*P)SY
one can recover k(X) D k(Y") by the continuous open group homomorphism

Gx—>Gy

and an inclusion
E(X)%P D k(Y)*P

gives

B0 = (K(X) )55 5 k(Y)™ (1K) = (KY)) S (k()*7) = k(Y)

Let ¢ be a contravariant functor from the category of subfields of finite index of k(X)) to the category of the absolute
Galois groups of finite coindex with G x the initial object

p(k(Y)) = Gal(k(Y)*"/k(Y))

. One has
k(X) p(k(X))
aT J{w(a)
k(Y) P(k(Y))

Let 1 be a contravariant functor which is a quasi-inverse to ¢

D(Gal(k(Y)*P [k(Y)) = (k(Y)*P)¥

One has
Gx ¥(Gx) = k(X)
lﬁ w(mT
Gy Y(Gy) = k(Y)

One obtains
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and

Hence putting Y = X one has
Auty (k(X)) 2 Aut®"(Gx)/Inn(Gy) = Owt“"(Gx)
O

Corollary 1.1. Let Z be a separating transcendence basis of k(X) over k,i.e., k(X)/k(Z) is a finite separable
extension. Assume Z' C Z is an algebraically independent set of k(Y') such that k(Y)/k(Z') is a finite extension.
Let k(Y?”) be K(Y) N k(Z")*? and k(Y') = k(X)Nk(Z')*P. Then one has a diagram

k(Z)%P = k(X)seP k(X)

|

R(X) N E(Z')*P = K(Y') < k(Y") = k(Y) N k(Z')**P

| |

k(2) k(Z2")

and
HY(Gx,k(Z)%P) < H°(Gx,k(Z')*P) < H(Gy», k(Z")P)

One obtains the canonical bijection:
Homy (k(Y”).k(X)) = Homg """ (Gx, Gy~) /Inn(Gy~)

Here
Gx = Gal(k(Z2)*? k(X)) Gy = Gal(k(Z')*¢P /k(Y")) Gy» = Gal(k(Z")/k(Y?"))

Corollary 1.2. k(Y) is separable over k. Let Z' be a separating transcendence basis of k(Y') over k and Z > Z'
an algebraically independent set of k(X). Let k(X'") = k(X)Nk(Z)*°P and

Gxr = Gal(k(Z)*? [k(X")) Gy = Gal(k(Z')*?/k(Y))
Then one has the canonical bijection:
Homy, (k(Y), k(X")) = Homg"*"" (Gx/, Gy ) /Inn(Gy)
In particular,when k(X)/k(Y) is separable, one has
HO(Gx, k(X)*?) <—— H(Gx,k(Y)*?) <—— HO(Gy, k(Y)*P)

F

k(X) E(X)Nk(Y)ser E(Y)

and the canonical bijection:

Homy (k(Y), k(X)) = Homg """ (G x, Gy ) /Inn(Gy )
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Theorem 1.2. Let k be an algebraically closed field, S a variety over k and f : X — Y a dominant separable
rational map of fibre spaces X andY of varieties over S. Assume that X/S is isotrivial,i.e., var(X/S) = 0 which is
defined by E. Viehweg. Assume Aut(k(Yy)) is an algebraic group, where 7] is the separable closure of the generic point
of S in the fized algebaically closed field with infinite algebraically independent elements over k. Then var(Y/S) = 0.

Proof. One has the following diagrams

X\S/Y Xn\ /Yn

{m}

Since Gx = Gx, X Gs, Gy has a section and so it is a semi-direct product,i.e., Gy is a semi-direct product of
Gy, by Gs. Here the action of Gg on Gy, is continuous since Gy, is a normal subgroup of GGs and since a section

Gy /G5 acts on Gy, by conjugate action. Hence this gives an element
H'(Gs,0ut(Gy,))
which is an image of the class of the extension of Gy of H'(Gg, (Gy, — Aut(Gy,))):
H'(Gs, (Gy, = Aut(Gy,))) = H'(Gs, Out(Gy,))

Note that
Alltf] (Yﬁ) = Outcont (GY;, )

Since Autz(Y5) is an algebraic group,the distinguish element of H'(Gg/,Out(Gy,)) is trivial base-changed by a
finite extension k(S”)/k(S), which is a standard argument.
O

Theorem 1.3. Let k be an algebraically closed field of positive characteristic. Let X be a projective non singular
variety over k. Set
FX)={(V.f: X =Y)}

where Y'is a projective non singular variety of general type and the mth-pluricanonical mapping is birational and f
s a separable, dominant ratinal map.
Then F(X) is a finite set.

Theorem 1.4. Let k be an algebraically closed field. Let S be a variety over k and f : X — Y a surjective morphism
which are separable over each points of Y between irreducible reduced schemes of finite type surjective over S every
points of which are reqular extension of points of S. Assume that X is trivial over S,i.e., X = Xg X S for some
variety Xo over k and that the automorphism group of Yy is of finite type over k, where Yy is a fibre of Y over the
point which is the separable closure of the generic point of S. Then'Y is trivial over 8" which is an open subscheme

of S in the sense of etale topology.

24



2 Introduction-bis

We construct a deformation theory by making use of axiomatic Galois theory in Seminaire Geometrie Algebrique
1([SGA]) developed by Grothendieck. We obtain the following:

Theorem 2.1. Let k be an algebraically closed field of characteristic p > 0 and X a projective variety over k.Then
the set of projective varieies Y of general type whose m-th pluri-canonical invertible sheaves wgm give birational

embedding into projective spaces such that there exist dominant separable rational maps from X to'Y is finite.

Theorem 2.2. Let k be an algebraically closed field of characteristic p > 0. Let f : X — S be a connected
and geometrically irreducible and generically separable morphism between connected and irreducible and generically
separable projective schemes over k which we call these varieties. Assume that X is a normal variety and that S is
regular. Let wg?;]s denote the double dual of the m-th tensor power of wx,g and F the double dual of a torsion free
sheaf F. If k(X5) > 0 where 1 is the generic geometric point of S,then

max(k(det fuwl ) > var(X/S)

m>1

Theorem 2.3. Let S be a geometrically irreducible and separable scheme over SpecZ and X , Y schemes which
are geometrically irreducible separable over S and f : X — Y a surjective separable morphism over S. Assume that
X s isomorphic to a product Xo Xgpecz S, where Xg is a geometrically irreducible separable scheme over SpecZ
and that for any geometric point § over each point s of S, Aut(Ys) is a locally algebraic group over s. Then there
exists a connected separable scheme Yy over SpecZ such that Y is isomorphic to a product Yo Xgpecz S' where S’

is a scheme surjective onto S.

3 Preliminary

To apply it to our problems, recall a Grothendieck-Galois theory in expose V le Groupe Fondamental SGA1([SGA])
as preliminary which is axiomatic and has a potentially wide application, though it seems to be not yet enough
to apply it even in the area of algebraic geometry. Let C be a category and F' a covariant functor from C to the

category Sets of sets.

G1 C has a terminal object and the fibre product of two objects over a third object in C, In other words, there

exists a finite limit in C.

G2 The finite sum in C exists. Hence there exist the initial object )¢ and the quotient of an object of C by a

finite group of automorphisms. In other words there exist the finite inductive limits in C.

G3 Let u : X — Y be a morphism of C. Then u factorizes to a composition of X — Y’ = Y with «’ a strict

epimorphism and u” a monomorphism, which is an isomorphism on the direct factor of Y.
G4 The functor F is left-exact.

G5 F commutes with finite direct sums, transforms strict epimorphisms to epimorphisms and commutes with fibre

products. In other words the functor F' is right-exact.

G6 Let u : X — Y be a morphism in C such that F'(u) is an isomorphism. Then wu is an isomorphism.
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Then the functor F is strictly pro-representable([GG]). So there exists a projective system
Pp = ((Pr)i)ier
in C over I which is ordered and filtered. We have a functorial isomorphism
F(X) = Homp,o(c)(Pr, X)

We call F' the fundamental functors, which form a groupoid and Pr the fundamental pro-objects associated to
F. We call Aut(F') the fundamental group which we denote 7. It is also the opposite to Aut(Pr).

Let C(7) be the category of finite sets where 7 acts continuously to the left. We can consider F' as a covariant

functor
F:C— C(n)
We can define an inverse functor G
G:C(n)—C
by the formula
GE)=Px, E

F and G are quasi-inverse each other.

Definition 3.1. A category which is equivalent to a category C(m) is said to be Galois category, where m is a

profinite group.

The category Pro—C(r) is equivalent to the category C’(7) of the spaces with a topological group 7 of operators
which are compact and totally disconnected. C(m) is a full subcategory of C’(w). 7 acts to the right on an object
X in C and to the left on F(X). In C(7) a Galois object is isomorphic to a quotient of = by a normal subgroup and
a pointed object X has an element a of F(X). Thus a connected pointed object identyfied with an open subgroup
of Aut(F).

Let C, C’ be two Galois categries, H : C — C’ a covariant functor, F’ a fundamental functor on C’ and

F = F' o H. Then the following conditions are equivalent:
1. H is exact.
2. H is a fundamental functor.

tH defines a continuous homomorphism
tH TMEr — TR

Conversely, given two fundamental functors F, F’ of C, C’ and a continuous homomorphism 7g — 7, it
corresponds to a functor of C(w) to C(n’) such that it is exact and such that it corresponds to a exact functor
H :C — C' such that 'H : mpr — 7 is u itself.

Proposition 3.1. 1. Let X be a connected pointed object of C which is associated to an open subgroup U of mp.
U D u(mwpr)(resp. U contains the closed normal subgroup generated by u(np:)) iff H(X) admits a pointed
section(resp. H(X) is completely decomposed).

2. w is trivial iff for any object X of C, H(X) is completely decomposed.
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3. Let X' be a connected pointed object of C' which is associated to an open subgroup of wp:. U' D keru iff there
exist a connected pointed object X of C and a pointed homomorphism of the connectedpointed component X
of H(X) into X’. Hence X is isomorphic to a quotient of the neutral connected component of the inverse
image of a pointed object of C as a pointed object. If u is surjective, X is isomorphic to H(X), where X is a
pointed object in C.

4. U’ D keru iff there exist a connected object X of C and a morphism of a connected component of H(X) into
X'. If u is surjective, X' is isomorphic to an object of the form H(X).

5. u is injective iff for any object X' of C', there exist an object X of C and a homomorphism of one connected
component of H(X) into X'.

6. Any connected object of C' is isomorphic to an object of the form H(X) iff u is isomorphic from wp: to a
subgroup which is a direct factor of mp. In fact we however construct a homomorphism g — wp: which is a

right-inverse by the certain exact functor of C' to C.

Proposition 3.2. The following conditions are equivalent:

1. The homomorphism u : Tpr — T 1S surjective.

2. For any connected object X of C, H(X) is connected.

3. The functor H is fully faithful.
Corollary 3.1. The following conditions are equivalent:

1. w is an isomorphism.

2. H is an categorical equivalence.

3. The following two conditions are satisfyed:

(a) for any connected object X of C, H(X) is connected.
(b) any object of C' is isomorphic to an object of the form H(X).

Let S be a locally noetherian connected scheme and
a : Spec(?) — S

a geometric point of S with values in algebraically closed field 2. Put C the category of etale coverings of S
and for an object X of C F(X) the set of the geometric points of X over a. Then these C and the functor F'
satisfy the axioms (G1)-(G6). Hence it forms a Galois category. Hence the pro-object Pr of C which represents
F' is the universal covering of S at the point a. mp = Aut(F) = Aut(P)° is called fundamental group of S at a
which is denoted by m1(S,a). If @’ is another geometric point of S with values in algebraically closed field ', it
defines a fundamental functor F’. We denote by m1(S;a.a’) the set of homomorphisms F — F”, which are indeed
isomorphisms. Now let
f:8 =S
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a morphism between locally noetherian connected schemes,a’ a geometric poit and a = f(a’) its imagein S. Then
the inverse image functor f- induces a functor of the category C(S) of the etale coverings of S to the category

C’(S") of the etale coverings of S’. We have an isomorphism of functors
F2F'of
Hence f- is an exact functor. In particular we have a canonical homomorphism
u=m(f;a");m (S, a") = 71(S,a)
which admits to reconstruct inverse image functor C(S) — C’(S").

Proposition 3.3. Let S be the spectre of a field k and Q0 an algebraically closed extension of k which defines a
geometric point a of S. Let k be the separable closure in Q. Then there exists a canonical isomorphism of m (S, a)

onto the topological Galois group of k/k.

4 Applications
We propose to give the following definitions for varieties which are not necessarily commutative.
Definition 4.1. Let k be a field. A geometrically irreducible and reduced projective schemes over k is called variety.

A wariety V' is called of general type if every gemerically finite cover of V has a finite birational automorphism

group.

V' is called non-uniruled if every generycally finite cover has a birational automorphism group which is locally

algebraic.

V' is called uniruled if there exists an infinite sequence of generically finite covers which have birational automor-

phism groups which are not locally algebraic.

V' is called rationally connected if there exist an infinite sequence of generically finite covers the ramification locus

of which are dense and whose birational automorphism groups are not locally algebraic.

Theorem 4.1. Let k be an algebraically closed field of characteristic p > 0 and X a projective variety over k.Then
the set of projective varieies Y of general type whose m-th pluri-canonical invertible sheaves wgm give birational

embedding into projective spaces such that there exist dominant separable rational maps from X to 'Y is finite.

Lemma 4.1. Let k be an algebraically closed field of characteristic p > 0. Let S be the spectre of a function field of
a variety T over k and K a function field of S. Let Xy be a variety over k,and k(Xg) a function field of Xo. Let X
be a variety over S such k(X) is isomorphic to the total fractional field of k(Xo) ®% K. Let Y be a variety over S.
Assume [ : X =Y is a dominant separable rational map over S and assume that the birational automorphism group
of Y over S is a locally algebraic group over S. Then there exist a variety Yo over k and a variety T’ generically
finite over T such that the function field K'(Ys:) of Ys: is isomorphic to the total fractional field of k(Yy) @ K,
where the spectre S’ of the function field K’ of T'.

Proof. We denote by K the separable closure in an algebaically closed extension of K = k(S). Let Y denote Y @ x K.
We make use of Breen’s extension theory([Breenl],[Breen2], [Gir]) We denote by Aut(G) the automorphism group
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of the absolute Galois group G = Gal(—/K(Y)) of K(Y) and by Out(G) the outer automorpism group of G which
is the quotient of Aut(G) by its inner automorphism. Let P denote the absolute Galois group of K. We have the
extension class of P by G in the cohomology

HY(P, (G — Aut(Q)))
where (G — Aut(G)) is a crossed module.

HY(P, Z(G)[1])

|

HY(P, Aut(G)) — HY(P, (G — Aut(G))) —= H2(P,G)

T

H'(P,0ut(G))

Since G is a topological group, we define the unique subgroup of Aut(G) whose elements ¢ : G — G are continuous
automorpisms and we have the subgroup of Out(G) corresponding to the subgroup above, which we donote by
Out(G)c°"t. Note that

Out(G)™ = Aut(SpecK (Y))

In fact Aut(SpecK (Y)) is a subgroup of Out(G) and its maximal continuous subgroup. The absotute Galois group
of SpecK(X) has a section over the absolute Galois group P of S and so that E of SpecK(Y). Note that E is
an extension of P by G. Then a section of P to E gives an continuous automorphism of G as a conjugate action.
It defines an element of H!(P, Aut(G)) which gives an element of H'(P,Out(G)) which is in fact an element of
H'(P,0ut(G)°") = H'(P, Aut(SpecK(Y))). Since P is a profinite group ([RBZL], [Shatz])and Aut(SpecK (Y))
is a locally algebraic group, there exists a variety T” generically finite over T such that the image of the element of
H(P,Out(G)°") in H'(P',Out(G)°™) is isomorphic to

P’ — 1 — Out(G)“™

where P’ denotes the absolute Galois group of k(7”). Hence the extension element of S’ by G in the cohomology
HY(P',(G — Aut(G))) which maps an idenity element of H!(P’,Out(G)) comes from H?(P', Z(G)). Note that

H?*(P',Z(G)) — H' (P, (G — Aut(Q@)))

is injective.

