KBRS VRO L2013 in IRE
HMES

SE %6 JEEI5E# 3 T
(HEE% - B, ERIESL, JL)IEH)
2013 F 12 A



XU OIT

AFHSCEEIT, 2013 4EFE 8 H I BIRASE T CRAME L 7RI T LR U 0 A 2013 O
DLk EBER LA E L Db DT, FHETT L, BLEHETHEL WD Z0a%,
AT RETNCRET A ZENTE, TNETLIHESTZEREZE LA ENTEELE.
IO, AEOZHAEZWEEEZO ) lEEL TN TEE L. BB LT
L ETFET.

Flo, RUURVUDORMECHTZY, HlE R R R [ L&A 50 A4 IR
b5 EHE ORI - BOEHEEORE ] WFEERE - JEFIEDL), PRk 23- 25 FEHA
PRI B PR TEM B4 - HAERFSE (O) RS 23531232 (AFJEMERE : AEE), #
FERHNN (BEWgE) BEmseRkE (bIEM) O3Ee=2 £ L.

2013 4F 12 H  #HHME, JERIELL, b=

REe ]S AR ™ A 2013 in I E
— BFHEOFELHY £, —

HEF:8/8 (K) - 9(4)
Wit : V7 ET V98 BUZ—E/L I0F s 4 (OHEENED

A=A
8H8H (K
Rl (BERZCE BEE)
10:00-10:30
BEeT VU T OERHN
(757 ZNVEGED A A L n IRV FRERA~D R EFE
FRERAC T, AUREE, RBE KH (FBUSSHE34E), rEE ELEH)
10:45-11:15
BrEET Y 7 DOFERG 2
Farey BHOmERtib & ZDIGH
AR, RER (ELER 24, REE ELEE)
11:30-12:10
e dhm Eo #2707 0 —) H & @EILEE)



e K B 2REA A TRk A T —BRO— L) e e e e e e e 1

Kazuhisa MAEHARA : Problems on Arithmetic Geometry --Mordell Conjecture of any

dimension--- e e e e e e e e e e 17
W W RS KIRO CEABHCIIT B AME - e e 31

Hirotaka ISHIDA : Notes on certain surfaces of general type with a rational pencil 41

AW % U ERFOARER T 7 7 ZERIROEARE] e e e e e e e e e 57

A B o (V) BORRT 7 A N—% $38 AR O $28 OAFELT 7 A S—thii 11T
........... 63

PEF] 5L © On the topology of compactified Jacobians of singular plane curves *+ -« 73

AE & AR FOHB/NGE SF U T f— e e e e e e e e e e 79
FURE B, BE BT nkR-ULVFREROBIZE e e e e e e e e e e ]5

TRBR, IHHE : 77 LABSIOEITTALDORIZE oo o e e e e e e 99



oA A T —E
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oo(n) ,o1(n) & o2(n) IZOWTIEHE AVWEERH VT HIZEY 255 TH 5.

FAT—BEIE a L AWIZHERARE b < a OEEZ2OT, ¥BOFBEH 01(a) DL ST a &
HWNCERARE b<a D% p(a) LB ZLEZEZTREZV. LML, ZOLIICEHRLTY
FIEMEDSER 0 SET2 720 O THEAR TIZEE.
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1.1 ¢i(a) DA A Z—BEHRT

A T —BEORIEMIC L > T o (pf) = L9 L7425 sita DERTFOMEETHS. a>1 0
Lx

(LD 7901((1) < @'
ZITEHESNRHAT L6 s=1,¢(a) =a—1 72D T a IFFEHK.

1.2 p(a) DEFE
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01(3) = BWT(B) =3,
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BxReH5ZLD.

£ 1 AT —BELE 2L 1 T -

a  FEBOE | euler FRESE | euler2
2 2] 1 1] 1
3 3] 2 2] 3
4 2,2] 2 2] 4
5 [5] 4 2,2] 10
6 2,3] 2 2] 3
7 7] 6 2,3] 21
8 2,2,2] 4 2,2] 16
9 3,3] 6 2,3] 27
10 [2,5] 4 2,2] 10
11 [11] 10 [2,5] 55
12 [2,2,3] 4 2,2] 12
13 [13] 12 2,2,3] 78
14 2,7] 6 2,3] 21
15 3,5] 2,2,2] 30
16 [2,2,2,2] 2,2,2] 64
17 [17] 16 (2222 | 136
18 [2,3.3] 6 [2,3] 27
19 [19] 18 2,3,3] 171
20 [2,2,5] 8 2,2,2] 40
21 3,7] 12 2,2,3] 63




1.3  ¢i(a) IZKBFRHBHE

a>1DLx
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T 5 & 8pi(a) =4p(p —1). B 2T

8p1(a) = ala —2). (1)

HBAE a 230 (1) 2729 8T5L, a i3l Lo Ta=2k £FETS.
k=2°L;e>0,L: fEERTL a=2k=2TLICTLY
X (1) oI

8¢1(a) = 8p1(2°TTL) = 81 (2T )1 (L) = 2*T3¢y (L)

X (1) OADIF 26T (2T L — 2). P 2T

92¢o (L) = L(2°L — 1).

L& e=0.
o1(L) = L(L —1).

—J (L) = 2EH k5T (L) =29(L 1) < L—1. ®xIT s =1, L 135 7 < LTROE
A Z.

FE 1 BRI o BHEFEE p © 265, T7bbH 2p LT D MEHSRIIHTIROELEG 232 &
Ths.
8p1(a) = ala — 2). (2)

RS Tl 2%, 85 2 FiA A 7 —BIsE IV TR BN BRI O RAR O TER L LTHL.
ST, HofAA T —BBAAA T B TEBEBLLTAHLS.
8¢1(a) = ala —2) ZMETHRK a BHD L X, i(a) = 229 2 ERITRAT D &

pla) =2""(a~2). (3)
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3 a=qp DEE

Hzonl-&% 8 q AR e Ik LTa=¢p OHA, (12120 p#q.) pi1(a) = p1(¢°p) =
2p — 1) = L =lell) 47y

(¢-1)
4q¢
WICHAE o 3K (4) BT X, a=q¢p EBFDME I PEB TR,

ZDORNC @1(a) = 29 2k (4) 2 BEET L ROFICS.

2s

qpi(a) = ala — q). (4)

gp(a) = 2°7%(¢ — 1)(a - ¢°). (5)

ST, ZOXEWETHREK a Z2kD L.

X (5) % modg TEZX 5 & —a=0modgq.

a=qL B, Z2CTEe>0,L#£0modg. 75L& s>2.

X (5) ITRATH L

¢°(q — Dp(L) = (¢— 1)2°?(¢°L — ¢°).
n=c—e EBITFIX
p(L) =2°"*(L —q").

l.n=0F7rbbe=e D& &X

o(L) =2"%(L —1).

§>21280 23 (L-1)>L-1.L>17%DTp(L)<L-1. ko Tp(L)=(L-1). L7zh»
T LIIFEHTa=¢q¢L.

2.n>00DEEZ

¢(L)
q"=L- Tk

L OFKTOEE%E s(L) L6001 s=s(L) + 1.



3.1 ¢"=L—p(L)
FA T —BERDOGEIZ ¢" =L — (L) Dff%ERD%.

# 2: 31 OBL

L ZRRESH%  o(L)

115 [5,23] 88
187 [11,17] 160
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35 [5,7] 23] 24
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66 [2,3,11]  [61] 20
69 [3,23] [47] 44
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2. F2BAAS5—BHDEE
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6 15*DEZE
m=15 DL X a=mp=15°p, (p#£3,5: FTHK) L T5¢&

p(a) = p(mp) = 15" (p— 1),

72D T 15¢(a) = 8a — 15°.

#13: m=15° D& x; 17—k

a KNSR pla)
6750 22,3559 1800
17955 +  [33,5,7,19] 7776
23625 3%,5%,7] 10800

36975 «  [3,52,17,29] 17920
37125 33,53,11] 18000
43875 33,5%,13] 21600

45135 =  [32,5,17,59] 22272

54855 «  [32,5,23,53] 27456
57375 33,5%,17] 28800

61335 «  [32,5,29,47] 30912
64125 33,5%,19] 32400
77625 33,53,23] 39600

85695 x  [3,5,29,197] 43904

TA VT UMD H1FBICHD 17955 ([3%,5,7,19])) 1FE51CHD L =133=Tx9 HHT
k%, EEE L— (L) =133 —108 =52, L L, ZRPSNDO A VT N3H7 a D 3 DFEEN 3
KiGRDOTHD. LR o> T, ZRHIEF OO LRV, U T ThD.
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# 14: 15° O L& (fii X)

a RIKHE R o(a)
97875 [33,5%,29] 50400
104625 [33,5%,31] 54000
124875 [33,5%,37] 64800

126195 *  [3,5,47,179] 65504
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138375 [33,5%,41] 72000
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178875 [33,5%,53] 93600
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199125 [33,53,59] 104400
205875 [33,5%,61] 108000

F15: m=15° O L X, F2MA A 7 —FEK

a RIKEOE o(a)
6750  [2,33,5%] 1800
23625  [33,5%,7] 10800

37125 [3%,53,11] 18000
43875  [3%,53,13] 21600
57375 [33,53,17] 28800
64125 [33,5%,19] 32400
77625  [3%,53,23] 39600
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Problems on Arithmetic Geometry
—Mordell Conjecture of any dimension—

Kazuhisa Machara

September 28, 2013

Abstract

After Mochizuki’s theory, in this article we shall prove Mordell Conjecture
of any dimension by obtaining Diophantine inequalities for algebraic points over
an open dense subset of a projective smooth variety of log-general type.

Introduction

Let X be a normal scheme which is proper and flat over Spec(Z). Let X" denote the
compct normal analytic space whose undelying set of complex points X (C).

Definition 1 1. An arithmetic line bundle on X is a pair of a line bundle L on X

and a hermitian metric | — |, on the line bundle L on X" which is compatible
with the complex conjugation on X**. This will be denoted by L.

. When L, M are arithmetic line bundles on X, a homomorphism L — M is

defined to be a homomorphism L — M such that the local sections s of L with
|s|, <1 map to those of M with |s|y < 1.

. The global sections of L over X are the set of homomorphisms OxtoL. Here Ox

is a pair of Ox with trivial metric on Oxan.

. The isomorphism classes of arithmetic line bundles on X with addition defined

by tensor products form a group APic(X).

. Let f:Y — X be a morphism of normal and flat, proper schemes over Spec(Z).

The inverse image of an arithemetic line bundle L on X is a pair of f*L with
f*| = |o, which we denote by f*L or L|y for the sake of simplicity.

Let F' be a finite extension of the rational number field Q, i.e., a number field.