The associated inverse-image element of H?(P’, Z(G)) has a section; hence it is a semi-direct product. Since
Z(@G) is commutative, the semi-direct product is a direct product. Therefore the extension element of H'(P’, (G —
Aut(@))) is trivial.

Hence there exist a variety Yy over k and a variety T’ generically finite over T such that the function field
K'(Y) of Yy is isomorphic to the total fractional field of k(Yy) ®x K’, where the spectre S’ of the function field K’
of T".

O

of Theorem. Since there exist injections HO(Y,w{™) — HO(X,w$™), we can birationally embed all of Y by the
pluri-canonical mappings into a projective space P with a fundamental invertible sheaf H. Let H ilb’l’)(") denote the

Hilbert scheme of P with a polynomial p(n).
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Let Yp denote the connected commponent of closure of the image of Y in P. Hence Yp are varieties.

We have inclusions for n > 1
HO(Yp, H¥") — HO(Y,wg") — HO(X,w{")

Hence the Hilbert polynomial P(n) has a leading coefficient bounded above. Thus Yp form a bounded family and
so the parameter scheme of Yp is a noetherian scheme. We shall use noetherian induction and we have the following
commutative diagram:

XxT {Yp} CPXT

N,

T

where T is a subscheme of some Hilbp which parameters Yp. Apply the lemma above to varieties in the commutative

triangle and we have an open subset U of T such that Yp over any k-point of U is isomorphic to some Yj.
Therefore the set of projective varieies Y of general type whose m-th pluri-canonical invertible sheaves w%m

give birational embedding into projective spaces such that there exist dominant separable rational maps from X to

Y is finite. O

Theorem 4.2. Let S be a geometrically irreducible and connected separable scheme over SpecZ and X ,Y schemes
which are geometrically irreducible and connected separable over S and f : X — Y a geometrically surjective
separable morphism over S. Assume that X is isomorphic to a product Xo Xgpecz S, where Xo is a geometrically
irreducible and connected separable scheme over SpecZ and that for any geometric point s over each point s of S,
Aut(Ys) is a locally algebraic group over 5. Then there exists a connected separable scheme Yy over SpecZ such that

Ys: is isomorphic to a product Yy Xgpecz, S’ where S’ is a scheme surjective onto S.

Proof. Let s be any point on S, and Gx,(resp.Gy)) a presheaf of profinite groups over X (resp.Y’) such that for any
subscheme V of X (resp. Y') and a compatible geometric point ay, Gx (V) = m1(V,ay) (resp. Gy (V) = 71 (V, ay)).
A scheme X (resp.Yresp.S) corresponds to a presheaf of profinite groups Gx (resp.Gy, resp.Gs). A scheme X,
(resp. Y;) corresponds to an extension of Gg, by Gx. (resp. Gy.) as presheaves of profinite groups. Consider the

following commutative triangle:

HY(Gs,, Z(Gy,)[1])

|

H'(Gs,, Aut(Gy,)) — H'(Gs,, (Gy, = Aut(Gy,))) — H*(Gs,,Gy,)

T

H'(Gg,, Out(Gy,))

where 5 is a geometric point over s. By assumption X is a product and so Gy, has a section, which defines a
conjugate continuous action on Gy.. Hence it gives an element of the cohomology H'(Gg,, Aut(Gy.)) and its image
is in H'(Gg,, Out(Gy.)).

Note that

Out(Gy, )" = Aut(Y5)

An element of H'(Gg,, Out(Gy.)) corresponds to a natural transformation of a constant functor to a functor:

Gs, — Out(Gy;))
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Thus it is equivalent to a homomorphism:
Gs, — I'(Qut(Gy,)))

Note that
[(Qut(Gy,)*™) = T'(Aut(Ys)) = Aut(Ys)

This automorphism group is locally algebraic by assumption. Hence there exists a scheme S’ such that " — S is

surjective and that for any s € S’ each homomorphism
Gs, — I'(Qut(Gy.)))

factors through 1. Thus the extension class in H'(Gg,, (Gy. — Aut(Gy,))) comes from H'(Gg,, Z(Gy.)), which is
in fact a trivial since it has a section. Hence the extension class is also trivial.

Let G, (resp.Gg,) be a presheaf of profinite groups associated to Si(resp. Si for any point ¢ € SpecZ(resp.an
geometric point ¢ over t) and G; the absolute Galois group associated to a point . There exists a short exacte
sequence

1= Gg = Gg, > G — 1

Hence we have an exact sequence

(Yo)s € H' (G, (Gy, — Aut(Gy.)))

!

(Yo): x¢ St € Hl(Qs;a (Gy, — Aut(Gy;)))

|

(Yo): € HY(G,, (Gy. — Aut(Gy,)))

where in the second row the extension class is trivial since for any point s over ¢ the extension class in H!(G s, (Gy, —
Aut(Gy.))) is trivial and the first row the image is trivial and so the class is a product (Yp); x Sz since ¢ is a geometric
point and hence there exists an element (Yy); in the third row and therefore we get (Yp); x; S by pushout. Thus
we conclude that Yy is isomorphic to Yy x S since Y; is isomorphic to (Yp): x; St for any ¢ € SpecZ and Y has a
global section of S and so Yg. O

5 Analogues

Theorem 5.1. Let k be an algebraically closed field of characteristic p > 0. Let f : X — S be a connected and
geometrically irreducible and generically separable morphism between irreducible and generically separable projective
schemes over k. Assume that X is a normal variety and that S is regular. Let wg?;]s denote the double dual of the
m-th tensor power of wx,s and F the double dual of a torsion free sheaf F. If k(Xy) > 0 where 7 is the generic
geometric point of S,then

{Inlg)f(“(détf*wgls)) > var(X/S)
Corollary 5.1. Under the same conditions of the theorem we have

K(Wx/s) = Klwx,) + var(X/S)
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Proof. Assume that var(X/S) =dimS. f: X — S factors through a dominant rational map and a projection

Let H be a very ample invertible sheaf over P! x --- x P! and take the pull-back of H over P! x --- x P! x §
as the same notation. Construct a cyclic cover Y by H®" = Oz(D) where D is a regular divisor and p does not

divide n. We have the formula h, (w%’g) = @?;010.)?}7}5 ® H®™(=1)=% gyer some open subset of Z. Let f’ denote

the morphism X' — S, p: X' — Z and ¢q: Z — S, hence ' = gop. The generic geometric fibre Y/S is of general

type and so g* g*wg]s — wgr;]s gives a birational map for some m. Thus using var(Y/S) > var(X/S) which we shall

show, we have
r£§>1<(/<;(detg*w¥%)) > var(Y/S) = dim S

Hence there exists a very ample invertible sheaf A such that A — wgf;]s over Y for some m and we may assume

[m]

] ® HY for some ¢ > 0. We may assume £ > 0. Since Z is smooth and p*w[;f]/s is torsin free, p*w;gf/s is

X'/s
locally free except a locus of codimension > 2. We may assume we have A — p*wgr(n,]/ c®H ®¢. The homomophism

A—w
A— ﬁ*@g;n,]/ s®H ®¢  gives a homomorphism A — p*w[;]/ - outside of the pull-back of the support of sufficiently
very ample divisor B on S(resp. H on P! x --- x P!) by the projection Z — S (resp. Z — P! x --- x P1.) In fact
since B is very ample, we have an affine variety S\ supp(B) and so we have the homomorphism A — q*ﬁ*@;ﬁ/ s
on the affine variety.

Hence we have a homomorphism A — p*w[;(n,]/ 5 on an open subset of Z except an closed subset of codimension

> 2. Since p*wg?l,]/ g is a direct image of a double dual and
04 HYZ\ (¢'Bn T_lH),p*wE?,L]/S @AY =H(X'\p ¢ 'Bn r_lH),w[;gf]/S @A™

= HO(X Wi g0 A7) = HO(X, Wi @ A7),

one obtains A — wg@]s over the whole X. Therefore the following holds

max (et Fwi)s)) > var(X'/8) = dim §

It remains to show var(Y/S) > var(X/5S). O
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Proposition 5.1. Under the same notation and conditions of proof of the theorem above, if the generic geometric
fibre of X/S is of maxm>0{n(w£?;])} >0 then var(Y/S) > var(X/S).

Proof. If var(Y/S) = dim S, it remains nothing to prove. If var(Y/S) < dim S, then there exist a variety T" and a
projective variety Yy which has a surjective morphism onto T" with a geometrically irreducible connected separable
projective generic geometric fibre. Since the birational automorphism group of the generic geometric fibre of X/S

is locally algebraic,

Yé/ = (YO)S' E—— XS’

/

Y Yy
S/

S T

For a generic geometric point ¢ of T' we have

Since

, apply the lemma above to this case. We have var(X/S) < dim 7T = var(Y/S). O

Corollary 5.2. Let k be an algebraically closed field.Let fO : X° — S° be a fibre space over k between quasi-
projective normal varieties with projective compactifications X, S f : X — S and generically normal crossing

boundary divisors Dx and Dg, respectively. Then
max(k(det f.wx/s(Dx/s)™) > logvar(X°/S°)
Here wX/S(DX/S)[m] is a divisorial sheaf.
Proof. The proof will be given elsewhere. O

The next proposition holds for any divisorial sheaf over X but it does not hold for a general rational point

s € S instead of 7 since the following fact is not always true for a general rational point s € S

(frwx/s(Dx/s)™)g 2 (f7)swx, (Dx, )™

unless the ij*wX/S(DX/S)[m] is S-flat for j > 0.
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Proposition 5.2. Let k be an algebraically closed field.Let f© : X° — S° be a fibre space over k between quasi-
projective mormal varieties with projective compactifications X, S f : X — S and generically normal crossing

boundary divisors Dx and Dg, respectively. Then
rwx/s(Dxs)™) < wlwx, (Dy)!™)) + dim S
where 1 is the separable closure of the generic point of S.
Proof. One has homomorphisms:
Ox ® HY(X,wx/s(Dxs)™) = f* fiwx/s(Dx/s)™ = wx/s(Dx)s)™
which gives the next rational mappings

X

T

f Ps(fiwx/s(Dxys)™)

|

S <— Py(H(wx/s(Dx/s)™))

The canonical homomorphism f* f.wx/s(Dx/ )M = wy /s(Dx/ )™ gives a rational mapping whose image cannot
be contained in any hyperplane,i.e., nondegenerate:

a: X — PS(f*WX/S(DX/S)[m])
and another homomorphism Og @ H°(X, wX/S(DX/S)[m]) — f*wX/S(DX/S)[m] gives a rational mapping whose
image is dense
B: Ps(fawxys(Dxys)™) = Pu(H (wx/s(Dx/s)™))
Here
pOp(1) = fiwx s(Dx/s)™
p: Ps(fuwx/s (DX/S)[m]) — S is the structure morphism. Note that
(fewxss(Dxys)™)ly = (f2)wx, (Dx,) ™

The dimension of the image of « is
r(wx, (D)) 4 dim S
and the dimension of the image of S o« is
K(wx/s(Dxys)™)

Hence one gets the proposition.

Remark 5.1. Mochizuki’s theorem says
Hom{™(X,Y) = Homr, (m1(X), 71 (Y))/ ker(m1 (Y) — T)

where X,Y are hyperbolic curves over a sub p-adic field k. The sections of Y/k are injective to the set of sections
71 (Y)/Tk. Let k' [k be a finite normal extension. If there were infinitely many sections Y/k and they make a section

m1(Y) /Ty which acts trivially on Ty, since Aut(T'y) is finite. Then it derives a contradiction.
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6 Another minimal model

We refer to the minimal model theory by K.Matsuki([Mats],[lita]). Here we take a minimal model different from

the standard one which we refer to.

Theorem 6.1. Let k be the complex number field. Let X be a projective variety of K(X) > 0 over k. Then there

exists a normal variety X' such that a sheaf wx: is derived from Weil divisor and nef(resp. abundant).

Proof. Let X has a dominant rational map onto a product of projective lines P! x --- x P! x P! of the same
dimension of X. Let X’ be the integral closure of the structure sheaf of this product in the constant sheaf of the

rational function field of X over this product([Baki]).

Let P/ = Pl x ... x P! x P and P” = P! x - .- x P1. The ramification locus of X’/P’ is the divisor of the support
of wx/pr.
Hence denoting the morphism X' /P’ by wx//p, we can find an effective divisor Dps on P’ such that x(wp/(Dpr)) >
0 and that
(mx1/ P (wxr @ (wpr (Dpr)) ™1™

is nef(resp. abundant) for sufficiently large m.

Note that x(wx/) > 0 implies x(wp/(Dps)) > 0. We shall later show wp/(Dp+) is nef(resp.abundant). Hence
wx is nef(resp. abundant). It remain to prove wp/(Dps) with assumption k(wp/(Dp/)) > 0 is nef(resp. abundant)
by induction.

Since wp/(Dp/) has no vertical component respect to P’/P” which is not a pull-back of a hyperplane of P”,
we can find Dp» such that wp/(Dp/) @ (wp»(Dp»))~! is an invertible sheaf derived from horizontal hyperplane on
P’ with respect to P'/P”. Thus

wprypr (WP (Dp) @ (wps(Dpr)) 7)™

is nef(resp. abundant).
From x(wp»(Dp»)) > 0 and induction assumption, we conclude that wp/(Dp:) is nef(resp. abundant). Hence

the induction is complete. O

7 Non-Commutative Algebraic Geometry

7.1 preliminary

Recall another Grothendieck’s generalization of Galois correspondence mainly in chapter 7(p.294) ([CD]). Let A be
a small category and if A is a presheaf of categories over A, we define the category of representations of A which we
denote by Rep(A). Let G be a presheaf of groups(resp. groupoids) over A. The category Rep(G) is the category of
presheaves over A with an action of G on the right. Let s7A be the fibred category associated to A and we denote
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v G by BG which is the classifying category associated to G. We fix a classifying space of G, i.e., a presheaf BG
over A equiped with a universal G-torsor EG — BG. If u: A — B is a smooth functor and if B is a local test
category, then A is also a local test category and so BG. By this we obtain a theorem of correspondence of Galois
with respect to G.

Let W be a fundamental localizer and Hy A denote the localization of the category A by the class W of

W -equivalences of presheaves over A. An equivalence of Quillen to the left
Rep(G)/EG — A/BG : (X, X — EG) — (G\X,G\X — BG)

gives the following fonctor with canonical equivalence of categories Hyy Rep(G) = HwRep(G)/EG. Thus we have
a functor of descent
Desc : HywRep(G) — Hw A/BG

The functor of descent is an equivalence of categories and admits the functor of monodromy as quasi-inverse
Mon : Hy A/BG — HywRep(G)

defined by giving the representation X X gg £G which is a G-torsor.

7.2 Non-Commutative Algebraic Geometry

Let k be an algebraically closed field of charactreistic 0 and let C be the category of the non-commutative algebraic
varieties defined over k([Kon]). For every non-commutative variety X as an object of C and the Galois group of each
Galois extension ([Cohn],[Brz]) of the field associated to the generic point of X, we define a presheaf of Galois groups
G over C. Apply A in the preliminary to C and we obtain the following lemma and theorems similar argument in
the proof of commutative algebraic geometry. Hence we state them without proofs. To change fixing a classifying
space correspods to the inner automorpism, which determines an equivalence. Let u : X — Y be a morphism in
the category C. Then we have a homomorphism Gx — u~'Gy of presheaves of Galois groups associated to X and

Y, respectively. Conversely, This homomorphism Gx — u~'Gy up to the equivalence determines a morphism .