Let Op be the integral closure of Z in F. Let V(F) be the set of valuations of F,
which decomposes as a disjoint of nonarchimedian and archimedian valuations, i.e.,
V(F)*" UV (F)c. Let F, be the completion of F' at v € V(F) and |—|, : F,, — R for
the real valued valuation map deteremined by v. Let v € V(F)™" be a nonarchimedian

17



valuation. ord, : F, — Z is the order defined by v. ¢, denotes the cardinality of the
residue field of F,. A finite formal sum 3°,cy (p) c,v is an arithmetic divisor, where
¢, is an integer if v is a nonarchimedian valuation and ¢, is a real number if v is
an archimedian valuation. This divisor is said to be effective if all the ¢, are non
negative.The set of arithmetic divisors forms an arithmetic divisor group ADiv(F). A
principal arithmetic divisor is

> ordo(f) v— > [F,:R]-log(|fl.) - v

vEV (F)non VeV (F)are

where f € F'. These principal arithmetic divisors form the principal arithmetic divisor
group, which denotes APrc(F'). It is well-known that

APic(Spec(Op)) = ADiv(F)/APrc(F)

The degree of an arithmetic divisor -,y () ¢,v is defined to be

degp( > cv)= > clogle)+ Y. o

veEV (F) vEV (F)non veV (F)are

which determines a homomorphism ADiv(F') — R which factors through APiv(Spec(OF)) —
R since the kernel of deg is APrc(F). Let K be a finite extension of F. Defining
- degj, we have

1
“E TR

deg, (L) = deg (L)

Note that -
XQ= U x@

[F:Q]<o0,FCQ

For a geometric point x € X(Q), i.e., z : Spec(F) — X, we have a morphism zp :
Spec(Of) — X. Given an arithmetic line bundle L on X, we define a real number

hty(z) = deg,(2}:L)

This is called height function.

We denote by X (Q)=? ¢ X(Q), where d is a non-negative integer or the infty oo
the union of the subsets X (F') when F' is a number field with [F': Q] < d. A compact
domain is a compact subset of a topological space which is the closure of its interior.
Let V' C V(Q) be a finite set that contains all the archimedian points V(Q)*°. For
each v € V¢ =V NV (Q)"(resp. v € V™" =V NV (Q)""), let

K, c X"

(resp.

K, C X(Q)

) be ‘a non-empty complex conjugate stable compact domain(respﬁ. a non-empty
Gal(Q,/Q,)-stable subset whose intersection with each X(K) C X(Q,), for K C Q,
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a finite extension of Q, is a compact domain in X (K) such that K, # X" (resp.

K, # X(Q)). We set

KVCX<Q)

which is the set of points € X(F) C X(Q) where [F : Q] < oo such that since
F C FU:a.I'C7 F C FU:IIOI]7

1. for each archimedian valuation v € V% the set of [F' : Q]-points of X(C)
determined by z € X (F) is contained in K.

2. for each non archimedian valuation v € V" the set of [F : Q]-points of X(Q,)
determined by x € X (F') is contained in K,. This Ky is said to be a compactly

bounded subset of X (Q). {K,},ev is said to be the bounding domains of Ky .

Proposition 1 1. Let L and M be line bundles on X and L, M arithmetic line
bundles. We have
htfynr(2) = bty (2) + ht ()

for x € X(Q).

2. If some tensor power of Lq = L|Xq is spanned by its global sections, then there

ezists a constant C' for all x € X (Q).

3. The BD-class of htz depends only on the isomorphism class of the line bundle
Lq on Xq. We can write a BD-class of htr,, or htr instead of the BD-class of
htz.

4. Let d be a natural number and C' a real number. Assume a line bundle Lq is
ample on Xq. Then the set of points x € X(Q)=¢ such that hty < C is finite.

Definition 2 1. Let L be a finite extension field of a number field K and B, A
rings of integers of L and K, respectively. Let Tryx be the trace map and a

fractional ideal
{z € L|Try x(xB) C A}

, which is called codifferent ideal and is denoted by D(B/A)™'. Since B C
D(B/A)™, (B : D(B/A)™") = D(B/A) is an integral ideal of B, which is said
to be different ideal of L/ K or conjugate difference product of B/A.

2. Given a geometric poit Spec(Q) — X, we have a minimal field of definition F
of x.

3. Let Z be a normal noetherian scheme Z and D an effective Cartier divisor con-
tained in the reqular locus of Z. Then the closed reduced subscheme D,..q is also
an effective Cartier divisor.
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4. Let x € X(Q) and F a minimal definition field of x. The different ideal of F/Q
determines an effective arithmetric divisor :

d, € ADiv(F)
which is supported in V (F)"".

5. The following map

logdiffy : X(Q) 2 2+ deg, (6.) € R

is said to be log-different function logdiff y on X(Q).

6. Given an effective Cartier divisor D on X, let Ux denote X \ D. Let x €
Ux(F) C Ux(Q), where F is a minimal definition field of x. This point = gives
rise to a unique morphism Spec(Op) — X. Hence we have a pull-back of D to
Spec(Or) and we denote it by D,. Then (D,) is an effective arithmetic divisor
in ADiv(F) which is supported in V(F)"". (Dy)rea € ADiv(F) is said to be the
conductor of x and the following map is said to be log-conductor function:

logecond, : Ux(Q) 2 = = deg,,((Dx)rea)

7. The log-different function logdiff y on X(Q) depends only on Xq. The BD-class
of logcond, on Ux(Q) depends only on (Xq, Dq).

Proposition 2 Let D be an effective Cartier divisor on X, L = (L,| — |1) an arith-
metic line bundle on X such that L = Ox(D). Let Ux = X \ D, htp = ht;. Then
there exists a constant C that depends only on (Xq, Dq) such that

logcond, < htp + C

on Ux(Q).

Proof 1 Let D be an effective Cartier divisor on X, L = (L,| — |1) an arithmetic

line bundle on X such that L = Ox(D). Let Ux = X \ D, htp = hty. Then the
arithemetic line bundle L has a hermitian metric | — |1, on a line bundle L*" over

X determined by L compatible with the complex conjugation. For x € X (Q) it gives
zp : Spec(Ofp) — X, where F is the minimal definition field of x, and

hti = %F(l’}f/) €eR

Let s is a global section of L which gives D. Then the contribution of height of L at
archimedian primes is given by the continuous function |s|; on the compact analytic
space X", Hence it is bounded. At nmonarchimedian primes the difference is given by
(%D)yeq of logcond,.

We refer to ([Baki], [Mzk0], [Mzk1], [Mzk2], [Mzk3], [Mzk4)).
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Theorem 1 (Mochizuki) The following two equivalent assertions hold.

1. (ABC Conjecture) Let X be a smooth, proper, geometrically connected curve over
a number field and D C X a reduced divisor. Let Ux denote X \ D, d a positive
number and € a positive real number. Suppose wx (D) is big, i.e., K(Ux) = 1.
Then the inequality of BD-clases of functions

ht., (py<(1 + €)(logdiff x + logcond )
holds on Ux(Q)=".

2. (ABC Conjecture for S-supported compactly bounded set) Let S be a finite set
of prime numbers. Let P = P}Q be the projective line over Q, C' the divisor
consisting of the three points 0 + 1+ co. Let d be a poisitive number and € a

positive real number. Let Ky C Ux(Q) be a compactly bounded subset of P(Q)
such that V-2 S, Ve =V (Q)*°. Then the inequality of BD-clases of functions

hto,)s(1 + €)(logdiff 5 4 logcond,)

holds on Ky N Up(Q)=4.

We shall prove the following theorems by using and by virtue of Mochizuki’s
theorems ([Baki|, [Mzk0], [Mzk1], [Mzk2], [Mzk3], [Mzk4]).

Theorem 2 Let X be a smooth, projective, geometrically irreducible and reduced
scheme, 1i.e., variety over a number field. Let D be a geometrically reduced divisor
with only normal crossings on X. Let Ux = X \ D, d a strictly positive integer,
and € a positive real number. Let wx be a canonical invertible sheaf of X. Suppose
wx (D) is big, i.e., Ux is of log-general type. Then one obtains an inequality of bounded
discrepancy classes

ht., . (p)<(1 + €)(logdiff x + logcond )

of functions on Ux(Q)=?.

Theorem 3 Let X be a smooth, projective, geometrically irreducible and reduced
scheme, 1i.e., variety over a number field. Let D be a geometrically reduced divisor
with only normal crossings on X. Let Ux = X \ D, d a strictly positive integer, and €
a positive real number. Let wx be a canonical invertible sheaf of X . Suppose wx (D) is
big, i.e., Ux 1is of log-general type. Let L be an ample invertible sheaf over X. There
exist integers m and N such that (wx(D)®™ @ L™1)®N s effective which is denoted by
E. Then there exist only finite number of d-rational points on (X \ (D + E))(Q)=?
such that logcond () is bounded.

Theorem 4 Let X be a smooth, projective, geometrically irreducible and reduced
scheme, 1i.e., variety over a number field. Let d be a strictly positive integer, and €
a positive real number. Let wy be a canonical invertible sheaf of X. Then one obtains
an inequality of bounded discrepancy classes

hty, <(1 + €)(logdiff )
of functions on X (Q)=%
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2 Plan of proofs
After Mochizuki’s theory, we first make a following lemma.

Theorem 5 Let X be a smooth, projective, geometrically irreducible and reduced
scheme, i.e., variety over a number field. Let d be a strictly positive integer, and €
a positive real number. Let wyx be a canonical invertible sheaf of X. Suppose X 1is of
general type. Then one obtains an inequality of bounded discrepancy classes

ht, <(1 + €)(logdiff )
of functions on X (Q)=.

Theorem 6 Let P = P}Q X oo X P}Q an n-product of the projective line over Q. Let
Dp be a divisor defined by the product of the pull-backs pf(0 + 1 4 oo) where the i-th
projection is p; : P — Pq. Let Up = P\ Dp. Let € > 0 a real number. Let wp be an
invertible sheaf for the canonical line bundle on P. Then the inequality of BD-classes
of functions

ht,,,(ppy<(1 + €)(logdiff p 4 logcond )

holds on Up(Q)=.

The last theorem is obtained by iterated products of projective lines with the
divisor of 3 points after Mochizuki’s theorem.

Kummer-Kawamata covering thecnique is useful.

Let Y be a Kummer-Kawamata covering of P ramified along Dp. Then wy is
ample.

ht,,, <(1 + €)(logdiffy )

3 Proof

Proposition 3 Let X, Y be a normal schemes proper flat over Z. Let (z,y) € X X
Y (F), where F is a minimal field of definition of (z,y). The different ideal of F
determines an effective arithmetic divisor

5(x,y) c ADZU(F)

non

which is supported in V(F)™™. The assignment

(z,y) € XxXY(Q) = logdiff . ((z,y)) = deg(0(z)) € R = logdiff x (z) +logdiffy ()

determines a well-defined log-different function on X x Y (Q).