Lemma 7.1. Let S be a commutative algebraic variety over k and X, Y mon-commutative algebraic projective
varieties over S. Assume X is birationally equivalent to a product Xo x S where Xg is a projective variety over
k and assume that the generic geometric fibre Y of Y/S where 77 is an algebraically closed extension point of the
generic point n of S has the birational automorphism group which is locally algebraic. If there exists a dominant
rational map X — Y over S, then there exist a variety S’ and a generically finite surjective morphism S’ — S such

that Ys is birationally equivalent to a product Yo x S” where Yy is a projective variety over k.

Theorem 7.1. Let S be a commutative algebraic variety over k and X, Y non-commutative algebraic projective
varieties over S. Assume that the generic geometric fibre Yy of Y/S where 7 is an algebraically closed extension
point of the generic point n of S has the birational automorphism group which is locally algebraic. If there exists a
dominant rational map X —'Y over S, then

var(Y/S) < var(X/S)

Theorem 7.2. Let S be a commutative algebraic variety over k and X, Y non-commutative algebraic projective
varieties over S. Assume that X is isomorphic to a product Xo X S over S where Xg is a non-commutative
projective variety over k. Assume that Yz where § is any geometric point of S has the automorphism group which
is locally algebraic. If there exists a geometrically surjective X — Y over S, then there exist a variety S’ and a

surjective morphism S’ — S such that Ys: =Yy X}, S' where Yy is a non-commutative projective varietyover k.
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Remark 7.1. Let K be a differential field with generators of finite trancendent degree over the field of complex
numbers and S the set of intermideate differential field with the differential automorphism group which is locally

algebraic. Then S is countable.
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§1. Minimal model theory for normal surfaces

- smooth case (classical)

- with only L.t. sing. (Tsunoda, etc)

- (/C) normal Moishezon surfaces (Sakai '84, '85)
- with only Q-factorial sing. (Fujino '12, Tanaka)
- with only l.c. sing. (Fujino '12, Tanaka)

(1.t. = log terminal, l.c. = log canonical)

V: normal proj. surf. with only l.c. sing.
f:V — Viyin: rel. minimal model of V

f can be constructed by contracting curves C
with C? < 0 and CKy < 0 successively.

Theorem 1.1 (Fujino '12, Tanaka) V : as above

(1) W := V,;n,: normal proj. surf. with only I.c.
sing.

(2) One of the following conditions is satisfied:
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(i) Ky is nef. (W is minimal.)

(ii) Ar : W — T (T: smooth proj. curve)
s.t.

- V fiber of m is irred.

. General fiber of = = PL.

(iii) (—=Kw)? > 0, (—Kw)C > 0 for VC: irred.
curve on W, p(W) = 1.

Rem.

- Theorem 1.1 holds true in any characteristic.
(Tanaka)

- The case (ii) of Theorem 1.1 (2) was stud-
ied completely. (Sakai '87, Schroer '01 (in any
characteristic))

- We call the surface W in (iii) of Theorem 1.1
(2) a normal l.c. del Pezzo surface of rank one.
If W has only l.t. sing., then it is called a log del
Pezzo surface of rank one.
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52 Normal del Pezzo surfaces of rank one
Setting:

X : normal del Pezzo surface of rank one
.e.,

- X: normal complete algebraic surface

. (—KX)2 >0, (—Kx)C > 0 for VC': irred. curve
on X

- p(X) =1

Rem. hl'(X,0x) = h?3(X,0x) = 0. (Sakai '84)

Proposition 2.1. (Brenton '77, Fujisawa ’'95,
Chel’tsov '97 etc.)

(1) X is a ruled surface.
(2) X is projective.

(3) X is a rational surface <— Vsing. point on X
iIs rational <— X is QQ-factorial.
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Normal del Pezzo surfaces of rank one

- with only Gorenstein sing. (p > 1)
Demazure '77, Hidaka—\Watanabe '81, etc.
- Classification of the non-rational surfaces

Chel’tsov '97, Schroer '01 (in any characteristic)

Some results on log del Pezzo surfaces

- Boundedness of log del Pezzo surf. (Nikulin '89,
'90)

n: index of X (the minimal number n s.t. nKx
iIs a Cartier div.)

3f(n): function

s.t. p(X) < f(n) for VX: log del Pezzo surf. of
index n, where X is the minimal resol. of X.
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Theorem 2.2 (Gurjar-Zhang '94, '95, Fujiki—
Kobayashi—Lu '93) The fundamental group of
the smooth part of every log del Pezzo surf. is
finite.

Theorem 2.3 (Keel-McKernan '99) The smooth
part of every log del Pezzo surface is log uniruled.

By virtue of Theorem 2.3, we know that every
smooth algebraic surface of logarithmic Kodaira
dimension —oo is log uniruled.

Some classification results

toric log del Pezzo surfaces

Dais, Nill '08, '09 (Toric surf. version of the
boundedness result, classification of the surfaces
of index 3 and p =1)

+ Case of index 2 (p>1)

Alexeev—Nikulin '89, '06, Nakayama '07 (in any
characteristic)
* Case of index 3 (p > 1, in any characteristic))

Fujita—Yasutake '14
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. Minimal compactifications of C2
K. '01
There are many other results.

T he number of singular points

Proposition 2.4 (Keel-McKernann '99) The num-
ber of the sing. points on every log del Pezzo
surface of rank one < 5.

- (K. '99) Classification of the log del Pezzo sur-
faces of rank one with only one sing. points

Theorem 2.5 (Belousov '08, '09) The number of
the sing. points on every log del Pezzo surface
of rank one < 4.

- (D.-S. Hwang '14 (7)) Classification of the log
del Pezzo surfaces of rank one with four sing.
points.
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3 Normal log canonical del Pezzo surfaces of
rank one

Setting:

X : normal del Pezzo surf. of rank one with only
rational sing.

w:V — X: minimal resol. of X
D: reduced exceptional div. w.r.t. =«
D% .= n*(Kx) — Ky

Rem. D7 is an effective Q-div. and SuppD# C
SuppD.

Rem. D is an SNC-divisor (a simple normal cross-
ing divisor) whose irred. components are rational
curves and the dual graph of D is a tree. (- X
has only rational sing.)

MV(X) : the set of all irreducible curves C’ s.t.
C’'(—Kx) attains the smallest value.

MV(V,D) := {=x'(C") | C' €e MV(X)}
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Definition.

(1) X (or (V,D)) is of the first kind <—>
3C € MV(V, D) s.t. |C + D + Ky/| # 0.

(2) X (or (V,D)) is of the second kind <—>

it is not of the first kind, i.e., VC € MV(V, D),

Rem. If |C+ D + Ky | =0, then C+ D is an SNC-
div. and every connected component of C + D is
a tree of Pl's.

Lemma 3.1 (K.-Takahashi. ’'09, D.-Q. Zhang
'88) If X is of the first kind, then it has only I.t.
sing.

Lemma 3.2 (K.-T. '09, D.-Q. Zhang ’'88) If X
is of the second kind and p(V) > 3, then every
curve C € MV (V, D) is a (—1)-curve.

From now on, we assume that the following con-
dition.

- X has only rational I.c. sing.
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Theorem 3.3 (K.-T. '09) If X contains C? as a
Zariski open subset and has at least one non-lI.t.
sing. points, then the weighted dual graph of D
Is one of those in Figure 1, where the number
—2 for a (—2)-curve is omitted.

Theorem 3.4 (K.-T. '12) X has at most five sin-
gular points.

Theorem 3.5 (K. ’'13) If X has just five sing.
points, then the weighted dual graph of D is given
as in Figure 2.

Classification results

From now on, we assume further that:
(i) X has only rational I.c. sing.
(ii) There exists a non-Ii.t. sing. point on X.

By virtue of the results mentioned in §2, we may
assume the above conditions (i) and (ii) in order
to prove Theorems 3.3~3.5.

Rem. The above conditions (i) and (ii) imply that
X is of the second kind.
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Definition. Assume that X is of the second kind.

Type IIa. 3C € MV(V, D) s.t. C meets at least
two (—2)-curve in SuppD.

Type IIb. X is not of type IIa and 3C € MV (V, D)
s.t. CD =1.

Type IIc. X is neither of type IIa nor of type IIb.

The following cases are classified.

- Type IIa (K.-T. '12) (including the case where
X has only I.t. sing.)

- Type IIb (K.-T., in preparation)
- The case #SingX = 4 (K.-T., in preparation)

- The case #SingX =1 (K. '14)
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84 On proofs

X : normal del Pezzo surf. of rank one with only
rational |l.c. sing.

w:V — X: minimal resol. of X
D: reduced exceptional div. w.r.t. =«
D# .= n*(Kx) — Ky

MV (X) : the set of all irreducible curves C’ s.t.
C’'(—Kx) attains the smallest value.

MV (V, D) := {rn/(C") | C' € MV(X)}

We may assume that X contains non-l.t. sing.
(= p(V) = 3)

By Lemmas 3.1 and 3.2, we have:

- X is of the second Kind.

- VC € MV(V,D) is a (—1)-curve and |C + D +
Ky | = 0.

|IC + D + Ky | =0 = the dual graph of C + D is
a tree.
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Lemma 4.1. Let D; be an irred. component of
D with b; = —D?. Then the coefficient of D; in

D#* >1— £.

C e MV(V,D) = CD# < —CKy =1

By Lemma 4.1, we know that D has at most two
comopnents D; s.t. D;,C > 0 and D7 < —2.

Special case 1: Type Ila

Dq, D3: two (—2)-curves C SuppD meeting C.
IC+ D+ Ky|=0—=— CD; =CD3 =1, DiDy = 0.

—> |D; + D2 + 2C| gives rise to a P!-fibration
®:V — PL

By studying singular fibers of &, we can deter-
mine the pairs (V, D).
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Special case 2: Type Ilb: CD = 1.

D(): conn. comp. of D meeting C

By case by case study on the shape of the dual
graph of D), we can determine the pairs (V, D).

Lemma 4.2. C' € MV(X).

— X \ C’ is a Q-homology plane.

K. Palka ’'13 classified the Q-homology planes

containing at least one non-I.t. sing.

C € MV(V, D)
D’: conn. comp. of D that is NOT contracted
to I.t. sing.

. If CD’ = 0, then we can determine the pair
(V, D) by using the result of Palka.

- CD’ > 0?7 We have not yet done completely.
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AERACFE R OIFRRETIVOH AR FBUZDOWT

K

1 [EL®IC

C % EEFHFH P? = P?2(C) LOBEKNREHIRE 35, C ORIFTHITBER 705 52 5
ZRA (cusp) LR, C BRERE U TREDAZFEDETE, TOLI W C 2RI
SEEHR (cuspidal plane curve) LIERZ L I12F 5, C DRREDES% SingC & FE <,
P € Sing C DEHEEH (multiplicity sequence) & mp(C) = (mpo, mpa,...,mpky) €9
5, 722U mpy > mp1 > - > mpr, > 2 Tmpold CDPIZBITLEEETH 2,
mp1 EPDTU—=T v T o lZ&d CDEGLEEC, & oy DHISMIFRE DR RIZEIT 2
Cy DEEETH Y. mpa,...,mpr, HDFAKIZEZRI NS, (v,y,2) & P? DFRIREREL
ERSE

Bl 1. C%& 22221 =2k (k> 1) TEZREINDHIRE THL P=(0,0,1) 1ZC DR
Tmp(C)=(2,...,2) W EkMH) &ad, Thzmp(C)=(2) LT 5,

o:V = P?% C OREFOB/NEIDIAARHEE T 5, ZHid o 1(C) PIERRAR T
RO TH—T v T7OFOERTH S, o122 C OEAELEHE O L EL, KT
O DHARFE (C)? 2B%T 5, ThiE (C)? = (degC)? — > pesingc(MPkp +
Yiremy)) LEtHENSG, ¢ OMBE g(C) L #<, SingC = {P,... P} D& ¥
Data(C) = [mp,(C),...,mp, (C)] LEDB,

Bl 2. N & 1 D052 RO 3 Ikilfii e 975 & N X3 20E M E2R>, N DN
X HRAR Ty 13 4 IRR FOFRIAR T N OZ M AUIZ W IR 5 3D R Z R D, Data(ly) =
[(2),(2),(2)], g(T4) =0, T))? = -2TdH 2, HH3MHDRMEFEDMLIED 4 IRAHLL AT
SEH AR ENE BWTHFEEMETH 5, Ty iI22WTIHE [N, Theorem 2.2.5] %?ﬁﬁ’d’io

B 3. il 2 DELFZEMES, N OFEHIRDOBN%Z L ta‘ét L ;tr4o>2oo>;llzf%£=,ﬁfv
BT, 0EERTH D, Q2D —DLT 5, W—>W2—>W —>P2’5:QL
DIMODTO=T v TeT B, Fi>1IIHUT ¢ OHISIIRE B, L EL, B, Ty,
LO7u—=7y I k2EELEMERLUGLETRT, i =121/ LT¢ D TyNE; TT
O—7 v 7% &D2FT 5L L Ey, By CWIXIDIEIZ 70— v TE5, TDEM
W P2eTRLY(L+Ey+E)IE1ERP»SMR5, PikTs = ¢(y) DRE
Tmp(ls) = (23) &5, Ds x5 RAFRLEFERI T Data(ls) = [(2 ),(2),(2),(2)],
(T2 = -TTH 5, I'5 IZDWTIE|N, Theorem 2.3.10], [[UN] & 28t &,
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BHEE. AREZRETIHEEZEZTW W22 LIZE# WU £9, 2B AR IR
2 (22540040) 72 5 I BRI 2 OB 2 Z -3 DT,

2 (d,m)BUphIR

C% P2l 35, d=degC, m = maxpec{ C D PIZBIIZEEE I DL EC
X (d,m) BITH B 2\ S, [SST] B W TR AER MR & XS 2\ (d,d — 2) BIEERih
MADHEINT WD, DHERERO—H2E2 LT OHITHENT S

Bl 4. fTRED g0/ >0, b1, by > 1 () <29+ 1, ki=g—1+3" b > 1) 2 LT
g =9(C), Data(C) = [(2k +1,24), (20,), -, (2,)] ZAT=T (2k + 3,2k + 1) BLRROFH
s H 5, (C)2=4g+2-2n' TH5,

EI2 5 ([H]). [ 2R =AM S oM g > 1 IR R e 35, 272 Lg=1%
5SAP2LT 5, ZOLET?2<4g+4DEY D,

. C RV E T2, RAOBEEn > 1, C' OMMEg>12T5, ZOLE
(C"2 < 4g+4 —2n HEK YLD,

BladCIE(C)2 =4g+4—2n%RHRTZTHNIR>T WS, (d,m) BUAE R SOV R
B L TIXIRDAER DD 5,

£ 6 ([MS)). [EED (d, m) BAFRAFEHHICH U T d < 3m 2% 0 320,

3 BIEALRTEABR

C % nHDOR SR OFHERCFHEIIRE T 5, n > 4 % 272 T AR LCE IR 3
D5 UMD B0 E 5 I ah > T, P2\ C OREII/NERTE & =R/(P2\ C)
eEL, [WHZBW TR BAR DR & OB/ NER IR I T WD, AHR
FOEH RO S G IFIRD K 512725,

EET(W). n=2%R08>0D, n>3%5Rr=2HD D,

S SIZIRDFERD D 5,
EE 8 ([Ts]). RO nIZDOWVWTE#£0DD LD,

n=10Y IR L (C')? L DOREITROBIFELD 5,
EE 9 (Y]). n=1D ER=—00 THBEODBENHEMEE (C)2 > -1 Th 5,
Thbbn=1DLEr>1THI-ODOBEFNEFMX(C) < -2TH5,
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Bl 10. C % y¢ = 27712 (d > 3) TEHEINDIMIRE T2 & CIXAEHRMEHEIKRT
Data(C) = [(d — 1)], (C")2 = d DD LD, o5 TE=—00TH%,

[T 2BV CTn=1,F=1%2ATHBPSEIN TN S, [0 1IZBWTE(P?\Cy) =
R(P2\ Cy) = 2 %7z L. Rii% 1 DR TR OEHERACEHEMFRD 2 DDF] Cyy, CF,
(k=1,2,..) WERINTWD, TRTOE> 1IZH LT (C))% = (C})2 = —2 DK D
0, [T CTn=1F=2 (C)=-255k>155>TCHCY, Cf 0L
SMMCEHEEMTHE Z L WRENT WS, koT[TL, T2tk n=1,(C)2=-2%
K1 CHPPEE NIz, n>2 DL FITIRKDKD I,

EE 11 ([T3]). n=27%256 (C")?<0TH 3,

EIE 12 ([T4]). n>37%6 (C")2 <7-3n MO D, n=3, (C")=-2%5CIETy
LRI RETH 5,

DEDZ PSR £ —c026 (C)2IZIEERYPH D, RO@EIEn=4DLZD (C)?
i ET 2 DT, ARMOEMRETH 5,

D
S C % AHOREE FOEIIULIRE T 5, 20X E ()2 < —6 WY 1O,

4 A DA DL

C % AEADR % R OEHAR AP HER T Sing C = {P1, Py, P3, P} £ 35, 0: V — P2,
C'RINETED LTS, EHI1212ED (C)2 = -5 2T CHELELBEVI L 2T
FiXE W, Di=0c"10) 2BL, HLIZHUT o Y(P) + O DR T 7I3IRDILTH
% ([BK, MS]).