Proof 2 The different divisor 6, of F' (resp.the different divisor d, )is determined by
the different ideal of x € X(F) (resp. the different ideal of y € Y(F'). The arithmetic
divisor associated to the different ideals of (x,y) is

O(zy) = 0z + 0y
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Proposition 4 Let X, Y be a normal schemes proper flat over Z and D a normal
crossing divisor on D. Let (z,y) € X X Y(F'), where F' is a minimal field of definition
of (z,y). The height function htp(z,y) = deg((z,y)5(L))(resp. logcondp(z,y) =
deg((2,y)5(D)rea)) where L is an arithmetic line bundle associated to D over X x Y.
The assignment

(x,y) € X xY(Q) — htp(z,y) = htpx(x) + htpyy (y)

(resp.

(z,y) € X x Y(Q) = logcondp(z, y) = logcondp, x () + logecond pyy-(y)
) holds .

Proof 3 Let (z,y) € X xY(F), where F' is a minimal field of definition of (x,y). The
height function htp(z,y) = deg((z,y)i(L)) (resp. logcond (2, y) = deg((x,y)5(D)rea)
) where L is an arithmetic line bundle associated to D over X xY . Since the following
diagram is commutative

SpecZ

The asstgnment

(z,y) € X xY(Q) — htp(z,y) = htpx(x) + htpy (y)

(resp.

(z,y) € X x Y(Q) = logeondp(z, y) = logcondp x () + logecond pyy (y)
) holds .

Proposition 5 Let P be n times products of projective lines P! over a number field
and Up n times products of projective lines minus divisors of 0,1, 0o, respectively. Let
C' be the sum pull-back of each divisor 0 4+ 1+ 0o on each projective line. Then

hty, ,<(1 + €)(logdiff p + logcond,)

on Up(Q)=4.
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Proposition 6 Let X be a proper smooth scheme over a number field and Dx a divisor
with normal crossings only on X. There exist an ample divisor Hx and a number e
such that

1. Dx + Hyx has normal crossings only on X.

2. Let Y be a multi-Kummer covering ramified along Dx + Hx with ramification
indezx e,i.e.,
Y = Spec Ox[Tl, e Tm]/(Tf — ai)

, where Y ;div(a;) = Dx + Hx locally.
3. eDy = Dx, eHy = Hx and Dy + Hy has normal crossings only.
4. Kx + Dx + Hx = Ky + Dy + Hy..

5. Ky is ample.

Proof 4 1. One can easily take an ample divisor Hx such that Dx+ Hx has normal
crossings only.

2. A multi-Kummer covering ramified along with the same ramified index is an
algebraic reqular stack.

3. Since e is a ramification index, eDy = Dx, eHy = Hx and Dy + Hy has normal
crossings only.

4. Since Y\(Dy—l—Hy) — X\(Dx+HX) is étale, Kx+Dx+Hxy = Ky+Dy+ Hy.
5 Let A= Kx + Dx + Hx. One can take Hx such that A is ample. One can
furthermore take an ample Hx and sufficiently large e such that
1
Ky =A— E<DX + Hy)
s ample.

Proposition 7 Let X be a proper reqular scheme over a number field, d a number,
1 > € >0 and Dx a divisor wit normal crossings only on X. LetY be a multi-
Kummer covering ramified along Dx + Hx with the same ramification index e, where
Dx + Hx has normal crossings only and Hx is ample such that wy is ample. Assume

ht,, <(1 + €2)(logdiffy) on (Y \ Dy)(Q)=*, where d’ = ed. Then
htuy (y)s(1 + €*)(logdiff y + logeondp, ) + ehtr

on Ux(Q)=?, Ux = X \ Dx. Furthermore, assume Ky + Dy is big such that Kx +
Dx — eHx is an effective divisor E. Then

hty, (py)<(1 + 2¢)(logdiff y + logcond, )

on (X\ (Dx + E))(Q).
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Proof 5 Note that Ky is ample,
Kx + Dx + Hx = Ky + Dy + Hy

and
G(Dy + Hy) = DX -+ Hx.

htry1py = htxyipytmy —htmy =htgy1pyyn, —htmys
(1 + €*)logdiffy + htp, + hty, — htp, =~
(14€%)(logdiff y +logcond ,  +logeond;  —logecond, —logcondyy, )+htp, +htr, —hts, <
(14 €*)(logdiff y 4 logcond, ) + €*hty

Furthermore, assume Kx + Dx is big such that Kx + Dx — eHx is an effective
divisor E.

(14 €*)(logdiff y + logcond, ) + €hty, <

(14 €*)(logdiff y + logcond, ) + ehtg,p, =
(1 + €(1 + €))(logdiff x 4 logcond, )

Hence
ht., (px)s(1 + 2¢)(logdiff - + logcondp, )

on (X\ (Dx + E))(Q).

Proposition 8 Let X be a proper smooth scheme over a number theory and Dx a
divisor with normal crossings only on X. Assume Kx + Dx is big. Let Y be a multi-
Kummer covering ramified along Dx with the same ramification index e. Then Ky is
big for sufficiently large e. Further assume ht,, <(1 + €)(logdiffy.) on (Y \ Dy)(Q),
where Dy = (f 'Dx)req, f:Y — X. Then

ht,, (px)s(1 + €)(logdiff  + logcond . )
on Ux(Q)=?, Ux = X \ Dx, if € <e.

Proof 6 Dyx has normal crossings only. Let Y be a multi-Kummer covering ramified
along Dx with the same ramification index e,i.e.,

Y = SpecOx [Ty, -+ , T/ (TF — a;)

1

, where Dx =Y, Dy, Y div(a;) = D; locally.

Then Y is a smooth algebraic stack and Dy has normal crossings only. Since
Y\ Dy — X\ Dx is étale, one has Kx + Dx = Ky + Dy, eDy = Dx. Note
that logdiff y + logcond, = logdiffy + logcondy, O<logcondy (resp. O<logcondy ) on
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Ux (Q)=? (resp. Uy(Q)=%). Note that htp ~ logcond,, for a normal crossing divisor
D.
One obtains

htKXJrDX =~ htKerDyS(l + 6')10gdiffy + htDyS

(1 + €)(logdiff x + logcond, . — logeond ) + htp, <
(14 €)(logdiff x + logcondp, . — logcondp, ) + (1 + €)logcond,, =
(14 €)(logdiff x + logcondp, )

on Uy (Q)=?. Hence one obtains
ht x4y s(1 + €)(logdiff x + logcond, )
on Ux(Q)=?, if € <e.

Proposition 9 Let X be a proper smooth scheme over a number theory and Dx a
divisor with normal crossings only on X. Assume Kx + Dx is ample. Let Y be a
multi-Kummer covering ramified along Dx with the same ramification index e. Let f :
Y — X be a finite morphism and (Y, Dy) — (X, Dx) an induced log-étale morphism
such that Dy = f~Y(Dx)sea has normal crossings only and Kx + Dx = Ky + Dy.
Assume htg, <(1 4 ¢)logdiffy on (Y \ Dy)(Q).
Then Ky is ample. And one obtains
htg <(1 + €)(logdiff y + logcondp, ) + ehtp,

on Ux(Q)=1.
Proof 7 One has
htKX ~ htKX+DX — htDX ~ htKY+DY — hthS(l + E)logdlﬂy + htDy - htDXS

(14 €)(logdiff y + logcond . —logcondp ) +htp, —htp, <
(14 €)(logdiff y + logcondp, ) + ehtp
on Uy (Q)=?, d' = ed.

In the proof above, one can find a number m such that mKy — Dx is ample since
Ky is ample.

htDXgmhtKnghtKX+DX

since Ky + Dy = Kx + Dx and O<htp, on Uy (Q)=%.

htr, <(1 + €)(logdiff y + logcondp, ) + mehtg, py
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Proposition 10 Let f : Y — X be a generically finite morphism and (Y, Dy) —
(X, Dx) an induced log-étale morphism such that Dy = f~(Dx),eq has normal cross-
ings only and Kx + Dx = Ky + Dy. Assume htg, <(1 + €)logdiffy on (Y \ Dy)(Q).
Then

htg+pys(1 + €)(logdiff x + logcond, )

on Ux(Q)=.

Proof 8 Let f:Y — X be a generically finite morphism and (Y, Dy) — (X, Dx) an
induced log-étale morphism such that Dy = f~(Dx),eq has normal crossings only and
Kx + Dx = Ky + Dy. On Uy (Q)=% one has

htKX+DX ~ htKerDyS(l + e)logdlffy + htDyS
(14 €)(logdiff y + logcond y — logcondy ) + htp, <
(14 €)(logdiff y + logcond, )
Hence one obtains
htx 4y (1 + €)(logdiff x + logcond )
on Ux(Q)=1.

The next is a key proposition.

Proposition 11 Let Y be a proper smooth scheme over Q with Ky big. Let P be
n times products of projective lines P! over Q. Consider a dominant rational map
from'Y onto P and resolve the indeterminacy of the rational map to designate them
byp:Z —Y and f : Z — P. Assume Dp is a normal crossing divisor on P such
that Kp+ Dp is ample. We define Dz = f~Y(Dp),eq. We may further assume Dy has
normal crossings only. Then there exists an exceptional divisor E

htg, <(1 + €)(logdiffy)
on some dense subset of (Uy \ E)(Q)=.
Proof 9 Note that Kp + Dp = Kz + D;. One has
htg, ~ htg, p, — htp, =~ htx, p, —htp,<

(14 €)(logdiff » +logcond ) — htp, =~ (1 + €)(logdiff ; + logcond, ) — htp, <
(14 €)logdiff , + ehtp,

Since Z is of general type, there exists a number m such that
mKyz > Dy

Let Em = TTLKZ — Dz.
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OghthZ - htKDZ
OShtDZ on (UZ \ Em)(Q)Sd/.
We must think images about these inequalities here.
(1 + ¢e)logdiff , + ehtp,<(1 + €)logdiff , + emhty,

One hence has
(1 — me)htg,<(1 + €)logdiff ,

Note that there exists an exceptional divisor E such that

K; = Ky + E,0<htg

One has
(1 — me)htg, <(1 + €)(logdiffy + logcond
on (Uz\ E)(Q)="".
Z
P
E ——Y <= Spec(F)
One obtains 140
+ €
h ——logdiff
tKYS(l _ mG) Ogdl Y
on (Uy \ p(Ep 4+ E))(Q)=Y. Given any 0 < € << 1 there exists an € > 0 such that
1+e€)
1 / — (
e (1 —me)
since the function of €
(1+¢€)
(1 —me)

1
increases continuously for 0 < e < — from 1 at e = 1. One obtains
m

htx, <(1 + €)(logdiffy,)

and
htg, <(1 + €”)(logdiffy)

for € < € since logdifty > 0. One should consider all maps Z — P and all Dy to
hold inequalities on Y (Q)=? to complete the proof.