2T D &P LORBOTO—T v TOBSMIRT by, > 1 Th 5. o & AD +
DY + B % (—1)-ig B izL, AV +E+BY | & (~1)-iic iy, o i3I0k
L= X Y REOELT o (P & P it ALY + BY o ofic DY &
LEhBLDON20HB, — ik (—2)-MClAIE>, (—2)-ths DY v iz DY
r#<, D-DW — D omtms DY bt ossnEEng DI v #<,

Pg ()2 = —5 e i s 5. DY + DY + DY + DY + DY ovw—sxm %
oV sV EeTB, Jd(C)Y=0ErPLIrATL—Vayp: VI 5 PLARbH S,

55



o' (C) ik p DR T 74 N—T, S :=0'(D\) (i <3), Sy := o' (D), T, := o/ (D)
(i <4) 3YMTH B, o (D) IEINSLSD p DY EEZ 72\, o (C) & Ty DA AEK
2T, BODYIW & DR SEIZ1 TH B,

PDT T AN—ICEEND (—1)-HEIE LB ETTO—K Y V2T, ThHEE
BL7zbD% p: V' =385, TIT Xy dddIREBd> 0D Hirzebruch i T H
%5, g:=poet:3; > PLZPLETH Y p DNM/NET VTH S, Si, Ti, etc. D
P lIZ&B8% Sy, Ty, etc. £EL, C =p(d'(C"), D =p(c' (D)) LEDD, IXRDHEIZ
E0 S +T, BIFRRTHLHE LT LW,

WRE 13, S|+ Ty WHERERTHE LI DT XTI VDR ZERS, DL SR
N ARVASN

(i) d=1, 5 = —1, T4 ~ 25, + 2C (BIBAIH).

(i) o1& Sy E7u—7v T&iTbiz\w, S1,T1 YD q D D NOUIKIL S, 205
720,

(iii) TQ NTg’\J?Q N§3N§4N§1+6,T1N§1+26.

AR, Sy + Ty WRRE P 2RO T 5, S+ Ty 3HREEZNS, BELRS oD T H—
TYTDEFE2EZDZLIZED, oDHODTO—T v T p I P THHbhdE L T&
W, BODTO—=T v TDERKRE og L ES L o =100 THD, PRBDqD7 74
N=D o WEBEAEHE 2B, FOTE—XTV% 0255, Flidpop,! ®
KRS T 7 A N—DRDTER S o % pgopg TEZSMATE W, UEOEEEEDIRT I &
WX OH R REEED Z e RN P 2 TE S, Ko THRHDERIRES, &
DDOERIZREADOEREZM > TRTIENTE S, O

SIDTU—KT vk 5 5 PLEeT 3, Ty, S, ete. D P12k B4% T), S, ete. &
B, T, Ty W2k cd 0, C, 8, S, T) (i=2,3) XHEMTH S, 5, T),C DZb
DFHIES;, Tj,C DXDLY F[LEKTH S (i,j >2). ZHoDEME 2RO TR TD
BliEz2E2 %, SMEBIZTO—XT Y0V o P2RTELL5% D 2HKT 5 70—
Ty T popod V= PERFHELBVWILERTIETOCMPFIELRNI EDFEHX
N5,

S35 3

[BK] Brieskorn, E., Knorrer, H.: Plane algebraic curves. Basel, Boston, Stuttgart:
Birkhauser 1986.
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QIR 2 K B EHAR D5 S R U D3 &
P ZEXFIZDONT

FfR ATA

(X LC®IC

AREE TRECRTY VR YT L2014 in KR THRELZARIZ 6 IROFEHitROMZ2INX -6 DTY. £
72, AWFRIEFILEEORANE =K & OHFEIRFZE T, FEUWIEAZR &35S [2) [ THEfiFh T, RO
L5 52T EE s MEADEET[TITIZEH L ET,

1 BA

YU 2x5 (B 1.3) 2 RMHLICHET 2 &, &2 (B & IXMRS 2) OERF D
RAHINZ 72 ZHDIAADHDO Z 2 TH 5. Kb e LTI, M ST 2 R3S ~OM®DIAR S % HiIET 2550
HEROFLE WA 5. YU AFFOMZEIE O. Zariski DL [3] DHl 2.5 2 o5MhE D, £ OBFEHIZX
DiftgEEh, ZLOHINGRZENTER (of. [1]) . VI AFHOMIEOHWIZEIZATDO K TH S ¢

o “ODFHEHFRDOMMB Y AX5F LR 550425252,
o WU ZXFufz BRI S 5 ke 522 2 L.

PV AXRHERDEMENEZONTVWTH, EBRICEM 272 T HBOMBFEET 20HET S Z Lid—
FRIZHE L\, AREFEOHIEY ) 20t 25 20D -t o5t GEH 2.4, . 2.7) 252, #HL
WHY) 2 Of KT 528 (EH 34) THA.

PV AFXFNOEHREG A 572012, FHEFRD combinatorial type Z €% 3 5.

1.1 (cf. [1]). (Bf972) FEEEFR T Cc P22 LT, T O combinatorial type L 1XIRD 7 DD Z &
D ;

i

E
%

il

(II‘I‘(F), deg7 Slng(r)v Ztop(F)a Otop> {F<P)}PESing(F)a {BP}PESing(F))v
ZIT, BEARAT 22D THS ¢

o Irr(C) & T DEEHIE D 2 S B EE T, deg: Irr(T) — Z I EBERIBL TR U T2 DREE X &+
25K TH5 ;

o Sing(I") 13 T DRRFDEET, Sip(D) X T ORFELDAME (topological type) DEATH D,
Grop : SIng(T) = Seop(T) 1XARHE ST L T2 DA & KPS X 2 BT H B ;

o ['(P) & P eSing(l) BT 5 T DRMMNZRZIEDEST, Bp: T(P) — (D) (Z&RATZ2 315
HUTENZBEOBNRD 2 WSS ELE5HTH 5.

AR 1.2, IEELSTORKRRIZB T, combinatorial type & 1% (BRI DEL, ABERIRD DIREL, 5%
I DR, SRR DORD D ) D4 DML L 7208, EFLOEE TIKEERNR D & IR 2
R EAHIL 72 E DG E LR T 2 EHEBbEENTVWEDT 7 OMIZZR > T\ 5.

T 1.3. L{EOHERT,, ..., Ty c P2z, (T4,...,T) » Zariski k-plet TH 3 2 1XIRD 2 5% 7=
TIETHD;

e I'y,...,T'y D combinatorial type (ZFR U TH 5 ;
o TRD1<i<j<kIiZNU, W) =T; 279 FMEGEL: P2 — P2 BFIE LR,
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KRz, k=20r &, ([',T9) 2% Y R¥R (Zariski pair) &\,

Bl 1.4 ([3]). 1, T2 C P22 6HDRZE D6 IRMIFRE TS, HUIRD 258M4:% k72 L T (I, 1)
ES/RIE 5§ R A

o' D6HDRERIES 2 IRHFRITFIET 5 ;
o 'y D GEHDRE 2D 2 YRIIRRIZIEAE L 72\,

WRIZARRR DL 705 2 IRWBIZ X B EHBIKROF SR U &) AR HDOEKRERRS. ZDEHIZ,
IROILEZEATS, 2k RN A CP2IZHL, A THOIKT 2 2IRWEE% 7o : Xa — P2, 7a OWBELH
E‘{g%%: LA - XA — XA éﬁ%<

B 1.5. A, A, CP?2 %200 2k yRilliERE U, 2 DFEEISR T, Ty C P2 AYRD 2 &k 20723235 ;
o I'i + Ay & Ty + Ay @ combinatorial type 23[E UTdH 5 ;
o %i=121ZHU, 75,Ii=D; +D; (D :=uy D) %iili’=9 D} C Xa, WFIET 5.

ZDYXE, $(DfNDy) #4(DF NDy) MEO L TIE, h(A1) = A & h(D1 4+ Ay) =Ta + Ay %723 [FHH
B P2 = PIFHELRY. T5IT, FED Cp € Irr(Ay) & O] € Irr(Ty) 12X L, deg(Cy) # deg(Ch)
=g &, (T1+ AL Ta+ Ag) FHF Y AFHF L5,

Proof. h(Ay1) = Ay & h(T1 4+ Ay) =Ty + Ay 27z SRMHER h PZ — P2 PIAEST 2 L RET D, 20D
CE, 2IRWEDO—EMLY, HBEMEGS h: XA, — Xa, PFEL, hra, = hra, 2727

h
XAl E— XAQ

7\'A1 ﬂ’Az

P? P?

ZorE, 4(Df N Dy) =t(h(D1)Nh(Dy)) =Dy NDy) KO IH, RECFETS. £oT, Bk
D ERDK D VLD

E7z, ML+ Ay) =To+ Ay il TFEMEE h: P2 - P2 ¥ M7FHET 2L E, C) € lir(Dy + Ay) OFf
HFEFEB LY, deg(Cy) = deg(h(Ch)) L2 DT, HIFDERLHMY LD, O

2 B2RHEIR%ZE DREETHIR
ZDHITIE, AIFFRONGR L7258 2 RihkR % © DREHIHFROCHE & ERERZ RS,
T 2.1. [ CP? % d XDV 5.
o IR DL TORREAVHT N TH S L &, T ZEEHME (nodal curve) LI,
o JERFE 2IRHHAR A C P2 03T OIFFRETHET 52 &, A% T OF 2 RMIE (tangent-conic) L FEL.

TINS5 ACP? IR 2RIERE TS, D& E, ATHETZ 2B ma - XA > P2IZHLT,
XA 2P xPLAFKOLD. 22C, TAIZET 2 (m,n) O fRENR] 2E€H%T 5.

EFE 2.2, JERE 2 ISR A c P2 2 2 killifRe LT oFmilfR T i L, AR oM 257-3 ¢ &,
I'% AT 2 (m,n) BOPEBEER (splitting curve of type (m,n)) THD LWV ;

o il'= DT + /A D %ili7z 3 P x P! ED (m,n)-iifk DY B7ET 5.

MR 2.3. MR T I LT, 74T C P x P i (d,d)-#ifR TH B, L > T, dREERAY A 12T 5
(m,n) ORI S X d=m+n TH 5.

M 1.5 X0, dhfRD AZHET A2 0O > T, FURAFHALENEZHETES.
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EHE 2.4, T, T, c PP A2l ULTH O d RIiRE 5. 25612, I+ A T+ A
@ combinatrial type [XFE U TH D, 'y OKBEFRD OIRBUL 2 TlEZBRWe 95, FFEEB m,m/  n,n 1
m+n=m'+n =dim#m =TT s. T PN AKETE (m,n) BOARIER, »D, Ty »
(', n') B OARIRIES U < I3 ARITRTIRAB VARSI, Z0& X (T) + ATy + A) 1YY ZFHT
bH5.

DU, SRS A T A ORISR 2 ED IS I U TCHRET A1 E X 5. IROHITHIE S %
B85 7-OIZEER&EZ BT,

5l 2.5. T c P2 2RO FREARTEZ S5SNI EHHERE T5 -
C?L - 50727,71 = 07

ZZT, §=01F2 Wik A DEHFARAT, ¢; € HOP2,03)) (i=n—1,n) £T5. 72, 716 =12
5%, §58, ml ik
(macn)? —r2(mhcn_1)> =0
THAZLNTWADT, TIXA TS (n,n) BONfRIKETH 5.
T =n— 1,n &:;ﬁb, Ci }Z C; = 0 75)%%@_5 PQ J:@?‘é:j’3< Cn bl Cn,1 ﬁ‘*ﬁ&ﬁﬁ@&:ibb,
C,NCroiNA =0 %5323 2L, TIZC,NCh_1 Tn?2—nlADKHiNELD. Z0LE, C, &
Cro1 W EIRD 3 DOME %~

(1) C,NCpy IET D n? —n (HAOKEH S S ;
(2) C,l 3T 2 ADLTOHENEED ; ()
(3) Hi=n—1nZW LT, C & &M@y %Z B 7220,

AWFFEDFFERIIU N TH 5.

EE 2.6. T CcP2 i3 A 282 RkllIkEE UTHDORE 2n OGRS T35, 20k E, THAIZETS
(n,n) BLODMEMIRT D 5 72D D BB 5M1%, FEHERR T 23 U TIROKED TIN5 2 TH S ¢

ZfE () Ziii 723 n IREHER C,, & n — 1IREHER C—y DPEET 5. (doch)

ET 2.6 DFFHHIZ T OEBHERNLH 25 ICHENBBIZREZZEE2RTIEICEL->TEHEZOND., 20D
EHZIGHT 5 Z2I2&25T, (m,n) BMOSRIKRE 2572000 E+NEM4E2EZ 6505,
F27. T CcP% AZBE2WIEHRE UTH O d DB SR 5. Blmnldm+n=d&
1<m<n%iizdeds. 20L& THWAIIZETS (m,n) BMOSREHIRTD 5 720 D MBE+57 54
&, T+ 300" Ly YA &85 2 IREHERIC © DHRGHIHIIR & 72 AL DERR L1, ..., Ly ISR U T, IROZAME
Mig-ENsZ & ThH5 :

(1) BLO<i<n—mTd+i BMBEURSIE, ST + ) L T LT (&) il S hi

j=1

(2) AEEIHIARD + ) L; 1L T () DIz I 5.
j=1
Proof. Ly,...,Ly_pm CP? & T + 302" Lj BY A %452 2 IRIIERIZ $ DREHIHIIR & %2 5 n — m ADEMRE T
5. ZOLE, KL ADEREZ-TWEDT, aal; =L+ L7 £75 (1,0)-#if% L7 C P! x P »°
BT 5, TZTL; =\L TH5.
29, THARETS (m,n) MonfRlifichr2 L, 0L E, PLxP LOHS (m,n)-#hfEk DT
ED =D IEKL, rAl =Dt + D™ &7&3. §5&, 1<i<n-miIHLT,

T (F+2Lj) = (D++ZL].+) + (D+ZL;>
j=1 j=1 P

r%B, TREAROT, AT+ L), 1<i<n—m®DYER (n,n) MONRHITIZAL,
i=n—m®D&E (n,n) BOSRIERE 725, L2-T, EH 26 £, &M (1), (2) MilizEhb.
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Wz, Zf (1), (2) I NTWE LT 5. n—m BT HRHNEICK D, T2 (m,n) O RKRT
HEZEERT. n—-m=00D&E, EH26 LV T (m,n) MORRHHRTHE. n—m<kBol, T
1% (m,n) MOSRIERIZ 22 EAREL, n—m=k&T5. ZOrE, &M (1) LIRNEDORELD, d+i
DI 7251 < i< n—m ZH LT 1 dZﬂd+Z ORI TR\, 22T, i = (n—m—1i)/2
EBLE, m+n=d&b, d-1)2=m+i & (d+1)2=n—i W=INDILITHEETD. —4,
Gk (2) LB 2.6 £V, 7A(D+ Y02 L)) & (n,n) BOMRERE 725, LAt T, T IEARIRT
H5. LirL, HRO@EY, 1< g(n m)/2 (U T T (m+4',n — ') BO SRR TIE AR VWD T,
L& (m,n) BO DR TH 5. O

3 HEENRDERD 7 TH B 6 ROIEEHR

I TIIMEERTIEMNATE R o - BMEKH% 5 2, Zariski 3-plet D% 52 5.