Remark 1 1. In the inequality
hty, (py)s(1 + €)(logdiff x 4-logcond, )

one may choose Dx as an ample divisor such that Dx 1is linear equivalent to a
multiple divisor, so there exists a sufficiently small epsilon > 0 such that

(14 €)logcond,, <htp,
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2. To prove our mordell problem of high dimension it is sufficient to have the fol-
lowing inequality
htyy (py)<(1 + €)(logdiff y + htp,)
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1 Introduction
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Theorem 1 ([3,8]). D0D00O0O0O COO0O0dOd>400000.0000:

(1) 0 PeC (resp. PeP?\(C)000000000000000000,0000
0000000 PO0OOO CO000000 P=(0:0:1),

C:YZ 4 f4(X,Y) =0 (resp. Z% + f4(X,Y) = 0)

000000000, 000, f(X,Y)OdoDooooooo.

(2) PcC (resp. PcP2\0) 000000000000 00,0000 Gal(K/Kp)
000 d—1 (resp. d) D000 Cyqq (resp. Cq) ODODO.

(3) D0DD000O00O (resp. 000000000)0,1,40 (resp. 0,1,30)000,
000 4000000000000 (resp. 3000000000000)0400
0YZ3+ X44+Y4=0 (resp. 0000 d000O F(d), ie., X1 +Y?+ 74 =0)
Dooooood.

(4)00YZ3+X4+Y*=00400000000 0:0:1), (0:—w:1),
0:—w?:1),(0:-1:1)000. (wO 1000300)00,000000
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obOoboOos00b000b000oboboboobDon

00 K/KpOOUOUOOOOOOOOOO,D000DD0DDO0OO0OO LpOOOO. ODOOO
Gal(Lp/Kp)OUOODOO,000000000000000C0O0OO0ODOOODOOO.

Theorem 2 ([3,8]). 0000000 C (OO0 d>4) 0 multitangent line 00000
D00 C#000.00000 PeC\C# (resp. PeP?2\ (CUC#))0000,00
00 Gal(Lp/Kp)O d—100 (resp. d00) 000 Sy_y (vesp. Sy) 000,

Theorem 3 ([6]). 0 PeP?\CO0O00,0000 Gal(Lp/Kp)D d0OOOOD0 Sy
gboooboobooobooobon.

Theorem 4 ([1)). 00 CO0d0000000000000,00000 PeP?\CO
000,0000 Gal(Lp/Kp)O dO0OOOO S;000.

Problem 5. 000 CO d000000OO0OOOOOO,00000 PeCcOOOO,
0000 Gal(Lp/Kp)OD d—100000 Sy 000.00000000000000
gooboboo,0gobbbouoogobobooon.

0000000000, 000000000,0000 Gal(Lp/Kp)ODOOOOOO
000000000000 POOODO, Theorem 1000000000 OCOOOODODOO.

Definition 6. 0 PO0O0OO00O000 Gal(Lp/Kp)=+«000,000000000
0,000000 PO xpoint 000. O. Cy-point, Dy-point, Sg-point OO . (0. O
goooooobo, oo ou, oo ouoooa
0000000000000000000000ooO0ooo.)

0000000000 50000 Dg-point PeC (Dy: 00 800000)000O0
gooo.

Definition 7. CO0O0O0O0O0 5000000. 0000,
A(C,Dy) := {P € C| PO Du-point}, §(C, Ds) := #A(C, Dy)
ogooono.
odooooogoon.

Theorem 8 (Main Theorem). COO00O0O 5000000. 0000, §(C,Dy) =
0,1,3,5,15000. 000, 1500 Dypoint 000 COOODO 5000 F(5) :
X5+YS+Zz5=000000000.
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00000000000000. D00o0o0oooooooooooooo. (7))

2 0DbOoOo,000,0d

Ooo0,cobooggog 5000000.C,O00000 LpOO0DOODODOODOOOO,
g(P) O CpOD0O0DODO.O0O00O0O obdobOobooobOobo,0ooboboboobog
goo.

Theorem 9 ([2)). CUOOUOO 5000000.000O0:

() 0 PeCO Dypoint 0000000000 O0OO,000000000000
0000, POO0ODOCOOO00OOOOP=(0:0:1),

C: L(X,Y)Z + f5(X.Y)Z2 + [5(X,Y) =0

000000000, 000, f(X,Y) (i=1,3,5 0000000400000
googad.

(2)0 P € CO Dypoint 000000000, 00 K/KpOODOO K' O
[K:K'|=2[K:Kpl=20000000000.000,K' 0000000
0oooooooooo2000.

(3) D PeCO Dgpoint 00ODO0DOOODO, g(P)=16,17. OO0, 616(C) (resp.
017(C)) O ¢g(P) = 16 00 Dy-point (resp. g(P) = 1700 Dy-point) 000 O
000, 584(C) +65,7(C) < B(C)ODOO. 00O, B(C)O C O bitangent line
googdoog.

CcO000o0oo0oO0oooUoooo, B(O)ODOODOOODODUDODODOO,0D000OO0OO0
goooo.

Lemma 10. 6(C, Dy) < 20.
00,00005000 F(5)O Dy-point 0000000000000.
Theorem 11 ([4]). 0000 5000 F(5): X°+Y5+25=00000:

(1) D PeF(B)O F(5)0 flexDODODOO, Gal(Lp/Kp) = Sy, g(P) = 85;
(2) 0 PeF(5)0 F(5)0 lex0ODO (000,300 XYZ=00 F(5)00000
0 150), PO Dy-point O g(P) = 16.
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OP=(0:-1:1)000005000 F(G): X°+Y°+2Z5=00 Dy-point 00
00000000000000. 0000

T:-X:Y:2)»(X:Y:2)=(X:Y+Z:Y-2)
0000, (0:0:1)— P, F(5 0000000
T*(F(5)) : 10Y Z* +20Y3 2% + X° +2Y° =0

0O00. Theorem 9 (1) 0000, 0 PO Dyg-point OO O.
Theorem 900, 000000000 OO0ODOOO.

Lemma 12. 0 P e C O Dy-point 000, Ip(C,TpC)=3000 5. 000, TpC O
0O POOCOOO,IpC,TpC)0 COTpCOOO0 POOOOOOOOOO.

Remark 13. d00000000 C (d>4) 00000000 P2P0000000
00000000000000. (5) 000,000 ¢ € Aut(C)0000O0000O
T, € Aut(P?) 2 PGL(3,C) 0000 T,|c =c000. 00O, Th,Ty € Aut(P?)
0 Tile =Thle =0 € Aut(C) D00, Ty, =T, 000. 00000000000
o€ Aut(C)0 PGL(3,C)00000,0000000. 000, A€ PGL(3,C)0,0O
000 (X:Y:2)—»(X:Y:2)0 (X,Y,2)=AX,Y,X))000000000
nDoo. (X,Y,2)'(X,Y,X)'0 (X,Y,2),(X,Y,X)00000000000000
oo.

Lemmal14. 0 Pe C0O Dy-point 00000 0. OOOO0O0O0ODOOOOO involution
tp € Aut(C)DD0O0O0OO:

(1) Lp;éidc, L%:idcg
(2) 1p(P)=P. 0000 POOODODOOOOIOODOD wp(l)=1000.

00000 tp O Dypoint POODDO,000000. (1p O Dypoint 00000
involution 0 0 OO0 .)

Lemma 15. Dy-point P 00000 involution cp OO OO O OO0
Fix(ep) == {Q € P? | 1p(Q) = Q} = {P}Ulp

000.000,lp0 POOOOOOOOOO. (p0wp0O00ODOOOOOOOO.)
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Remark 16. 0000 ¢ € Aut(P>) 0000,00000000
Fix(0) ={Q € P* | 0(Q) = Q}

gogobobooooooooon:

00,c0000000000,000000000000000, (2),(3),@) 0000
oooooooo.

Lemma 17. P:=(0:0:1)eC0OO

-1 0 O
=10 =10 € Aut(C)
0 0 1

D00000,C0000000 fAX,Y)ZY4 f3(X,Y)Z?2+ f5(X,Y)=0000. O
00, 4(X,Y)0:i000000000 (i=1,3,5). 000,000000 f3(X,Y)=0
000 POODODODOOODO, f3(X,Y)#£0000 PO Dy-point 000.

Lemma 18. 20 P,Qe C (P# Q)0 Dy-point 0000 00. DO0DO tp(Q) # P,Q
000,30 P,Q,p(Q)0O00DOODO.

Lemma 19. P2PO000000 (0000, #(A(C,Dy)NI)=0,1,3,5.

Lemma 20. 20 P,Q e C (P# Q)0 Dypoint 00000,I0 PO QOODOOO
000. 0000, #(A(C,Dy)N1)=3000, tpliowgl; € PGL(2,C)0000 30
00, #(A(C,Dy)N1)=5000, tpliowgl € PGL(2,C) 0000 5000.

Remark 21. 00 /0000, #(A(C,Dy)NIl)>2000 #(CNI)=>5.

Proposition 22. 20 P,Q € C (P # Q)0 Dypoint 00DO0O0O. OOOO
U(P):QDDD cooooo UEAut(C)DDDDD.

Proposition 22000, g(P) =160 ¢g(Q) = 17000 2000 Dy-point 0O 0O C
goooon.
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Example 23. §(C,Dy) =30 500000.

(1)

00CO X5+Y4Z+YyZ4=0000000000000, P :=(0:—-w1:1)
(i=1,2,3)000. 000,00 1000300000.000,C000000
5000000,6(C,Dy)=3,A(C,Dy) ={P,P,,P3}000.

P,P,P3€ A(C,D,)0000000000. 000,

T:(X:Y:2)=»X:Y:2)=(X:Y+Z:Y-2)
000000000000, 7((0:0:1) =P, 000,
T*(C) : (6Y)Z' + (—4Y*) 2% + (X° —2Y") =0

O00. Theorem 9000, P, 0 Dy-point 0 00O.
Dy-point 00 0 00O involution O

100 1 0 O 1 0 O
tp, =10 0 1],tp,=(0 0 w],tp,=(0 0 w?
0 1 0 0 w? 0 0 w 0

O00. P,P,,R0000001(0:X=0000,up|iowp,; 0000300
0. Lemma 20000, #(A(C,D,)NI)=3000. 000000000000
0000000, Co00000000000000000o00oooon. 0oo,
Theorem 8 000, §(C,Dy) =3000.

00 CO X°+X3YZ+YS5+275°=0000000000000,

Pi:=(0:-¢C"1:1) (i=1,...,5)

000.000,¢01000500000.000,C000000500000
0, 8(C,Dy) =5, A(C,Dy) = {Py,..., P} 000,
Pi,...,PseAC,D,)0000000000.000,

T:(X:Y:2)»X:Y:2)=(X:Y+2Z:Y-2)
000000000000, 7(0:0:1)=P 000,
T*(C) : (10Y)Z* 4+ (= X3 + 20V 22 + (X° + X3Y2 +2Y°) =0
O000. Theorem 9000, P, 0 Dy-point 00 0. OO0, P, 0 CO0OO flex
(000, Ip(C,Tp,C)=3)000. 0000000000 flex0OOOO, CO

0000000000000000. 000, Theorem 8000, 6(C,D4) =50
uo.
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3 Theorem 8O0 OOOOOO

COO0D00O0b00D0000. Theorem 8 000 0ODOO Lemma 24, Lemma 35
oooooooooo.

Lemma 24. 500 Dy-point P, P, P5, P,, 00000000000, 00000
Dypoint B, 0000000000, 0000,CO00005000 F(G)00000
000, 6(C, Dy) = 15.

Proof. Lemma 24 000000000000, P,...,P00000010:X =000
0. 0:=1t101 € Aut(C) 000, tg,t1,02,0 10000000000 Dy-point 000
0000. Lemma 100 §(C,D,) £20000000000 Dypoint 000000 C
00000 5000000000000. 00000000 caimO00000O0.

Claim 25. lp, Nlp, N1 = 0.

200 Ip, lp, 0000 Q000. 0000, Q, € Fix(o)\ 100D,
Claim 26. #(Fix(o)Nl) = 2.

Fix(o) Nl =: {Q2,Qs} 000. Q1,Q-,Q; ¢ CO0D0DD. 000DO000DOO0O,
Q1 =(1:0:0),Q2=(0:1:0),Qs=(0:0:1)000.000,0¢€ PGL(3,C)00
ggoooboooon.

LemmaQODDD,U5‘l:id0DDD,DDDDDDDDDDDDDDDDDD.

1= (0% = (o) = (o|}) = 1

Claim 27. ¢° =id¢.

Claim 28. Fix(o) 0 10 0000000000000 0O0O0OOOOOOOO0O, Q2, Q3
Ocoooooooo.

Theorem 1(3) 0000, 000000 2000000,C00000 5000000
ooooo.

00)00005000 F(5)00000,Fix(e)00000000000 30000
00, Claim 28000000000000.

00, Fix(e) 00000000000 30,000, Fix(e) = {Q1,Q2,Qs} 000
oo.
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Claim 29. O P € P2\ {Q1,Q2,Q3}0000,50 P,o(P),...,c4(P)0000000
00o0o0ooooon,PeV(XYZ)ooOD. 000, V(XYZ)ooOoo XyZO
0000000000000,000300 XYZ=0000.000,P¢V(XYZ)O
000,50 Po(P),...,c4(P)0DD0D0D0DD0 30000000000.

Claim 30. 1500 Dy-point Py,...,Ps0000,000,00000000000 50
Pii1,...Pys (i=0,1,2) 00000000,

O0 claim O Pp,...Ps0 Lemma 24000000 50000,71: X=00000.
Claim 31. Py,..., P15 € V(XY Z).

00 claim O, Ps,...,P5s ¢ V(YZ)0DODOOODO 6(C,Dy) > 3000000
Lemma 1000000, 0000000000000,

Cleim 32. 000000000, 150 Py,...,Ps € V(XYZ)O F(5)NV(XYZ)DO 15
000000000000000. 000, F(G)000005000 X5+Y°+2°=0
ooo.

Claim 33. {Py,...,Pis} = F(5)NV(XYZ)0OO,
P=0:-1:1),Pb=(0:—-C:1),Ps=(-1:0:1)

(¢(01000500)0000,003000000 involuwtionOOOOOOOO.

1 00 1 0 0 00 1
ip,=(0 0 1],up,=(0 0 ¢|,p,=10 1 0
01 0 0 ¢* o0 1 0 0

Claim 34. 1p,(C) = C (1 =1,2,6) 000000000 500000000 500
0 F()00000. 000 CO0000000 F(X,Y,2)=00000, tpF =\F
(i=1,2,6. ,;, € C\{0}) 00ODOO 5000000 FO ¢(X°+Y%+25) (ceC\{0})
noooo.

00000, Lemma 24000000, O

Lemma 35. 0000000 Dy-point 0 3000000000000, 6(C,Dy4) <3
goo.

Proof. 000000 Dypointd 30000000,0,1,300000000000. 0O
00,300 Dy-point P, P, ,000(0000000,0000 10 Dy-point Py
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O00000D000. 000 clamO0OO00D0O0O0O0OO0DODOOO0DO Lemma 350
gooo.

Claim 36. Remark 21 00, #(INC)=50001INC ={P, P, P3,Q1,Q=} 000.
000,0004¢=1,230000, tp,(Q1) = Qa, tp,(Q2) = Q1.

Clatm 37. OO00,00000000 500 Dy-point Ps,..., P 00000000: 9
OpP,..,P0000000200PR,P(i#;)000,0020000000000 1
0 Py e{P,...P}\{P,P,}00000.

Claim 38. Claim 370 900000, (0000000000 00) 30 {P, P, P},
{Py, P5,Ps}, {P;,Ps,P,) 00000000000000, 00 3000 Liss, Luse,
Lo OO0D0O0OO0O0O.0D00DO,00 3000 100000000.

Claim 39. 00000000000, Claim 370 9000000 3000 F(3) :
X34+Y3+2Z3=00300 XYZ=000OO0OOOOOOoooooOo.

Claim 40. 900 Dy-point 0 Claim 3900 0000000. 00O00,9000000
involution 0O O0O0O0O. 00,00 2000000.

0 1 0 0 w? 0
t=|1 0 0)],/=[w 0 0] (w:1000300)
0 0 1 0 0 1

Claim 41. 900 Dy-point 0 Claim 390 00000000. 0OOO,
(0:0:1),(0:1:0),(1:0:0)eC
gono.

000 ClaimO00, Lemma 350 0000000000. o:=¢vo0/ 0000,

2

€

€ Aut(C)

o O
o & o
— o O

000.0C—C/{e)00000,0000 30 cycliccovering 00000 3000
O.000000 Riemann-HurwitzOOODOOOODO. |

Lemma 24, Lemma 35 0 0 O, Theorem 8 0 0O 0.
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Notes on certain surfaces of general type with a
rational pencil

Hirotaka Ishida

Introduction

S & EFE-BERENE, C 2 g(C) OIEFRFENRBIRE T3, f: 5 — C %
MR/ N 2 RBH AR I & 35 REEPRIE X 1T LT, X OF#ERT%2 Kx &35,
K;=Ks— f*Kc &ED, TN% [ OMMEHER T WS ARBEl#RE £, R8hm
S DARERDIIHETH M A A T — - BT U H VI x; = deg fu K & FHGHHEHE
HFOHCORRE K} BWERTES. ZOLE, SOAAT— - KT U I VEE \(0y) &
xp, K& & K7 EDRITIE, T Z N T OBERAA D 3L

xr =x(0s) — (g(C) = 1)(g(f) = 1),
K7 =Kg—38(g(C) = 1)(g(f) — 1),

ZIZT,g(f) R fDMT T AN—DFELT B,

PR, f ZWATEHETIRZRWE TS, f2EAMEETIRZRVWEE, x>0 THD (cf 2,
I, Theorem 17.3]). #>T, f DAV =T \(f) & Kj/x; LEET DI LNTES. ¢(f) >
2 THhdeE REMAREDREE N(f), g(f) DEIZIE Xiao[14, Theorem 2] IZ k2 A1 —
TRER 4—4/g(f) < ANf) <12 HSR 0 32D, (f HEHEH R T H 5854121, Horikawa
[5, V, Theorem 2.1] & Persson [11, Proposition 2.12] IZ& DRI N7z, ) DX D, A\(f) <4
ThHhE, A —TFRERTED, g(f) D EBRIZ4/(4 - \(f)) THE I &Wnrs. 7z,
Konno [8, Corollary 4.1] IZ &2 A0 =7 AEXEZH WS &, f PIEEBHEEET, f.K;
PWELZENTH B0, g(f) DERIZ6/(5-Nf)) THEIEMHNE. ZDLSIT,
REPFREOREE Z HIRT B L, 7 714 N—DFOI D 55 EOHIFHNEAT 5. KT,
7 7 A N— DD BRI L R WREHRR R OMEDH TREZ LWVWH DX, Au—
TH4TH B EEEMIEERRE WD 2 il B,

ZFIZT, AU—T04 ThHEHEMEARE fIZEHTS L, LROEALD LD,

I 0.1 (Ishida [6, Theorem 0.1])  f: S — C ZMHIHIMUNZFHTEHATIE W E
FEHERREE 5. ANf) =4 THEHLE, LFOARERDK D LD

9(f)/2=1 (g(f) = 4: even)

xr > Ag(f)) = {
g(f)=3  (g(f) =5 :0dd)
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THIT, >4 %07 ge ZITNUT, ANf) =4,9(f) =g, x5 = Alg) & 752 FRHIHMR
/INEEFE T BRI DMFAET 5.

FR 0.2 fFED EQEE 2 ITRHUT, ANf) =4, x; =2 2D g(f) B 2F7IE3TH
% KX TR /N 72 A T iR R f 13FAE 9T D (cf. [12, Théorem 2.9], [6, Theorem 0.2]).

L 0.1 DFFIZ B WTHERR L 72 A(f) =4, x; = (U»%ﬁtﬁﬁﬁﬂﬁﬁﬁwﬁ
ZEHNINE AR TH o 72, o T, KZEMMBHELHE TH 25HEI1TIE, 2D XD RN
AR DR A A F — - ﬁ?/ﬁbﬁﬁ@?@iA(G»i@%ﬁ%mu%ﬁ#%é

Z T, ATl A T — 7 W 4 Th B ERR OB HREOMENK A 1 F— . R
T YA VEBDO FRIZOWTEZEL, LFOEHZ2RT.

EE 0.3 f: S — P! 2NN EATEATE R WEBHERRE 5. M\(f) <4
ThHbeE, LFOAREXANHK YLD

39(f) =9 (9(f) = 6)

xr = T(g(f)) = ngq C<alf)<5)

P, o] BEE 0 2BABVERERT. X512, 9> 2 2ilikT g Z ITHLT,
MF) =4, g(f) = g, xr = D(g) PSRV LSRN 22 EFE I HIRIR f ASAEAES 5

EE 0.4 EHTIE g(f) =3,5 D2 &, x, OFRIFZENTN 5,8 LHKLUFE LA,
EH5% xp W1 DNS VB DDFENGEHTE DT, FTELEXT.

—J3, NP OEBTERE X N TV 5B E O RZR I EMR TH 5 2 & 21ER
LTHL.

EXE 0.5 (Ishida [7, Theorem 0.3]) g, z % (i), (ii) DWIT A&7z T IEDORE LT
5.
(i) g 1& 6 A EOMEED»D 2 > g* + 5 - 2.
(ii) g & 5 A EOAFE»D 2> ¢° — 1.
ZDEE, g(f) =9, x5 =2, \f) = 4 &7 MR AIRNEREHH#RE fI3FEET 5.