7 EDKER % B D 6 IROFEHTHARD TR R 51K, BRI Al £ D 28 5880 5 % DA iR L EAR L 5
IRHARDFN L 725 Z & h3bh 5. Rz, 7O EZ S D 6 IROKEHMIARIZ T L, 5 O A F—E
f BT i, ZofERihiRIZEENTH 5.

5 3.1. FIRZIERX 6, co,c3 ZIRDANL TS :

§ = 22—day,
co = x2+my—mz—|—y2—22,
s = 2Z2H+yPr+az?—3ayz+ a2z — 222y + 225

FrcP2%ci-o0ci=0TEAoN? 6k TEE, TIEA:0=0%% 2R LTHD 6 iR T
H5. £LT, T ORERIETHERTDHD, (0:0:1), (9a:—15a5—22a4—11a3+19a2+3a—7:9)
DTEMPSS, 27170, a% 6 RAER3a5+50° +20* -3 —a? +20+1=0DETH 5. [A—H
Fr 02 5 EDAER LR ND T, TIXBENTH S, Kz, il 2.5 10 T X AIIZBET 5 (3,3) B R lIR
Thb.

fl 3.2. FIKBIER 6, cy, ch, BRORL TS :

§ = 22 —day,
dy = 2% — 2%z —2x2* +29° + Pz — 2927,
dy = xt =627y 42722 4yt + 492 — 420

I"CP2% ()2 — 0, =0 CRREIND 6 WIiRE 2L, IVIXA:6=0%B2WilliiRE LTHD 61X
Hifichs. LT, I ORERITTANTHERTHD, (-1:-1:1), (=1:0:1), (-1:1:1), (0:1:
1), (1:=1:1), (1:1:0), (1.1.1)@7&75)@5525. MR OMEL D, IV IIBHTHLZEDND

P! x P! OEEfEZE (s:t,bu:v) LELSE, ADEBERDN 6 =02RDT, 2RHEE mA : P x P — P2 X
ma(s:tiu:v)=(su:tv:sv+tu) THAOND. INED, milV OEBEXNZFETLE, IVIFAIZH
5 (2,4) MODMEHFRTH D Z L35

Bl 3.3, FXZIHN 6, cf,cf ZIRDORNELT S :

8" = 1935022 + 166772 xy + 7447 xz + 3776 y* + 22330 yz + 2178 22,
cf = —104320 2%y — 378788 x%2 — 71330 xy* — 219337 xyz — 2992 x2% + 1180 3?2 — 16423 y22,
di = 303202%y% + 83812 x2yz + 188928 2222 + 45916 xy° 2 + 46616 2y2> + 413 22>

I CP?% (cf)?—40"c] =0 TEHRIND 6 IRMIFRE T2L, TVIEA”:§"=0%220ifre LTHD.
ZLUT, I ORE[ITATHE L TH Y, (0;0:1), (0:1:0), (1:0:0), (1:1:1), (1:2:-3), (3:
6:4), (—=33:22:27T) DT RMPOEKD. £z, BHNOEELD, T XN THLZ Vb N5. BT,
7 28 A" (2B 2 2R C IR RN 2 & OFEH OIS % 8/ 3 5.

£, I 2 (3,3) BLOSRMEFR Cld VW i, THOKHRD S5 6 fizi@d 2 IHHERP L L e w»
ZLETEH 26 2505,
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RIZ, T B3 (2,4) HODRIFRCIRAWZ L 25T, TV & A OHSIZ 0 = =0 THER6N5. %
LT, INSDEMN6mE TIORERHNZES 4 R —RIICE L 5 2 L BEENZFEIZE D D2 5.
—J, T 23 (2,4) ORI Z L T5 8, R2.7&0, A IZETEZ - BOERM2A Ly, Ly icxtLT, T
OFEF M TRME T NA" D6 & AN (L1 ULy) D2 %85 4 RMFEBEAET B Z LI EH, Ly, Ly
O—HEN S, ElD 4 REERO —BIEICFIET 5. LT, TV 1% (2,4) B ik cldzz .

PAE&D, T A7 2B 5 3 iR Tl .

ER3ODHIE Y, ANOEEDGOND.

EIE 3.4. FEHIS QM 7 TH S 6 IROIEHidhAR & 2 D8 2 IRIFRDOBLE IZ & B Zariski 3-plet DFAE
T 5.

Proof. T, T/, T” & A, A" %4 3.1,3.2,33 D@0 $5%, & 24 &b,
(C+A, T"+A, T"+A")

1% Zariski 3-plet TH 5. O
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BEITZELDOnFTROIS VR ILESEIZDOINT
e AL T, AR MM GRILEEALE), AE & GELEE)

HARBE : ~VHREXESBEATHS ZENTEDL LW EH-RH D, 2 R~V TEA x? — Dy? = +10fiF
1T 1766 FEIZBEIZ RSN TN D, n = 30k~ VLV FRR x™ — Dy™ = 11225\ i, Thue OEH L Y OfiFIT
BAARME L2 NS ERMOBNTND. Lo T, nik- OV HRAZ#ERT 2 2 LIEE®RR 2L 2 ICED
o, L, Bebid, 3B EOEE L ITR2DESE CTHMMAFF X O RO TE UL, nik
SNUGRAER RSN T D LN TELOTIE RN EE X T

EAE 501, LT OFIETIT- 72,

1) | YDTHEMIEE o L 5 25 LUESRERIEL, TSI AT 5.

(2) | YD OERIES & ntk~V TR & OBR A FEAICAFTE T 5.

@) | FRIE WS SHE X —T— RNIZ, VDOH -2 EBER SV THIZEL, ZOREEbnik~VL TR
2™ — Dy™ = 108 LW EGER 2+ 5.

FEMR  £T, FHROERMSHE, nfiR~EHET 5 2 2 2 B LR LE. 2 LT, AEROMARKE
HRSBIOR LY A TOHEGEUER (T35 9 ZIVERHENS) ZAEHTEL, £ I bnik~L iR L Btk
DTEITRS I BB ITHIRI (RVERBEIER) AHRT 5 2 & i L

B BIRTHARIC OV TR T & A2 0
HHN D BB AERE S 0, T Vi@ oA UL OB
B BB T 2 KDL / i \
ROMICRD D EaR LT 2 LT, 3fies | (Gr)= (KRS KD RTh k" 4 | '

Xr—1Yr-

YVr 1 k k2 - gn2 1 S

FARIZHOWT S A 1 &l 2 DS EN B 15 xr_lxrl_lj
n—
BNAFT-HbDEZ A ERRANLEOND X

f:fib, Xg = 1,y0 = Ok‘j«é.

IERFENZDONT, Z6iET T, modp
(p=n, nCONT, nk~ L HEROME 5o TS LS EHAEE. 2L, ~LRBOBAEN 55
FIRUETHRO S Z ERBERICTRIND.

TE. n>30bx, VE+ 10N 1 LEY 2 O~VEERDNLEONEETO(x,, y) L, EHOYH
S~ SHER x™ —Dy® = +1 modpDfFTHSH. ZIZT, p=n, n*Thod.

I HIZ, JAHIBIZOWT H 33 IR & 4FIBICE T SRR B R L5

BT L TEE. - q
¥, VEFa O~AEBICHL, (k @)k BRETHEA e e

<, EHELTHEOIMELIT-o TV, DF 0, Ykt +an L3k

H 4 B 15 5L B IERNKE, = x, /v, AR = flk a)EEZ, ;

t, DR E WK Z 7= Tk, )IXTEDLI 7LD THDL) \

L IR R T o7, 3y Ea— XD BRI R TIE S £ \ =k

B8, R & IR OB R = AR (A0 Tl A b U f o

5 BRI i A 17 ’

() FH 1Dt = fotk, a) DT
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1. HFsEOE)E L BRI L OHF R E

SNV HBRRTES PR TR 2N TEH LW EEEH S ([11ZH). ~HRA L 13x? -
Dy? =41 (DITVHETHRWVARE) WO ROAREFEATHD. ZOHFRXOMIEIL, 1766 4+
IZ Lagrange 2\/8 L7 OWBH4 T, VDOFEYIR A EARE 0 655 550 Bic g+ 25 =
EW o TND. —J7, VDOESEITEHMEEZ R > TV B A, n = 30OVDIFRERDH I ERE Tl
JEAMEZ R 2720, 512, Thue OFEFE L U n > 30nk-~VL HREAX™ — Dy™ = 10O E % AR
BLNNZ Eb o TWND, ZOXH7RI D, n=30nR~LVFREAX™ — Dy™ = +10OfFED
HERIX—RERRN 2N EZBZNLTHD. L, FABITEkDE 2 H 2T, 3 BB LOEE
CNTHER D E G THEIIMEZ RO X 9 e b O TE L, nikR~V IR Z B2 B m0s HAF5E4
HZET, HILWHGBZBE TE 2D TIIRWNEEZ, TOWEREZ TR (F1).

# 1 WFAEEHE & E
(1) | YDTHEAMMZFFS X 0 7l LWEEURBE &, TR S A KT 5. | K24
(2) | VDDA EF E nik -~ FRER & OBIMRZREICAFTE T 5. SRR 25 4R
(3) | EAIE W9 BHEA X —T — R, VDOF =728 3 8RB OV THFZE L, Dk | Rk 26 4R
E Ok~ LV TERA™ — Dy = +10H LW HEER AR T 5.

WFEEHE O (1) 13 —WEE CERK 24 4£8) 1T-o7-. LT, #7=biE, Yeir+a (k, adldLEDH
PRIETO<a<k) &V TEORFEIRIZET 25 ER OB L WERHFIEOHEIZRI L. Z0kE
BIEN OB LN LWEOESEIL, B WS X0 & 757 Z AL ) SETEH LN
WY THoT2720, nRIZVBIVESEEFSZ LIC L. BIL, 777 X VESENS, Vit +a
D— DD EFN NG B DITHNIRBL MRRIVRIR L MEA TN D) ARk LTz, DL EOBFEO R
NERH B, JSEC2012 TIHEEEZZE LT-.

WFFEEFE D (2) 1ZFEEE (CERK 25 4E5) (24T -7, L L72@mv, 2 R~V Rx?2 — Dy? = +10
REIIND DS ENC R T2 Z E N> TWAD. LER- T, A HARER L 7mnik~ULE BN
HEOLND IR EIE, nik~IVFRERUM S 0ORRNH 5 & BUWFZEIE T L. $TF7- 613,
nR~VERBDSE LN D VEY + aD Ty ¥, [y, (72720, %=1, y,=0)2>bu, =x* — (k™ +
Y EEFR LT, F LT w2 VVBE MY, Z ORIt 21T 572, RIS, a= 103412
LTI, 2%~ UVHRERRZ — (k%2 + 1)y? = +10 %< Dfif%, Lagrange Ofipik L 0 mllZ RO Hih
HRENE O, nkOE X Thue OEELL U n = 300k~ HFEAX™ — Dy™ = 10T H %
BIRME LW ER o TnD. £2 T, Fbidnk-~LHERICE L Cidmod mO AR TD
WIeatT-o7=. TOFER, F=H AT H Lonk -~V HREROHEBIERICET 2858700 < o0
DFERNY ZEHLZENTE. AEBIEI b0 JSEC2013 DORKERES TESE 2%
B L7

FZEEHE D ) IXAFEEIT o 7. WEFEOMERROMESZUEL, YPHEL WL FR
ROBFROMEIL, LVESWTE ., A%, - biI3Ed, ~AHEAEBERO® 5 ERES KL
EWIHSEIZERL, VEk"+adfA 2 X3 2 L0777 ZVESEIERAMEE L. LT,
Nkm + aDIERI T T 7 2 )V SERB B VEY + aD— 2D IR ARG SN H1THIFRB 2 /R L,
nR~V R x™ — Dy™ = 2108 LW EER 298 L 7.
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2. 777 FNVEGEESNVRBAOER, BLUOEHRE

DEI?+altBlt, Vi ta=k+—2— LHAKEHEINS. “hi,

@
2k+2k+'«.

JZ+a~k, —

2k + (%)

a
2k+(*)

D—2D 5588 x, [y, & ED &, Fiu,

X\ _ (k k% + o\ (Xr-1 X0\ _r1

(yr) - (1 k )(yr_l)’ (yo) - (0)
NHELND. FAToBIE, ZHEVEZ + a1 ORIVRIB LA, £ LT, HEHERKERLE L
T, -k + )yt = ()W, 2FEV, a=1720, (x, y) TV HRAOM L 2o
TWEDTHD. ZOZENBVEY+ aD VLV REDHER TENIE, nk-~UL EAX™ — Dy™ = +1
DHFRNIERTEHOTITEE T,

—fIZVD IOV TD =k +alt BT, t=Vk"+a%,

MANTIRICR STV ZEHEWT S, oS BVEZ +a

LELS . 22T, (O

a
kn=1 + k=2t 4 oo 4 g1
LEWT D, ARICBNAHIHY, ARAeEE AN TOTIE, HLWZA TOENERELRS.
INERELIEVE ta ORI DTS ZILESLE AT,
B Z1F, PBOAYLOT 57 ZESEIT, FAEOBSEERZ AV &,

%:l+ 2 >

t=k+

LY, ZNEIT-BHLOREETIL,

3 2

Bl s e e
LR e, 3 RV T a, 4 RV T el BRYETT G0N 1 07 5 2 4 LN,
FLI- O 5THRT L,

b el T ol
o ta [k’ ’ ket +a~|k 4k3 + 6k2(*) + 4k(*)% + ()31’

3kZ + 3k(x) + (+)2

a
nCit+ G+ nC3(*)2 + -t nCn—l("‘)n_1 + (*)n]
b, LT, Zhnd, VEr+aD—2D50588x, [y, ZED T2 D DORILVRBNELND. i
NUTTHS.

Wkn+a~[h

67



n-1
n-2
Xr=1Yr-1

Gt e "",;-‘i)'k ) G)=0) @

(xr
Yr) n-2
Xpr—1Xr—1
n-1
Xr-1

AT LD ERERE LU TICHNES 5.

TEI1. VE2+ 10 1 OS~AVERBDBHELND (x,, y) 1Z-VFFERX? — Dy? = 10 TH
B SHIT JUer D7 -1+ DP -1~k — L LM 2 O EHESEERE £, — 0

2k+(*)

L&, ~LERBIL,
G=(Tt ©U NG Go=0)

L7, ZLT, (0, y) 3o ERAX? —{(k+1)% — 1}y? = 10 L 72 5.