1 SEEAHREOTEE

AHITIX, BEMHEO REROREEZTS. [ S — C % MR MRN8 T s
Hrd 5. f OMIEREGEHEDOGITC EOFEEIRKEL 5. ZOEHERREIZR LT
TU—Ty ST u—KY U EHEVETILIZED, C LOSHBERE pr: W — C H
"o, SIE W OIER 2 HWE p: 5 > W ﬂﬁﬁﬂfﬁ&?&é (cf. [1, Therorem III.
ﬂ)Oibﬁﬁg%swig@%ﬁﬁ%%Mﬁg%S%uo¢wﬁ@774ﬂ~ﬂﬁ
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END (—1)-HOHMHK T2 L &, UTFOMANAHMTH S Z Lo NT WD (cf. [4,
Lemma 4], [6, p. 470]) :

S m S’
| J
Sc---- -

p'f'
I
C

ZIZT,p 2 UTIE S OEMMREEZ & 5. BHEMRE L IZLLROFIETED 5N 5 R A
fRIETH S (cf. [3]). K 2 S OFMEABAL L, Soy=5 Wo=W &8L. By & ¢ = ¢
DRERFETE. v Wy — Wy 2 Wy EDO1EEFLETEZTR—Ty T L, B %
vy DHIARFE2T 5. 02 S, — W, 2 W, © K-IERbE T35, Zor &, BRZNA
HE 11: 8 — Sy 2B ZNTE, LTOMAN A1 25,

S, s 5y =9

W, —=—= Wy=W

Tua—=7v 7 v ORMIBITBENIERT By OEEEE m; & TN, o DK T
& B = 1n*By —2[my /2] E T&® 3 (cf. [10, Proposition 2.3]). Z Z T, [a] 15 o %
AV KDOBHE LTS,

LOBEE DR T IRRRZE 220K D ITRDETHOERLT, AND 2 HEED
Ha#1GHZ W TE5

S=8, s S, 4 — .- y S — Sp=9"
yon l"” lm lm:@
W, == W,.q —— - s Wy —— W=W

BT B, PWRELEZS RN e s, S, FHFEREBHEE LY, u= o 10
ceoup: S SR S DRI L 7B

pro-W = C % C EOBEE2, KB d>0 DRI MIVHIZMNET 25 HEMRKE T 5.
H % pr: W — C @ tautological divisor & U, F % pr ®D® 57 74 N—& 3 5. f L
BHiIETH D Z e o, W EODIKLKNF B 1E 2(9(f) + 1)H + 2NF (N € Z) 1Z4%
BHFEMETH L L LTEW. 2D & &, Horikawa [3, Lemma6], Persson [10, Corollary 2.2]
&Y, Xy, KFEATO LS IZEHRTE S (cf. [6, Lemma 1.3]).

#%8 1.1 (Horikawa [3, Lemma6], Persson [10, Corollary 2.2]) f: S — C % FHXFHIH
INTL SRR L 5. d, N Z EREED X D128 5. my, my, ..., m, ZEEREICET
57H—T v 7TOHRLERIGRAOBEHELTE. 20L&, f IZMNOHENMEE %
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D

= B ) w
K} = 2d(g(/)* = 1) + 4N(o(f » 2 ([ -)
+ (the number curves contracted ,0) (2)

2 Xf @{IE@—FBE

AREITIE, EH 0.3 OALFEXROGEAZLT S . AR/ DD & T E B T & W E g Ml
R £ S > CIZRUT, W, d, N ® mq, ma, ..., m, REDFS 2L FUEKE L,
M=d(g(f)+1)+2N £BL. W OHEALZHEZREVIRSTILIZED, 70 =Ty T 1y, O
HMZEIT S B, OFEEEL g(f) +2 ANERETEZ LN TE S (cf. [5, V, p. 746)).
WoT, Wik k=1,2,....n ITHULT, m/2] <[9(f)/2] +1 ZHi7=-FTHLDETEH. ZZ
T, il 1.1 12& 0, MFOAREFERDEK D LD,

8 2.1 f: S — C ZHXNE/NDRATEHATIEZR WG T5. T
ZHUT, [me/2] <m %7237 51K, RORFEXDRLD SLD:

2M(g(f) —m) 9(f)
] —a(m 1) == M (3)

MDD, ZTHhEEELT
2M(g(f) —m) < {mA(f) —4(m — 1)}x;s
285, 572, R (1) &0, xp <g(f)M/2 ZHHTH 255, F%ER (3) »aidz. O
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LU\T“C“li, S % —MREE 2D C = P! ZIKET 5. KT, W A Hirzebruch Hiii CTdh %
"23‘5‘“9‘6

éf 512, d=0 2IRNET DL, W T P x P! ’C&BD B EREANDEEDE 5 1 DIEHE
35.9 7’J=—ﬂ’“ﬁﬂﬁﬂﬁf&<f R oW ens BAFEEH T 714 N—DFEN 2 P
FORBERETH 2 BERHD. ZOZ S, N>3 THO, M =d(g(f)+1)+2N
X6 A EDMHEETRTIMODGES. —H, d>0 2HNETSE, ¢ DRIERFH» W D
BN W 2 GO AREMERH B Z D5, 2N > —d TRIFNER ST, TOREL LT
M = d(g(f) +1)+2N > g(f) £7%25. l@&’k#%gﬁ)#ﬁﬁ@ Gl M I
g(f) + 1L EDEE % T RTHD 13, g(f) PMBEDOEEX M X g(f) +1 in 29(f) —1
DIFDAHRE 29(f) A LOBEETATHEDES. LAL%:/%J@% &, M OHY1F5H
WEATRDE ST 5.

vl 68 g(f) =2, 9(f), g(f) + 1, 9(f) +2,... (g(f) 1&AEE)
6, 8, 10, ... (g(f) 1Z7E)

oL fMi#E21 ZHVT, xy DMV E2MEEZEZERTLLEUTDORERFS.

WE 2.2 Bigr AREANE 9>240¢-1)/g<A <12 2R THEDETS. S
EEFZ A E U, £ S = P % N\ = )\ g(f) = g %37z 3R/ D R E
T3 AWM EE 756, M 2 EEdD X D123, 2D E, RO LD NLD:
(1) g 236 LA EDEEEDD M 6 A E g BAFOEERZR 51X, M 1B D

2M (29 — M
Alg, A\, M) = AM_(f(M_L) <Xy < gM, (4)
(i) M >g+1 51T,
_ 2M(g9—[g/21 -1) g
(FEFA) Ml 2.1 2BV T, m=[g/2]+1 LWB I ENTEEILn 5, IZAEX

(5) KV ILDZ a#ﬁ#

g>6, 6<M<go>i%é?%:%zz> M DD 35ME%EELRTLL, d=0 THRITNIER
59, M B THSD. d=0 (W =P xPY) &6, RO W EOS%i#5 H IZHE
EME 2RI DFET D, EoTC,m, < B-H=2N=M THb, 2.1 2#HT 5,

2M (29 — M) g

<x;r<Zm
M —a(M —2) =M=

A(.g?)\?M): 2

BRD. X060, [M/2) < [g/2] +1 7295, B(g,\, M) < A(g,\, M) 725 fit->T, 15
X (4) B D VL. 0

WHE 222 W5 L, g(f) 6L LETHE2HEIT vy DTRZKRDD ZENTES.
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i 2.3 Biigl AHENE g>6,4(g—1)/g<\<4 %2li7=THDLT5. S
EEFZ-BEMEE L, f: S =P & N\ =\ g(f) = g &7z 3N D AT E
BT WEBHEREE T5. 208 E, LFORERDE D 37D:

GERA) IXL®HIZ, 6 < M < g DEED x; DR A(g, A\, M) OFR/MEZRD S.
6<M<g-—2,925& MIIMEHTHD,

2(M +2)(2g — (M + 2)) 2M (29 — M)
MM +2)—4(M+2)—2)  AM —4(M —2)
{4 = NM?—2(A+4)M + 169 — 16}
 {AM — 4(M - 2)H{\(M +2) — 4M}

4{(4 = N)M?* —2(A\+ 4)M + 16M + 16}

= {AM —4(M — 2)H{\NM +2) —4M}
B 4= (M —1)2+ X+ 12}
M —4(M = 2){\(M +2) —4M}

A(g, A\, M +2) — A(g,\, M) =

b, ZZT, A4 THEZEDS, (A-NM—-124+X+12>0Thb. KoT,
A(g, 1, 6) =12(g—3)/(BA—8) DE EDINTH B Z W0 5.
RIZ, g BEEDBEIZ, A(g, \,6) & B(g,\, M) L%IKTE. M>g+3 235k,

2M (g —2) 12(g — 3)
Mg+2)—4g  3X-—38

S 29 +3)(9—2)  12(9—-3)
“ AMg+2) —49  3A-8
6M{—(g — 3/2)* + 33/4} + 32(¢> — 59 + 3)
{Mg +2) —49}(37 = 8)

B(g>)‘7M) _A(g>/\76) =

THB. g>6 N5, —(g—3/2)2+33/4<0 Thb. 512, A<4 &b,

6M—(g —3/2)° +33/4) +32(¢> =59 +3) _ _ 8(9—5)(g—6)
{Mg+2) —49}(32 - 8) — Mg +2) - 491381 - 8)

2195, EFARKMCEHETA2E M =g+2 2513,

S 8(g —4)(g —8)
~ {Mg+2) —4g}(BA-8)’

B(gaAvM) _A(g7A76)

M=g+1725I%,

8(g% — 13g + 34)

B(g, A, M) — A(g,1,6) 2 {Mg+2) —4g}(3X —8)
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21585,

ZDZEeMH, M>9g+3,9g>26£7EIM=g+2,9g>8FE M=g+1,¢g>10D
WIENLDBK DL DR SIE, B(g,\, M) > A(g,\,6) THD. DFD, g <10 2D g HMHl
B ol xp > A(g,\,6) THEZEWREZ. 72, BL, xy < A(g,\,6) THNIL (a)
g=6, M=7,(b)g=6 M=8,(c)g=8 M=9 RE5ZLELENND.

PARTIE, x5 < A(g, N, 6) LR DHFREDPEELIRNZ &% (a), (b), (c) D&HEIZIT
TRT.

(a) g=6, M =7 D&, FAFEX(B)IZXD, B(6,\,7) < x5 < A(6,),6) TH 5. K
12, A >52/15 TR TEARSZRV. EH5IT, A <4 ZRKELTWEZDT, B(6,\,7) < x5 <
A(6,1,6) 225,

8
3xs+7<Kj< X+ 12,

7T<xs<15
8%, ZNH RS gM/2 — X, 2(9 — )M — K7 OfEOHIE, LFOMDATH 5:

(gM/2 — x5, 2(g — 1)M — K3) =(14, 42), (13, 39), (13, 38), (12, 36), (12, 35),
(11, 33), (11, 32), (10, 30), (10, 29), (9, 27),
(8, 24), (7, 21).