FHE2 n=>30rx, VE"+10AM 1 0~ RIQDMBHELND(x,, )X, ~VL R
x"— (k" +1)y"* =41 modpPfETHDH. ZZT, p=n, n*Thd.

FE3 n=>30Lx, Yk+DM—-113,
1
Yk + 1D — ~lk, = T

nCit+  nC(x) + nC3(*)2'+"‘+' nCno1 ()1 4+ ()7
M2 OIERNT T 7 Z2 VESEEME D, Z0LE, ~LRBLT,

Xt
xn—2
(xr) _(k+1 (k+1)? (k+1)° - (k+D" (k+D)"-1 r=1¥r-1 (xo) _ (1)
Yr 1 k+1 k+D2%2 (k+D"2 (k+1)"1 o 2 Yo 0
r—14r-1
Xt
L7, ZLT, (0, y) 3o HRAXT - {(k+ D" - 1}y" = +1 mod pDfiETH L. Z I T,

p=n, n*Chd.

GEB) TH2 L 31Z25W\WT, n=5 ORAITFRETHD. £, 777 X /VESENEY 3 Th
DY+ 1D +1 =3, 4) ICHTHERELETND (§4.32H).

3. A1 7 Z 7 ZNEZEESNNVFRAUITOWVT

3.1. EFBOBE
9, VEZ + a® A 1 OSSR E, nIEAR OB BB/ E LB SR A R A TR L
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<. \/k2+a%t—k+k—+t EERL, oA WCHDERTH BB 2T S

ZET, M1 2L oVEZ + aDESEEETE D, Thhbb,

K +1=k+ _
2k +
Elh. ThERTEBIX
k2+1~[k, ¢
2k + ()

ERT. T, (DIF MANFRIZZZ ST ZEXERT D, RIS, a=10& 24 EH|

2k+ ()
ER#EW)., Lo T, ZOERTHEM 1 26 SIEAR#ESEEMITa = LITIRS.

WIC, A1 b VKT LM, 3, R HITFIEBL, & =kt & =%/

EBWTHERT5Z LT,
G = <6 (3.1)

L7%. AT - Dy = 21 2 BT, i (()) = (5) £ 5.

@R 1. VEZ+ 10~V EHGBDLLELND (X, yOIE, 2RV HEK
xf—(k* +1)y? = £1
DIETH 5.

FERR wu, =x2—-(k2+DyrLELS &, up=1ThDY, = U DRV IO EDMBREIND.
(FER#E)
GEE) VK2 4+ aD~VEELZ

Xr\ _ (k k?+ a) (¥r-1

(yr)_(l k )(yr—l)
THY, TN ELND(x,, YL, u=x2— (k> +1Dy2tEL< L, up=1THY,
—qu,_ DRV LD, Thebbh, x2 — (k%2 + Dy? = (—a)"" P 3k Y Lo,

3.2. n FIBOHE
T, V3 +a0A#1 OERTS Y ZILVESK OV TELRTS. ik, t=Vk3+a %
1

L=kt B T (= h)? 32
EEWT, A, BERETHZETHOLND LD L Lz, B2A%EHT S L,

_ kt? + (kB - 2k*)t + k® — Bk? + Ak + 1

t2+ (B—-2k)x+k?—Bk+A
155, B3ADGREL, 3 =k3+a WIHTRIZRDT=DIZIX
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a=1 A=3k?, B=3k
TR TR LRV, LER-T, B2,
1

S T (RS FN (a5 (3:4)

EET, Thvkxk, Bebig,
VK3 +1~[k, !

3k? + 3k(x) + (*)2]

PET. 22T, () ————— BARTRICAR S TN 2 EEERT S, A, BEboE

3kZ2+3k(x)+(*)?2

2TV + 10 1 OER 7 T 7 Z Vil TH .
JAH 1 OFER T 57 ZAESEZ XY, Vi3 + 10 ¥, /y, 215 51F5FEIL, G.HDt
Zt, = x. [y EEWTHERICT D Z & T,

XFy

X\ _ (kK2 K341

(yr)_(1 ko k2 )<xr'1zyr'1> 52
Yr—1

L7%. BHE, SRR R - Dyd = 41 2 E 2T, i ([0) = (0) 95, chr, VEEFT

DAIJVRBLE NS |

@wE2. V3 + 10N REBSNLELND (., y)IE, 3 RALVHFER
x3— (k3 + 1)y =41 modp
DI CHDH. ZZT, p=3, 9THD.

SERR w,=x3—-(k3+1D)y3LEL &, ug=-1, u; =9k3+1,
Uy = _ur—l{(xr—l + k.’)’r—l)3 + (1 + k3)y7§—1}
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5, ZOEE. W HLOHEE p LTBE, t=p-f:V — P
ERENEGHE RS, (V) &2V @ﬁf@ﬁaéﬁﬁvaa‘é .o IREEA
DHERKILK k(V)/m*k(P") 2EERI T, ZOIKIE W ITEoT
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Lemma 2. H % ® DR T35 L
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Lemma 3. G 3n[#1 2 {iET 5, H % 7 DRBERFELTHE, Zh
X P OB THY, G DEEDIL o CHUT o(H)=H TH5,
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—7J3 Dolgachev [1] IZ& % & G 1F reflection IZ & > TEBINTWS,
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G| =d" DT 3] TRTD i LHLTr=d TH3, (QED.)

Corollary 5. P2 OFEH p RO A0 7HDAAITT G Z,dZ,
T\\
m(Xo: X1 Xo) = (X§: X7 XD)
ExRE D,
Proof. |G| =p*> THBHDT, G IXA#TH 5, O
3. REMARLS

Remark 6. P! O 0 7HDIAATIX, #E& LT PGL(1, k) DHRHES
ABOTRTHHENS [4], HBIE, B 2] 22RTudEstx
TEIRTKRDOLND, UL, P (n>2) TIERHAE—-ZET 5, P2 D
A0 THEDIAARTIEHOMNEIL & (d 1ZHDIAADRE) TRITFNIE
73:‘:)73:11\0 bf))b\ Wﬂili\ Qalﬁ‘l’fé (X() . X1 ZXQ) — ((IXO —|—le :
cXo+dX;: X5) IZBWT ( i Z & PGL(1, k) OARIEATHE CH
BID TG, & T IUSMED RPN 7= T vz,
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EU®IC

RROBEEEZATEEILT, HOHHBES S VET.
FHRIKH-IRE (BRIIIHXE) EOHREHARTT.

RUSHEOERBZRRYE k:=C TS,

FHEHEOAOT R

FYIFFEFEMRONOTRICETZIERREZHRICL BHERICO
WTEEHS.

C c P?: d REFFIFHEBIIR (d > 3)
np:C > Pl:EHPePhSDHE
np L& > T, BB DIEK 77, : k(P') = k(C)

Definition 1 (FR)

;= POV EHEBRR C ®FH 07 5= (Galois point) T#H 3 & &, HiEK
k(C) [ (k(PY)) BAOTHERICIED EEICWVS.

E5IC, Pe CHDEZIIRAAT A (inner Galois point), P ¢ C D & Z (34
7307 = (outer Galois point) TH D &L D.
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Theorem 2 (=if » SR 2000, FIR 2001)

CcP: IR JRFHEHBR A PelP’ degnp >3 EIRE. COEE

@ PHAOT7RRGBSIE, FILEXK k(C)/ar;(k(IPl )) DA O7E#HIEKEEE

@ PHARIOTRATHBODRETHFEHEIF, HEEBRICELD
P=0:0:1),C: XZ%' + fuX,Y)=0&R3BZ &

@ PHAIOTRTHBIHDRETFFEEIF, HEZHRICED
P=0:0:1),C:Z+ fa(X,Y) =0 &RBZ &

@ coRAOT7EDEEIZ 0,1, 4 THD, 4 BEORAATAZF OIS
EFHHRIE 4 REE XZ3 + X+ Y4 = 0 EHERIE.
XZ}+X*+Y'=00RAO7RIZY=0LED45)

@ COAFOTRDEEIZ0, 1,3 THD, 3IFEOAHTATRZEFOIER

ELEMRIE7 LI —HR X + Y9 + 29 = 0 EHRERIE.
X+Y' +Z=0DAHOTHRIE 0:0:1),0:1:0), (1:0: 0))

Remark 3
@ d>4DLZE FHE JRFEHR C DEEDECHE o € Aut(C)
I3, HEHREEMT € Aut(P?) = PGLB, k) DFEIR T|c = o &1 3.
@ d>50DLZE FEFE JRFEIR C DAO7 ADEEUE 0 H 1.
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AOQVI9A4INabF AR

TATINDaA b AREAATIA TN A M FARDEEZEEL, 55
AQ77ATINa b ARZEERELVLTENS DR ZHS.

Definition 4 (74 TILY 2 M5 RAH)

B o> 2 DEBEFNERBHEBC NOE P BIAL IV M RE
(Weierstrass point) T# % & &, dimi H'(C',0(gP")) > 2 (D E D, {BEF
Do =nP,0<n< gZHTHERYf € k(C) DFET D) &L

BEEICWS. £z,

H(P') := {n € Zxo | Af € k(C’) such that (f)e, = nP’}

ZIATIVY 2 b5 AEREETS.

Remark 5

HP)BM+KE>TE/AMRICKES. N\ HP) ZEF vy T EFEEN,
ZFDEZRIIH#N\HWP)) = gBTH 3.

V.

Definition 6 (Morrison—Pinkham 1986)

B g > 2 DIEFFEFNERBERC ARO[ PP DITAITIL a2 b5 R
HHP)DESRNSZEm ETS.

P HAOT774TILY 2 b T AR (Galois Weierstrass point) T#$H 2 & &,
BF mP D53 5N35 O)p : C' > P HRAOVBEBLLBZEZIC
WS,

Remark 7
EE6ICEBWT
@ dim; H(C’,O(mP")) = 2.
@ 5 ®pp: C > PLHAHATRBOLE, Z0OHO7EIIKER.

@ Morrison—-Pinkham 1986 lIc& 33 AHOT77ATI2a N T ABDE
BT 71NV NS ABTHRCEZRELTWEW. LAL,
ABETRERAOA774INY A M AREI7A1ITINa b7 ARE
BH2HDEITZRS.
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Example 8

PPoCZXZ*+X°+Y’ =0&L,P=(0:0:1) &T 3.
TEE, EPREE2ELD, CcORAOTA.
BMPTDCICHITBERTCIEX =0BDT, Ip(C, TpC) = 5.
CDZEDS, PIETAITILVaA N ARTHD, HP) = 4,5).
S5IC, f:=Y/X)|c e k(C) EBK E, (f)eo =4P TH D,

Dyp & Q- (1: f(Q) EVWSHTHZH,

hid PHSDEF np ICHR SR,

PRAOTREBDT, ®yp = np EAOTHETHD,
PIIAADIAIILY A NS AATHZ Db S.

AA774ATINY A b7 ARDERDFEZPVEATHEAAVIAT
W2 hFARZEUTDESICEDS.

Definition 9

B g > 2 DIFFEFNREARYBMKR C AOR P AFHAO7714IILYa
k5 A M (weak Galois Weierstrass point) T$H 3 & &, RDOFEHEH1=T
EEITVS.
@ PREBIAMINVaANSTARATHS.
@ P 27 UEA (total ramification point) &3 HOTHE
f:C - P HFEETS.

Remark 10
EEIICEWT,
@ degf =min{ HP)\{0}}DEEICE, P EAOTTA4ITIL b5
ARTH.
@ AOVHE fOAOTEBKEEFETHS.
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Example 11

PoCZX +Y+Z°=0&UL,P=(0:0:1) &T 5.

T2, RPREE2ELD, COAHOTRTHS.
0=(-1:1:0eC&TBE TyCIEX+Y =0T, Ip(C,TyC) = 5.
CDZEDS, QRBRILIINY2AMFZTRAEATHD, HO) = 4,5).
ES5IC,0RBHE mp DEENIERTH DI EHDODHS.
PEAOTET, np lHOTHEE (degnp = 5) DT,
QRBAOTIAIINYAMFARTHZ I EHDhS.

Proposition 12

B g > 2 DIFBFEFERBHEC AOm P RHAOATI714IILY 2
RSARTHBIERETS. ESICHP) = (a,b) (a <b) THDERE
9%. COEERDUEEEHTEH f: C' - P HEET S.

@ fRAOVEETHS.
@ PIRfOEENDIZKRTHS.
@ degf=aorb TH.
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fam<®D 1

THEROAOATVREAOQATIA TN MNFAR - FHAOT 74T
VA bhSAREDEARE, BIED2DODFITRICED THS. REITIE, £
heEBELTIEHTHL.

Theorem 13

CcP%dRIFFEFERBHER d>4) &L, PEAAHOTRET S.
CDEE,

@ RPRIATINaAMFARTHD, HP)=(d-1,d) THS.
@ PRAOVIAIINAMNFARTHS.

Theorem 14

C' ZiE¥ g > 2 DIFRFERFERBHRE L, s P ZAO7714T)L 2
RSZARTHD, HP)=(d-1,d) (d>4) THRERETS. CDEE,

@ C RdRFFETFHANBHRICARTH S.
@ C ZFHMREELTHDE, AP eC’IFRFATOTATHS.
@ 7p = Oy-1yp.

107



Theorem 15

CcP%ZdRIFEFERYBMR d>4) &L, PEATOTRETS.
RQOeCZHEnp DRENBERETS. (. TERRRIEFETS.)
DEE,

@ FOo0RIAMTINaAMFARARTHD, HQ) =(d-1,d) THS.

@ oRBAOTIAINYANFIARTHS. (£ Q& np DELHTIX
R, wp FAOTHE, degnp =d.)

Theorem 16

C' 28 g > 2 DIFFEFSABEHRE L, RO BHAATVI1II
VAMFARTHD, QO WEEHIERERDIAOTEE f: C' > P HE
HELT, ZORBUS deg f =d THD,HQ')=(d-1,dy (d >4) TH>
EIRETSD. CDEE,

@ ¢ B dRFEFEFERRMERICARETHS.
@ C ZFHHMRELTHZE, AHOT7R P HBEFEETS.
@ np=f.

k€D 2

AETIE BB 2EHREBEZEUVT, HP) = (rn2rx1) EWST1TDE3
AA7979A4ZILY a2 b RAR EFHBEOAOT SOBRICDOWTEHEN
feiERERNRS.

FHEHBBOREDMBEHIFTHNEFHITH2HAO0T7RDBADLANCOWVNT
BAMNTZELT (DXD, 4 DDBAICAITT) BRZHRRS.
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FERE, AAOT R

Theorem 17

C c P ZIPFEFEAMMREL, ZOREIESLLLEOFHTH S L
RETS. A PZEARAOTRELT, AOTE Gal(k(C)/:r’;,(k(IP‘))) (&K

LR DOTCEFDERTE c £TB. 1 := 4 V2 ERE, (HBESNDB2
BREBZop:C>C :=C/()&TB.ZDLEZE,

@ P :=pP) X714V RN ARTHD, HP) = (d - 1)/2,d).
@ P RAOADVIAMIIVaANZIARTHS.
@ 7p = Qya_p2p° .

Theorem 18

CZiEH g > 2 DIFFEFNZRBWHRERE L, S P EAAOT7714I)L>a
RSRABTHBD, HP)=(r,2r+1) (r>2) THIEIRETS. CDEE,
REd =2r+ 1 DIFFEFERBHIRC EZDOARAAOT7RT PHEFELT,
C’' & P & Theorem 17D ESICLTESNS.

BECRE, AHOT R

&

Theorem 19

CcPZIBFER RBdFZ4ULEDBEHTHZLIRETS. PEAAOD
RELT, HAA7ERBKEBLEDTEFOERTZ c £T5. 1:=0? &
= DSBONI2EREBEZ:CoC :=C/()&ETB. Rm0%ZapD
TENIXRETD. (X FETS.) DEE,

@O =0 Q) BIMTITINaANFARTHD, HQ') =(d/2,d - 1).