R (1), (2) 25 gM/2-x5 = Y [me/2)(fmi/2)-1)/2, 29~ )M ~K3 < S, 2(fmi/2)~
12 TH5. my, <8 & D (Imi/2)(fme/2] — 1)/2, 2(fme/2) — 1)) = (1, 2), (3, ), (6, 18)
THENS, gM/2 — x; =12 DEGEDAERTELAMMELH L. 5T, m =my =8
DO my <3 (k=3,4,...,n) TR TERSRW. £72, mp =7 &2 k I$TFE LR
WirH, 2 D0DEEESDORELE BIZEENE 774 NN— LIZOAFELES. i,
M=7%5X,d=1, N=0THhHd05, BEHEI7 74— F 258740 51%, B 1K
INJIWE 2 &, F BSD T 7 A XN—=2 &8 2133\, /> T, B I3EEE 8 DR RN %
2DE DT EMMTERNI LGN 5.
(b) g=6, M =8 DHFA.  (a) LEABIZLT, B(6,),8) < x5 < A(6,),6) %5,

11/3 <A <4
8
3xf+8 <K} < X+ 12,
8<xy <12

2135, IO RS gM/2 — x5, 2(9 — 1)M — K7 DEOFLIZLLFOFMDATH %

UL2L, SNSIETRTEERT S EATS AW,
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() g=8 M=9DHE.  B(8,\9) < xs < A6, \,6) 55,

88/23 <\ < 4
16 54 8
—_ S <K?2< — 20
5Xf+ 5 S 3Xf+ )

235, IO R gM/2 — Xy, 2(9 — 1)M — K7 DEOFLIZAFOFMAZ T TH %
(gM/2 = Xfs 2(9 - 1)M o K]%) = (225 70)7 (227 69)7 (217 67)7 (207 64)

2T, my < 10 DT, (me/2)(Jmi/2]—1) /2, 2(Ime/2]—1)2) = (1, 2), (3, 8), (6, 18), (10, 32)
ThHd. 2T, gM/2—x;=20,m1=my=10 2D my, <3 (k=3,4,...,n) £7&5.
g=8 M =925, d=1,N=0THd»5, (a) DEALEUCHEETEHTS I LN
TERWIELNND. BAEED, x; < A(6,),6) £33 DDHE (a), (b), (¢) BTART
BEIDZ20. /WoT, g D6 EDMBDE &, x> 12(9 — 3)/(3X — 8) DK D LD,
BRI, g DEBDZEIT, A(g,\,6) & B(g, \, M) £ 2HARZ. M>g+1 235,

. 2M(g-1) 12(g — 3)
B(g,)\,M)_A<ga)‘76)_)\(g+1)_4(g_1) T 30—8
29+D(g—-1)  12(g—3)

“AMg+1)—4(g—1)  3r-38
~ 6M{—(9—2)* -9} +32(g* — 69 +5)
{Ag+1) —4(g—1)}3A-8)

MDD, g>T THBIEMS, —(—22—9<0THB. ZIT,A<AHD g>7

X0,
6A{—(g — 2)> — 9} + 32(¢g* — 6g + 5)
Blg. A M) = A9 A 6) 2= Ty T i — 1)} (3A = 8)
8(g —5)(g—T7)
"Rt —dg-1}Er =9 ="

5. £oT, g BTULEDOFHDOLGES x; > 12(9—3)/(3N—8) TH 5 Z LAVRtET-.

O

ME23DSELIZNTDREZES.
%24  f:S— P' AMENEMUNZFAEBTIRZRVEENIREE 75, g(f) >
6, x; =39(f) —9 THEHRoIE, Nf) >4 ThH5.

RIZ2<g(f) <5 DEHEEERT L. £TROMEEZRT.

WE 2.5 f: 5 — P! RAIRIRL N R E T R R e 5. S —
S % S DENETL, ¢ % 5 I2 X OIS WA BIMEROME T2, 20L&, 8(g(f) —
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1) —e < K2 5D {K2 —4(g(f) — D}e < 4(g(f) — 1) BKD LD, B, e £ 0 TH B
513, BUF ORERAH D 3D

()~ 1) e < K3 < d(g() 1) + 2D

(REFH) S 2% S ORB/NETILT, S HB—BREIENE CTH 2025,
0<Ki=Ki+e=K;—8(g(f)—1)+e

WD LD, G0 T, 8(g(f) — 1) —e < K} 2135,

C% f:S>P OHBT77AN—D p Ik BEELHBGEE U, C DREMFERZ p,(C)
LRI F L pIZX NI N EHINHFRE ORFEE 11,1y, ..., [ T D ZDE
E,CP=3 B> e D p,(0)=g(f) + 2 Li(li = 1)/2 THEN 5,

7

Kg-C=2p,(C) = C*=29(f) =24 > Li(li—1)—C"
=1

=29(f)—2-) Li<2(f)—2—¢
i=1

213%. Hodge DIBUEH 25, K2 - C* < (Kg-C)* AV ILD (cf. [13, p. 127]). & o
T, (K7 =8(g(f) = 1) +e)e < {2(9(f) — 1) —€}* 2135, [>T e # 0 THNI,
K7 <4(g(f) = 1) +4(g(f) — 1) /e DY SLD. O

%26 f:S — P REANEBNERTEPATRZVEBHEREE 5. ¢ 244
25 DEDILLD. ZDEE e<2g(f)—1) TH5.

(RERH) S B —RAUHHE CTH B 005, Kg 1Zx 7 THB. T, 0< Kg-C < 2(g9(f) —1) —e
DR OO, HE 25 K0, {2 —209(f) - 1D}2>0 &0 e#£2(g9(f)—1) TH5. 0O

W 2.5 20D L, 2< g(f) <5 DEAI v, OFHERT I ENTES,

B 2.7 f: S — P Z RN BT E P TIR RV HIRE L T 5. A(f) <
4,2<g(f) <5 THBEE, x5 > [39(f)/2). BILD LD,

(RERA) xr < [Bg(f)/2]—1 ZIREL T, FJE%EmRT. il 2.5 LIENS, 8(g(f)—1)—€ <
K7 <4([3g(f)/2] = 1) = 6g(f) —4 B LD. f>T, R 2.6 M5 e =2g(f) —3 TR
LR S\, FHE 2.5 926,

Ag(f) — 1)?
69(f) —5 < xs §4(g(f)—1)+m
w85, 4,
4g(f) = 1)? _22-g(/)
W) -1+ = Gy~ Gl =9 — 1= 7



THEMS,2<g(f) <6DLZ, 6g(f)—5 VRS, 4(g(f)—1)+4(g(f)—1)*/(29(f)—3)
DUN OBBUIGFIEL 22\,

Tre g(f) =2 b e =1, x; =2, K2 =8 TABAERSEL. x(Og) =1, K2 =1
THd0 6, S IIBUER Godeaux I THS. LU, Kg-C =1 TH5H 5, [9, Lemma )
&Y dim HO(S, Og(C)) <1 &5, ZHIIAEBERRRE f DEEEICFET 5. O

g

1]

23 LME27TIZED, RDORERS.

% 2.8 f:S5— P 2MMMUNRFATEETIERWEEMNREE 5. Mf) <4
B, x> T(g(f)) TH5.

3 Af) =4, x; = D(g(f)) %7 BHEMBAIE DIFIENM

LHiTHBAZ & 5102, HFRREMR ¢ EOREMIIRKIE C EOSRERRERD 2 Bl
BETHAOND. ZOHITIX, Hirzebruch Hif LIZHIKK T B 252562 1240, {ER
D2LNEDEE g 12U T, g(f) =9, xr = T(g(f)), AN(f) = 4 7% iits 7= 3 R AR5/ 728
fEH RO AL Z RS, ARET B 20 KH T L 95 2 EEE» 55 5N 5 @Rk h
MiEZE fp: S —PL&RT LU, fp OHEPEEME O ZIZOVWT 1Hi0 f LH
MoREE AN Z tc:a‘%

ZUDIZ, g > 6 DHEITELT S, L, RODUFIEVFAET 272 61F, Flid 2.2 DFE
22 5 M—6,d—O,N—3“CtL TEiRsR\». 20, W =P' xP' TH5. ZIT,
pri: PIxPl — P 25 i e U, (Xo: X)) & (Yo :Y)) 2ZNTN P P OF1HFHD
P! &%25503191@%%@%&?5 r=X/Xo,y=Y1/Y, LEHEZ P LD (1:0a) %
HiZa (0:1) 200 &RTILLTEH. P EORt I LT, A =pryt(t), Fy = pryt(t)
LB T E, ROLMEREE G Z 2 RIKKF B 13 2(g + 1)Ag + 6F IZHERET
»5. A1), (2 T&y,

3g—9=3g— > [my/2([ms/2] - 1)/2,

n

129 — 36 = 12g — 12 — Z 2([m/2] — 1)* + (the number curves contracted by p)
k=1
THH05, BIE6EMZERIOWEZEDT3IDEH, p 12 & DH#EKH S 15 HI 7 Hhix
DEH 0 THRLTRAS RV, TITE, EOX S B2l dHMR T 2HRT 5 Z
WX DEEHZETT S .

i 3.1 EED6MULEDEI g IZHUT, g(f) =g, Nf) =4, xy =T(g) 2Hi7=7
FE AR /N R RS TR AR f: S — P T S 2B & 2 2 H DITFHET 5.

GE) 2, y DETR & O P x P! LCOBMEAOF ) ZFMaAE D(®) £ &KT.
Do p(z,y) =y+avy+ B2 £BL. 40 THNIX, D(, p) 1& 240 + Fy IZHEIFMET,
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(0, 0) IZBWNWT Fy &L, (00, 00) 215, THIT a#0 THNE, D(P, ) 1 F &8
LW, a#0,340%7%5 D(®,4) 26280, Yl A, % 29— 10 % & b, Z O
% By k95, ZDLE, INSOAENMHETZMEYIZ 0T B, BATOMEZ S O

o B, 1 2(g+1)A¢+ 6F, IZHIEFRMETH 5,
e B, 1 (0,0) IZHWNWT 2-fold 6 EHfZEH DB, (00, 00) ITBWTHHMEE[EZD D,
o B, I EFRLD 2 KESTIE2ERDAZS D,

IDEE WS p IZXVFEHIEI NG (—1)-HEROBUX0TH 2025, 9(fp,) = 9, \(f5,) =
4, X, =T(g) THD.