@ Q0 RAATIAIINVaAMFARTHS.

@ 7p = D000

Theorem 20

C ziEH ¢ > 2 DIEFFEFRRBHREL, Q' BAOTI7904I)L> 2
RZARTHD, HQ)=(rn2r-1)(r>2) THIERETS. CDEE,
R¥ d =2r DIFFEFERBBRC EZOASHTOT7R PHEELT, C
EQREE 19D&LSICLTESNS.

o
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RECRE, AAO7 R

Theorem 21

CcP%ZHBFE RYAIFI4LILOBHERE A PZCORAOT R
ET3. UB 2D COECHAE (TUP) =P ERBILDNEFEET S EIR
U DSRBOSNB2EBHBZ:C>C =C/(1) £TS. CDEE,
@ P =P BRIATIV2AMFRARTHD, HP) =(d/2,d - 1).
@ PRH/AOATVIAIINAMNFIARTHS. (P HEEFERERLRS
d-1ROAOIEEf: C’ - P HFEETS.)

Theorem 22

C’' ZziE#¥ g > 2 DIFFEFEZRBHRE L, K P EBEAOT771 I
VARNFARTHD, HP)=(r,2r-1) (r>2)THH, P hEEHIER
EIRB2r—1RDAOQTHEEf: C' » P HEETIEIRE. CDEE,
R d = 2r DIEFEFEAREBRIR C EFDORAOTH P &, involution
te Awt(C)BFEELT, C E P IREE21DESICLTESNS.

TR, AAOTR

Theorem 23

CcPZIBE RBIJBIS5ULEDFH s peAAOvRELTAHOY
B KO OERTTZ 00 £95. 51, (PZEET D) Ul2D Cc DE
CREBES DEEITZIEREL, ¢: C o C :=C/(t) £ETS. CDEE,

@ Fixo)NFix)NC 1 Eh5iRd. (ZDRZ0&ETS.)
@ Q0 =9 Q) RBIALTITIVaANFARTHD, HQ') = {((d -1)/2,d).

@ QO RBHEANTIAMIINVANFARTHS. (Q HWEEDFIRRELD
dRDAOTBE f: C' > P HEFEETS.)

Theorem 24

CZEBg>2&L, Q0 BB GWR, HQ) =(r2r+1) (r22), Q0 h'5E
SHERERD 2r + 1 ROAOATHE [ : C' > P BFEERE. D&
T.d=2r+1ROFFEFHEER C &EAHOT = P & involution
te Aut(CO) DB FELT, C E Q0 BREEB 23D&LS3ICLTIESNS.
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Bl: 5R7 TILVHRRR (FERE, ANATR)

SRI7TILVVHIBRC : X3+ Y3 +Z5 = 0 ZfIC LT, Theorem 23 HBIED
ESICBE>TWRDhZRELS.

P=0:0:1)¢&9%&E, mPRAAOTRTHS.

ZDHOTEZ S REEBETH 2D, £RTTIE

o=

1
1 ] (¢ 1& 1 DR 5 FIR)
g

ERIBEEINS.

Fix(c) = {P}U(Z = 0). GEX. PP DBECRAEE UTOEERESR)
involution ¢ € Aut(C) c Aut(P> ) B u(P)=PDEZE, (Z=0=(Z=0)T
HBBID,HCN((Z=0)=5"DTFix(o)NFixe))NClE1BEITTHS

ZEhbhB.
010
(= [1 0 0]
0 0 1

EFB3E Fixo)NFix)NC={Q:=(-1:1:0)}. 2DEE, QI
H(Q) = (4,5) TH 3.
2T, HEXH

Bz,

1:-1:0
T:[l : 1:0] (o & ZRFICHAILT 5175
0:0:1

K& T, CZ2ZRT R E (T TIERY) &
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C:2X° +20X3Y?2 +10XY*+Z°5=0,P=(0:0:1),0=(0:1:0),

1 1
1 ], t:[ -1 ]
4 1

P(1,2,1) AOBIR C’ & 2X° + 20X°Y + 10XY?’ +Z° =0 & L,
p:CoC&ZEX:Y:Z2)b (X, Y3,2)ETBE,
Dl hSF5NS 2EHBICHBZSEL,

0 o DRIZRRIEDT, Q' := ¢(Q) = (0,1,0) D W FEEE
HQ')={n€Zsy|2ne€ HQ)} EIBXDWVWSER (MEEEEDHER?) &0,
H(Q') = (2,5).

KIS, QO BI791ZIWYa bS5 RARTHS.

a =

f:C->PZEXY,Z)» (X*:Y)ETBE,
C’ : 2X° + 20X3Y + 10XY? + Z° = 0 B DT,
f &5 RKEWEET, 0 BFEEDIERTH .

2D, 0 RBEAHOATIAIINVA NS ARATHS.

c 250 x:v:2) 25 142

I |

Pl — P! (X:Y) —— (X2 : Y?)
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GALOIS POINTS FOR LISSAJOUS CURVES
(REVISITED)

good

ABsTRACT. 0O0O0O20150 10 100011 0000000000
obooooboobooooobobooooobOooboo0on 2014in 0
gbooobooooboobooooboobobooboboobooooon
gbobooboobooboobooobobooobooboobooboooon
ooooboooooboooobooboobobooooboo400
gboooboooobobooooboooboobooboooboooboooon
ooboooooooooboooooobooboooobooooooon
gbooooOoooobooboooooboooobooboooboooon
gbboobOooooboboooobooboobooboobooboooon
oboooooooooobobooooobooon

1. INTRODUCTION

goboooboobooooooobooobbooboooDOooUE
Ooooo0 cooboooooboobobobOobUOoODKO kO 1IO
O000000000000000000 K/kOODOOOOOOoOOoOOoOO
gboogobobooobbooobboooboboooboboobobobn
00000000000O00Oo0ooDooOOD K/kOoooooooo
gbbooodbbbuooobbbooadd

CcP!O0dO (d>3)00000000000000000O00
K=kC)O CcOOODDODOOOO0DO0OOooOoCoooooog K/k
00000000 C 00000000 (Galois point for C) DO OO
gboboobbugobooogbbobboggbebbogoon
000 (cf. [6))D0000000000O0D0O0O0O0O0OOODOOOO0

00000 PePPO00000 POOOOOOOODOOOOODOO
aodd
mp:C — P!
dodododododoooooooooan
k(P — k(C) = K

0000000 POOOOOOOOOOKPY) O KpO0OODOOOO
0000000x,: K/Kp. 000000000 [K: Kp| =d—mp

0000 JSPSOOO 26400057 DO COOOOOOODO.
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0000 mpOd CO POODOOOOOOOOO PE¢COOO0 mp=0
O00)000O0oDoooood

gobbbuogooboboooobobuoooooboo

Definition 1. 000 K/Kp 0000000000000 PeP?O
cooboboooooooobooobo

0000000000000 0000000L, 0000 K/KpO
DDNDDDDDDépD LpO00O00000DO0OO0O0O0OOOO0DOO
0 CpO00000000000O00ODOODOOg(P)D CpOOOOODO
0000000000 Gal(Lp/Kp) O GpODODOODO PODOODO
O00004(C)0 Ccooooooooooooooooooood
gbooooooobboooon

(A
!
K=kC) - C - H
| ! |

Kp=k(P) — P' — Gp
D0000000000000000000000000000

Problem 1. D000 COOOOOOOOO

() c000000000006C) 0000000000 §(C)0
00000000000

(i) 0 POODDOOODOO0gP) 00000000000

(i) 0 PO0O0DDOOOOOOOD GpO0O0O000O0OO

000000DoonD (d=4,5)000000000000C O
smooth DO OOOOOOODOODO smoothOOODODOOODOODODOO
Oobooooobobooooo coobobooboooobooobooo
goboobboouogoobbobobbodoooonoboboogas
goboobboooooobbobobbodoooooboboogo
goobogooooood

2. LISSAJOUS CURVES

000000000000O0O0000(2))booo0DooooOoO
gboboooobobod

Definition 2. m, n J0000000000000000000 30
000000000 (8eR)O

x = cosmb
Clm,n): { y = cosnf
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T = sinmb

S(m,n) : { y = sinnf
x = cosmd

C’S(m,n):{yzsmne
dododuod3oguououououooouoouon

Remark 3. 00000000 node OO0 DOOOOOODOOODODO
0000000000000 0000000OPecker (7000000
O0000000000000000000000000000 R20
gbooooodgooobod

gogobbobooooobbobobbooooooobobbooog
OOo0ooobobooOoboboOoboOobbo ROoOOoboOoOooboobDboD Cco
goboobboooogooobbobbbooooobobobobboogo
gooo

Definition 4. t e C 000 (x,y) e C2 000000000 Complex
Lissajous curves OO0 D000 O000O0OOO

1 1 1
A — = — (" + =
(o) v=3 (" 5)
o 1 1 i 1

P R DY {n

i
— 1 1 1 1
CS(m,n):x 5 ( + tm> Y=g < t")

o000:=+v-1Om,n 00000000000

Remark 5. 0000000 € =cosf+isin@ 0DO000t=¢? 00O
Jdodoooooooooooooo oo oo oog

6’—1 tm+1 i 9—1 " L
cosm =3 ) sinm =5 )

00 0O OO Definition 4 0 Definition 2 0000000000

000000000000000020000000000000
[1]oooo

Definition 6. DO OOOO0O0 COO0OOO0ODOOOC O open 00
O00000D00000000 cosed0000000O0DOOODOODO
00 CO CO open 0000 open DO0DO0O0ODOC O closed 00O
O0 closed DO OOO0OO0

Remark 7. 0000000 0D0OO0DOOOOODOOOOOOOODOOO
gbobbobooboobdbuodboobobobobboboab
gbobobuooobbbuooobon

C(m,n):z =

1
2
— 1
S S = —
(o) 7 = o
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Example 8. 00 00(C(2,3) 000000000 OOOO0O0OOOoO
000 open OODOOCS(3,2) 000000000 OODOODODODODO
000000 closed O OO

FiGure 1. C(2,3)

FIGure 2. C'S(3,2)

open, closed 00000000000000000 [2,[30000
0oooo

Lemma 9. C(m,n) 000 open O00O0O0S(m,n) 0 m+n 0000
00 closed 000000 open 0O0O0O0CS(m,n) 0 mOO000O00O
closed OO OO0 open OODODO
3. GALOIS POINTS FOR LISSAJOUS CURVES
00000 [3)0000 4o000oooooo'o

Theorem 1. 000 “losed” 00000000 COOOOOOO
Gp=D,,, G =D, 0002000000 P, PODOOODOO
000D, 000 2m 000000000

OO0 COopen UOOO0O0OOOODOODOOO

000000000000 0DOO0MathSeiNet O Lissajous 00000000
gboooboboosooboobooooboboobooboboooooboonog
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ThegremZ.DDD “O&TL”DDDDDDDD CDDQDDQDDD
7:C — Clresp. 7 :C'" - ClO000007rpoT: C — P! [resp.
apon :C'— P O Dy, [resp. D] 0000000000 ODOOO

DDDDDDDDD@[T’GSP./C\U]Dﬂ'p[’f’fﬁé’p. 7| 000000000
00000000 Gp = Doy, [resp. G = Dy, ] 000. 000000

goo G,C’DDDDDDDDDDDDDDDDD

Remark 10. OO0 Theorem 1 OO0 OD0DOO0OO0OO0OOOOODOO
gbooo 2000000000000 b0bo0abbbuooaoon
gboboobboodbbuooboobuooboboooobboooboog
gobbobobooogooobbobbboogoooooboobood
gobbobboooooobboobobbbodooooobbooboboa
gobbbbododoooobobbbbboooooooboboobobog
000000000000O00oOo0O0O ¢s3,2)0ooooooooo
Doobobsubuobub 4b0bo0obobooboboobd
gbbuoogbuooobbuoodgbbooobbooobboobbo
CS(3,2) 00000OOTheorem 1 DO0O0OODODOO 20000000
I A A Y e o 1Y
gboboobboooogobobobboooooooboboobboogao
gooooogon

Remark 11. 000000000 O0OOOO0ODOOOO0ODOODOOO
gobobobbooooooobobbbboooooobboobood
Dbhoobooobooboobbooboobbuoobooobd
gboboogdgobbodoodn

Theorem 1 D0000000000000000C O z = ),
y=¢()0000000000000000000000 Definition
4A000000000000C(z,y)CcCH)D0O00000C : closed
& C(z,y) =C(¢). 0000000000 OO00OOO POOO 7

CuyyauwDDDDDDDDDx:ﬂuj%DDDDDuwDt
0000

ogit—(z, Tttt
00000¢CO 10mO0000000(0,7) = Dy, 00OOC(H) =
C(z)0D0DO0000PDODOOO00 Gp = Doy,

C:open O0O0OOOI[C(H) :C(x,y)]=2000000C0O0O0O0O 2
OOoobOobooboobobooonD Dy, bboboogbo20b000b0O
Doboobooooooboboboboob200b0000000000
0000000000000 000000000ooOoooOO 3Joo
goooo
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4. 000000

gdobobobobboogooobbobobbuoooobboooboda
OO00DO0bOobO csbobobooooooo

level? I IT III

x = cosf x = cos> 6 x = cos® 0
y = sinf y = sin® 0 y = sin® 0

O 0O godooono
{x:cosmﬁ ? P
y = sinnf ) C
gooono

Remark 12. 0000000000000 O0O000O(R)ODOOOO

)+ (210

000 (Lamé) DO0O0D0OO0OOOOR=2/300000000000
0oo

FIGURE 3. Astroid

Remark 13. 000000000000 DOOO0DOOO 20000000
yoooboodbodgboobboobuodobooboobboonbn
gbbobuoogobbbuoooobbbuoooobo

00000000 M0O00000000000000000000
0000000 P2PO000P=(0:0:1),Q=(0:1:0), R=(1:0:0)
00000000000000#7p:(X:Y:2Z)— (X:Y) 0000
Z40000z=X/Z y=Y/ZOOOOOxp, 7, 7xg 000000
ooooo

mp 1 Clz,y) D Cly/z)
7o+ C(z,y) D C(x)
mr : C(z,y) © C(y)
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oood
0000000O0bO0bOoboooo
Problem 2. P, Q, ROOUOOO 7p, mg, rg DO OO0

Example 14. 00000 22442 =1000007p, 7o, 7z 000
0000000000000 20000000000000P, Q, R
00000000000000020000 ¢,000000000
0000000000000000 ¢8(1,1) 00000000000
x=1/2t+1/t), y=1/2i(t—1/t) 0000000000000 0
0000000C(z,y)=C(t) 0000

(i) 7p 000007 :C(t)DCy/z)=C(42) 0000000
0000000000 Gp3o,0(t)=—t0000

(i) | 000007, :C(t) DC(x)=C(t+1) 00000000
000000000 Ggoo,0()=10000

(i) 7, 000007, :C(t) DC(y)=C(t—1) 000000 OD
000000000 Ggoo,0(t)=—10000

00000000000 0O0000b0DOO0O000000ODefinition
4A0000000000000000L0DO0O0OO0O

Definition 15. t e C 000 (z,y) eC2 000000 C O

L(, 1 ° L, 1 °
Tr = — —_ — J— _— =
AT AR A
O00000000D000000 complex astroed DO O DO OO

gobboboogbbboo

Remark 16. complex astroid J 6 000002000 1000000
0000600 cusp 00400 node 0000ODOOP, Q, R¢C.
O000degmp = degmg = degmr = 6.

gbbodbogobuoobboobbuobboobobodgbed
Doooobbooobbooobbuooobbuooobbobod
ooo

Proposition 17. C : complex astroid 00000000 P, @, RO
Oo0oOoDoooog

gogooboogoon

Problem 3. P, Q, ROODODOO np, my, 7, 0000000000
000000000 Gp, Gy, GeOOODOD
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D000000000000000000000000007,00
000000000000n,: C(z,y) D C(z) O Remark 16 00 60
D00000000C(x,y) =C((t+1/t)3, (t—1/t)*) cC(t) O C(z) =
C((t+1/t)>) DDODODOODOODOOCxEH) D Ct+1/t) D C((t+ 1/t)?)
OO[C(t) : Ct+1/t)] =2, [Ct+1/t) : C((t+1/)*)] =3 000
Cz,y)=C(t) D0ODODOO

00007y :Cz,y) =C(t) DC((t+1/t)*) D0DOOOO0 6000
O Example 14 0000 200000000000000

C(t) D C(t+1/t) D C((t+1/t)?)
00000200003000000000000000000000
000000000

0000000000000000000000000000000
(wreath product) 0 0 0000000000000000D00O000
0000000000000000000000000000000
0000000000000000000000000000000
0000000000000000 1200000000000000
000000000 (cf [5)0

Theorem 3. C' : complex astroid D OO OO0O0O00OP, Q, ROO
O0O000000b0o0oooooono a3 0oooooooooo
|C2 0 Cy) = 24.

. ououoboboooobon

(00000000000 OD0oDOobooOOobbObOOobbOODDO
000000000000 000000D00000%0

Definition 18. t € C 000 (z,y) € C2 000000000000
k1, ko) 0000000 DO3Lissajous curve of level [k, ko)) 00000
goooog

_ 1 1\ )™ 1 1\)"*
[k1,k2] . _J = m _J = n -
C(m,n) L {2 <t +_tm)} : {2 (t +t”)}
_ 1 1\ ™ 1 1\"™
[k1,k2] . )= m _J) = n __ -
_ 1 1\)"™ 1 1\ "™
[kl,k’Q] : — _ tm . — _ t’I’L .

O0000ODkK, kL OODODOO
OO000D000k =k =100

t
0000éi=+—10m, n 0000
000k =k 0000000 [k
0oo[]0o0o0ooo

J00000000000000000000000000000000
0DoooOooO0DODOOOOOn

Ood
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Remark 19. 0000000000 complex astroid 00 CS(1,1)F
000000000

oo0o0oO0oO0OOOOOOODOOODOOODOODOOD BJOoOooo
O00000O00Theorem 300000000000000000

Conjecture. C = CS(m,n)¥l 0000m 00000000000
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A note on genus two fibrations on rational
surfaces of degree seven

ENER

—fEDNE 3 IREIERA R TR Vi 9 DS 2 RS, RN T 5 &,
BEE 8 DIV — MET By ZE—T IV - U= A AT T2 EHEEMIHE DS S
% ([11]). #iZ, YIWr & € DFEMUNZ2 A BERE Pl 3 9 M D@ Y 7 (—1) #hifRD
MR KO, 77 A N—DEDEM 3 IRHFHFRD R > V& e, BRI X O
MRS/ N7 R 2 AR f 2 X — P B RIBRIC, FERIZRIGE %2 RV TR FmiA~
ONEEE v : X - P2 BEFEHELT, f OET 7 A NN—=D v 12X 560 FEih
ROV IV A BT, EH =B p(X) IR LT, A OF SIS MBREFE A E A
DTEHZDL p(X) - 1HTHB. HEz2MHET2HET, A ITHET 2 HFHEEH
Dy P2 - P! 95D f: X - P AEEIN5G.

foUlE X EOfhfRE AL LT, BORRED —1 L2 5UW% (—1) ikt
E IS,

EIR 1 ([4], 2], (6], [7]). X 2HRRAHEMMH, f: X — P! 2N R 2
R L T8, =B p(X) IZ2WT, 11 <p(X) <14 THSE. fO— 77
AN—% F TRT. p(X)#A 14 £721F f DE—=F) - Tz AHDIEHF LK
TN, A X - P2 2AGFHET S, 615, ZNSDNT F OBROIREN
BN 725 & D IZ A 23832 | F OBRORR SO L EERE KO R/INK
BITIRDEO TH S

(A) p(X) =11 D& &, 5 EHEE DD 4 HixHDFH 13 RHHKR,

(B1) p(X) =12 7D f 7% (1) YWz L oL &,
J\DOD 3 EAE ZDOD 2 HE L DM 9 RihHE,

(B2) p(X) =12 5D f 28 (—1) Yl & & 727002 &,
JEME O 2 EHMEZL DOVMH 7 IREIAR,

(C) p(X) =13 D& &, J\DD 2 Hi%kH DM 6 IRHIFE,
(D) p(X) =14 D& & 2 Hi% S DV 4 RHIER.
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Vx VOEEP S MR NI ER O Z LA SN T WD, [1] 1I2H
% HOFHZEBML T, RO ZEDBD0 5.

A 2. TR 0 70 2 IR S SRRl i O R 2 dhFR I3 I UM & Ko,

AERR. X ZMIFEEAY 0 722 IR RERN P E U, B % IER 2R,
ZUT f: X — B IIMMUNRRBUEFRR T, — M7 714 3= F ITREBN 2
O T 5. X OF/MEAH 0 DT, NS(X) & H*(X,Z) ZFA—#HT 5.
{D.F €eZ|D e HI(X,Z)} \&Z DATTNENPS, Blin > 1 %2LhoT nZ
DRIZEITS. D (1/n)(D.F) TEEIND Z BAMNER H*(X,Z) — Z
WEHT S, ZOLERTUVAVIRHERD? S, EED D € H*(X,Z) 1T LT
D.F' = (1/n)(D.F) 2 A7-=9 F' € H*(X,Z) DMFAETS. LIzBoT FldnF &
BAERICAE L 22 5. FRZ n2F? = F2 =016 F? =0 THHIFHILERETS. Z
CCHBRRNPS nlF' Ky = FKx+F?=2 %135 LT, F'. Ky = F'.(Kx + F’)
FEETH L. LEzAoTn=1TRIFNERSRWV. KoT Do.F =1 %A
$ Dy € H*(X,Z) WFET 5. BIZ, BB+ 21T KEW BORT LIZHLT,
BT E € |Dy+ f Ll Bed Z0rE E OB LT, CF=17%
B R C DFEET . O

M2 K0, fIFdR< s DU ERD. ZD 1 D&M MSITEVEE L
T, BZYMW (0) L& 72, f O X o AT, xay -2y
HENS(X) IZBWT, §RTDO7 74 N—DEER A2 L (0) BEKT 250
HE T el ThoZmEXo (-1) FocHErzwnT roy -y
BT NS(X)~, HHI ¥ T- 2 &8 Zoe M 12 & 3E—F ) - Tz
AT DEARTHP D LD E—T NV - Tz A 2HE MWG(f) & NS(X)/T 12
R, PREE— T - 7 = o1 2T MWL(F)? IRERFKT (T) c NS(X)~ 2
[, E—T ) - 7= A 2kET MWL(f) 1& MWL(f)? OXHEFICFARTH 5.
PAEZXZIIT, 70— L FR2IRDEDIZEERT S

E% {f)\ : X)\ — Pl})\eA =8 NS(X)\>_ 753‘1:_[.11\6:@@7&:75%&3—5. »5 )\0 e A
DHEALT, EOFE—HTEED N e AMITHUTT,” CTh DEHLDEE,
MWL(fy,) %, & {fatren D7 L — LT & I

BERE - Wil [10) ROV 1 = b [8] HFORTHENAD D, FH 1 O (D) 1IZH)G
THMM 2 OFET 7 A N—HHEH DD 7 L — LK1, [3, §7, Ch. 4] (IZFAWT
DY, LIFIEN B 12 DIEEMHA=EY 2 FBIKFTH 5.

EH 1 D (Bl) IZX)nd S 2 OFE T 7 A N—HHDIEIE, IRD KL S1IZL
T/NRE - BHIZE20W 2 DOFMHBMMmO N8 (9] IZRET 5. KT, Es
NIV —LIETTH5.
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TR 3. X 2IREAHMME, £ X — P 23N 2 diigRe 35, f
D—f 7 74 N—% F TKRT. p(X) =12 »D f X (-1) LIk (O) 2EL2 LK
ETDH. ZDEE fIF(0) DM (1) Ui &2 #7239, KR7 7 1 N—1ZDW\T
RDEL SP—FPEKD D!

() W1 [5] 12 &k BAMET (IL) Bl G SR T 7 4 N— 2 T 1 AZD
o, [ OMOBRT 7 4 A—kE % (0) MTH .

(i) Y&l [5] (I X 23T (L) B A I NIRRT 71 N—%2 T 2 KK,
[ DMDKERT 7 4 N—13f % (0) BTH 5.

THIL, |F+2Kx —2(0)| ZERZRZLVWRYVILTH Y, (NHET 25
Dipioky—20) : X = P IZUIWT 2 & DREFIHIRR 2 K. @jpionc,—2(0) PN
INETIVE €: S — P! THREIL,

MWG(f) ~ MWG(e) #> MWL(f) ~ MWL(e).

W2 ATEOYIW 2 OEMEMNEH e : S - PLIZR LT, B2 0FH 7 71
N f: X = PLOFEELT, fIZ 2 A0 (L) MORRT 74 =& (-1) 1]
W (0) 2Fib, p(X) =12, ZUT Qjpyary—200) : X — P* OHFHMNE TILH
LD e: S —>P TH5.

EEL 1 D (C) TS B 2 DFELT 7 A N—gHEH DR {f) : X\ — P'hea
DIV —LBTH, ROLSICEHETES. 8 1 OR/NEZE 5 2 % 3E B
X, — P2 Tiafa s (—1) il X, ~NOLGER L% ¢, BROZTNE ( &
BL IO EHEYBIZHRATFEEI VRS T, (0) =e19 D,

8 12 12
F=60-2) e~ e NS(X,) =ZloZe,,
i=1 1=9 =1
—KX+69+610€T,\ &’C%%*ﬁﬁ@ )\0€A0:§(§l—bf
T)\O =7ZF D Z(O) D Z(—KX -+ €9 + 610),

EEDNE AIZRLUT Ty, CTy DEYILD. LIzoT, IREE5.

FE 4. {fr: Xy =P hea 1&, p(X)) =13 2508 2 OFH 7 7 1 N —fhE o
Bed s, 7V —LRTIEBH 10 DEEHLI=EY a2 78R T ThHh-o T, YR
BEIZEBIEART 4 VFVEIBIZK 1 O@Y THS:

ZIZT, FEEICHPHIGL T, HNOHFIEHCNEEZRT. 2720 HEHER
2 DGEIFEPND. FL_OOEEDONMD (k) D& ZIT, Xind 5 =>DH
% k ROER TR,
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OO O—O—O—O—g—O—O
3 1.

EHL L D (C) IR 2T 2 DFET 7 A N—fHE DROEBAEE LT, fi
PRI [5] IT & BT (V) BB INRRET 7 A N—2 TE 1 KEOR
{fr: Xy = Plhea i220WTH, TH 3 L[AROKERNK D LD, KT, Bs 87
V=L TFTH5.

FiE, €H 1 D (Bl), (C) KU (D) (Tt d 2F5 2 DFR T 7 1 /N — i 1,
WO b (—1) Ul &2 RS, 2NEFYMIGRERZ L TELDFED 7 L — LMEFH,
IR BICHETE . LAL, (A) KU (B2) Xt ind M 2 oFH T 7
A N—HE X, (1) I 2Rz 0. 20 ) T RTOYEOH AR 8 (—3)
UTFThME 2 DT 7 A N—HHDPIFET 5 — /T, (—2) YK LRz
W 2 OFHLT 7 A N—HHHFEL T, ARIWTDH 5.

Bl 5. P! x P! OFE KO DREIEE t, B Ko DfEEEZ o« 95, 7z, pry -
P! x P! — P! THE KO NDHEEXT.

P4ttt + e +12=0

NEHTHHTFOTI AXHAEE A BL. AL o2+t =0 BEHKT S pry
DYME C T 5. pr I2&B t=0,00 D7 74 N—=%ZTNEN T, [ TH
T.IIC, B =A+C+Tg+ T BT, B I Ty L& T ET (V)
DRREZERD. B THIET 2 PLx P OAR_EHEIZL>THOSNDIEH
i %, B RS O 2 L TE SN BT E X TET. pry 558
ANd X OFEH 2 MFRROMHE/NETILE f: X 5Pl 2B, 20L& X
X K% = -2 22 A8EE T, MWG(f) IXEBT® 5. f OHE—DYIW (0) X
(02=-2Thb,C DX ~DHEHFIZRELH 20) 0L ERLTHS. [

=0,00 ET (V) OKE T 7 A N—% 55, ZORKN T Z 713 2 D@D TH
L. Fz, f DT 7 A N= 3B TH B,
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RDOFHED S RAEYM 2 EAL T, 7V — A TOERZHIET 5.

WEG6. D KO Dy IZ F LOREHM 1 &5 X ORTET5. NS(X) L8
WTC, TRTD 7 74 N—DEI D R e D; BERRT 20 IEEE T, £ B5<.
ZOLE, (T7)F CNS(X)™ & (Ty)r ¢ NS(X)™ i3 Fe LCHETH 5.

BERA. L; = (T7)* C NS(X) 7, i=1,2 &BL. Z IHO¥ERM o : L, — Ly, %,
TEDO H € L TR UT a(H,) = H — (Dy. H)F TEDS. UL B: Ly — Ly
% B(Hy) = Hy — (D1.Hy)F &FHUE, foa & aoB ldZENTh, L, & L, D
HEEBRTHD. T2, HONZ a b B ONGHIZZ S EZ R >TWEDT, Ly &
Ly I NS(X)~ O LCHETH 5. O

R 1 D (B2) TS 28 2 OFH T 7 1 N—HIHIOHE {f) : X\ — P
DI L —LHBFIE, RDOESIZHETE S, T 1 ORI E 5 2 5 0G5
X, = P> CHifIEhd (1) kD X, NOLF|ER L% ¢, BROZThE ( &
B DL EESITHRATEEVE ST, (0) =61 — en ZAAHEIWHZELD

11 12
F=T—3e-2)> e, NS(X,)=2ZloDZe;,
=2 =1

€10 — €11, —Kx + e ET)/\ L TZ5. gﬂggo) )\Q eEANIZHRLT
T/<0 =7F D Z(O)/ D Z(ew — 611) D Z(-KX -+ 611)
EEDNEAIZRLT Ty, CTy DEYLD. Lo T, IREH5.

BE T {fi: Xo = Phen 13, p(X3) =12 222 (1) Ui & b7 RO 2 O
HELT 7 4 A—WE OB T 5. 71— L TREK 10 OEEH2=EY 25
BT CTH-oT, BYBREEIZKDIILKRT « VFUHFIEN 3 DED TH 5!

f:X =P (V) BMORRT 74 N—% 3 RKEDR 6, 5, €8 2] &b
p(X) =11 DMEWV, (A) ORFFRGGE L5, ZOLEEHIZ, fDE—TIN - T
1 ABERENIZR S, —HT (B2) DEGEITIE, E—T )V - VA IHDPE L2
LHIDRHE VL TETORY. RFT T 70K 2 LEUICRBRRT 71 /8—
ERHRMNS, E—TI) - T A AV E R H 2K TE 5.
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SR MBS ETHEEINT WY Y RY Y L%, FEEIZE S E, KR
THMEX B THE £ U7, BEEINEL 20, EEADOREBEAEZIZUD, Bk
DEXIAIZIOEZEPFILE L. LELAEDNS, Y URY Y ATIHIERICH
MINT, HEIALEATHITIZLOREAMPHL T, £72, AMHMEOHKEE2 5
ZTLKE X S EMHEBEREIZ, DPSELHILEL EIFET.
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