(0, 0) IZFAIEKN T B, DRRLTH 205, 7u—7v 7 vy OFulE (0,0) & LTEL.
Ap & B, DR fUF 2-fold 6 AL (0, 0) DATHDZ N, Ay D W, ITBIT2EEL
D 0, ITLBHHBRIE2DD (—1)-HikRE 75, TS % B, By, 5L, vy OFIS KR
W, 2B BEELHD o, IZE 20 20D (—2)-HfiE 5. ZNb% Fy, By &8
. B3, B4 3FNTNE, B, L1 RDATRDLDEZEH, IN6E p il Xl
5. THIT, Ay D W, IZBITBEEEMD ¢, 12X 28RS 20D (—1)-Hifke 5. fit-
T, p I & DHERI X N DB ORI 6 DT, K2 =129—36—8(9—1)+6 =49—22 >0
L%, 2F0, S B3 —MIMHAETH L. AELD, f5,: S — P RO SHIRKTH S Z
EWRET. O

= 3.2 FOMEDHHIZE TS S OBEMEEIZ FDO LSz 5.

X(0g) =39 -9 —(9—1) =29 -8,
Ki==4g—22.

DED, KE =2x(05) — 6 Z2ifi/=d 2 &h 5, S 1% Noether [Eifft 112 & 5 — B T
H5.

%33 f:S8 — P 2NN BEREHEREE TS, 6 < g(f) < 10, xp =
3(g(f) = 3), Mf) <4 27361, S OM/NETIV S IEPA N OBUER M % #5729

x(0s) =29(f) =8,
K2 ==4g(f) —22.

(REBH) 6 < g(f) <10, x5 = 3(g(f)=3), AM(f) 4RSI Nf) =4 &b, #>T,e=6
THdHZearBdEIv. fi22 X0, 9(f) <1026 e < (g(f)—1)2/(29(f)—8) < 7
MY LD —J5, x(O3) = 29(f) — 8, K& = 4g(f) — 28 + € & Noether DAEXD 5,
e>6Thd. LAEXD, e=6 DD D. O

RIZ, g > 6 PLEDGE L FMRIZOKK 72K dT 52 21280, 2L E5 INDOEE ¢
ZXUT, g(f) =9, x5 = T(g(f), M\f) =4 &l HEEMHEMREEZ 52 5.
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il 3.4 (EEDO2LUESARDOBE g 1T LUT, g(f) =9, AM(f) =4, xy =T(g) %
i 72 A BRSNS FTHEAR AR f: S — P T S BBl & 722 B DIFFAET 5.

(FEHH) pa: S = Ppi(Opr & Opi(d)) — P &3 d ® Hirzebruch fii & U, Al =
Pp1(Op1) C By, AY = Ppi(Opi (d)) € 54 £ 5K

(a) g =2 OHE. |7, Lemma 2.1] &9, 33 FEOERAKT D, TUTOMEZEDH
DPFET 5

Dy 1 6AY KB RIETH B,

Do & AY iz 2fold 3FAE 6B (Z0E Qp (k=1,2,...,6) £B<),
B Qp DIRNTIDK (X pg DT 7 A N—L T 5,

o AY Lz D, DR EAIIE 42 EHEOATH .

Z 2T, By = Do+, (pa(Q1)) +p; (pa(Q2)) &8 &, WBIEMHIKRIE f5,: S — P! & 5%
T5.2007 74— p;H(pa(Q1)), p;' (pa(Q2)) & By 2B E R, By O 2-foldd BAAY 1
DTDINSLDT 7 AN=EIZHDZ LS, p (pa(Q1)), vyt (pa(Q2)) D ¢ 17 K BHRD
SIZBIREALZHIIE LS5 (—1)-HfTH B, F7=, 2-fold 3EM Q, (k =3, 4, 5, 6)
BB Ta—7y TOFINRATFDO W, 2B BEELEED ¢, 2L BH/BE E (—1)-
AR CTH B, DF 0, p 12 & DHEN I N2 HIHEFROE L6 DTH 5.

B, 7 6AYY + 2F CIBHEMETHBH 5, R (1),(2) 2HVD L, xy, = 11-8 =
3, K}, =22-16+6=12, KZ >4 L7320, fp, WSRO LMIRKETH S Z 203002 %.

(b) g =3 DG, P xP' O2EBE MBI I VIREEZGZ 5. U, (2,y) =y — 1+ (y*+
Dr+a?+1)z(z—1) 8L, Dy s = D((x— 1)V, + B2y?) (o, B #0) 1% 340+ 2F, IZ
FIEFMET, (1, 0) i D, B DHEM2EBRTH S, T 51T, Dy s 1 (00, £¢/—1) IZBWVT
pri DT 7AN—EREL, (0, 1) 238BH, Fy, Fy 3L, D(D,) 13 24 + 2F,
ZERIERME T, (0o, /1) IZBWVWT pr D7 74 N—=L L, (1,0) & (0, £1) 2@ 5.
72720, Ay BT AN, P, F LRV,

Dyp 1D, 7v#0,a &% D(V,) 22D, A & t#0,1,infty, Zhi=d A, %1
OEY, INSDH%E By 95, 2O E, By ZLATOMEZE D!

e By 13 8Ag+ 6F, IZHJERMETH 5,
o (00, £/—1) I& B3 ® 2-fold 3E LT, (0, £1) IFHM4 HHLTH 5,
o (1,0) By DAHEMTH 5,

o LALlDRRFLIND By OFFE A (FERITE WA Z EE) 1, 2 AKX 3 HA

FEFE AR fa,: S — P OBUEMIMEEIZ DWTHEERT S, By 132 DD 2-fold 3 H
EEDT NS, p ITKVENEI NG (—1)-HifROEIX2THD. £oT, X(1),(2) #H

52



WBE, Xp, =9-5=4, K}, =24—-10+2=16 TH5. A, FITHH4 EKAH 2 (A7
T@%@f A D cksz%w) SIZB T BEAELHIT (—1)-HFRTRTNIER S %
W DED,e=1THD. ZDIZEh5, K2=16-8(3—1)+1>0»5, S d—fKEih
HTHhb. £o7T, fa, 75@2&55&13%?%(3@5

(c)g=4 DEE. P xP' O2EHEBICL OHfEEZE5EZ 5. ai(y) (i=1,2,3) 2&
I 0 TIERWY y D2RAT, i £ 7 %51, a, aj EEHWIZEDD q;(0) # a;(0)) % i
THDE TS Dy=3"  D(y+a;(y)r) 1% 3A, + 6F, ICEIERMET, (0, 0), (0, 00) 12
BWTHMIENE 6 HOBEH 2EHS2HD. TNOD@EHE2HESZ Q, (k=1,2,...,6)
5L,

PeYy 2bed570—=7v 7L PO77AN—DEAEEBO 7O -T2 2D
BHEE P 2T HREREHE N, (P) ERT. 72, 0:PLx P 5 P x P! %
(z,9) = (y,z) CEBINZHCAE L T2, SalEERTIE, Qp D pry I &
HBFIDEKEEH2DUEDRDNSGRD. HoT,Q (k=1,2,...,6) Z#M4ITENL
L =001(Q4)0t(Q3)0t(Q2)0t(Q1)oc IE P x P 7 P x P! ’\O)ﬁﬁ’@%@tﬁé.
ZDYE LIZXD Dy OFBEZEE [Dy) 1& 7TA)+6F, (ZHYPRMET, i3 E S E2 2D
YA BERZ 4D DR F 5.

UDy) DFRMEBES N A, (1=1,2) 2D, By =1[Dy] + A+ S0, A, &BX.
Dy D2 ODHMIEUT Ay EDHDBZE0S, By FOBMAEUILIT6 DL 5.
72, TNH6D 6 DOREAUND By OFFFEA (BRIGEWRZEL) X2 EHLDAT
H5.

ABFE M HRAR IR f5,: S — P! 2#BET 5L, HHMT p itk DiEHNI NS (—1)-BiR
FEEL R\, By 7Y 104 + 6Fp IZRERMETH S Z 06, X (1),(2) ZHWS &,
Xfs, = 12—6 =06, K;B4 =36—12=24 TH 5. 5T, Ay LITHH 4 FEHEDS2 AT
BDT, Ng D o IZE2DHHED S ITHFBEAZEHII (—1)-HFRTRTTHRSLw. D
D, e=1TH%. TIN5 KZ=24-8A—-1)+1>0n»5,5 F—RKAEUMHETDH
5. £oTC, fp, 1ZKRDLHARIETH 5.

(d) g =5 DG, Dy B2 pri(Ry) # pri(Re) (i =1,2) Zi#i7=9 P! x P! @2
M% R, Ry £95%. 20L& V=00u(R)ot(Ry) oo lF P xP 5 P x P! ADMN
AHEHRTHD. S HIT, Dy D 1 IZXBEAEZEHB /Dy 1T 1140 + 6Fy IZFEFRET,
B3 EMZ 2O HEMoE N Z 20 DAMAN L4 5.

Bs = L/[D4]+A0 LB, By BEMAE[M2DOEHIMOER 22005, 206 ORISR
DIAMZIE (EBRITE VS E S D)2 ER DA LS 727\, AR 5 S — P 2%
FT DL, p I & DMENIE N B HISMIIRIAFAER S, x5, = 15-8 =7, K}, =48-20 =28
TH5. By DEGH L FAKRDHERT, AO D o IZEBHED S ITHBTBEALMRIE (—1)-
HIFR TR NIER S, T 51T, A, () y (k=1,2) & By DR FUIHEM 6 HRKL 1 DT
THEIENS, & DNpyry O W, ITBITBEEEMD o, 12X 2HHIZ2 DD (—1)-iif
WMERB. foT,e=5ThHoN5, K2=28-856-1)+5>0%/5%. 2&h, S 1F—
A TH S5, Lo T, fp, BRODHIRKTH 5.

O

% 2.8 L 3.1, 3.4 12K, EH 0.3 2RE .
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INIEZ D 4 RIGT7 7/ SRR D BARG

Hid %

November 6, 2013

b

1 Fif

PINEEDRIOLR 2 %2 (DF D, PISMEGDH T TR ) WAHHE 2 /)
I (small contraction) &\, HHERD & E® & 1L 2 /NI DV TIERDIEA
Td % ([3] Theorem 1.1) :

X 2HF R EEEI NI AR R A R L 75, ¢ X — Y 2l
MOEDB/NUHET 2, ZDEE, o DHINES EIZE IR D S 2 AR D
E%;"ﬁg’ﬂzéj\ E7, (Z = ]_, st ,n) O)*DVG\ EZ ~ ]P)2 VIR NEZ/X ~ O]Pﬁ(—l)@Q & 7’;%0

S0k 5 BN FE O SRR 4 RITE SRR ORERIE £ LTR2B 2 (3] Ex-
ample 2.6 ) :

ARTLIFFFRLGIRARV 252 5, C CV ZIFFRFRIFE, S C V 2 IFRr il &
T2, CESEBRPL, -, p CBOWTHBIINICZDS LTS, a: V' — V z2ilifg
Clliho7e7m—7y 7EL, S % SORELME T2, KITHIHE S IZh->727
=7y 7B X sV %EZ, E %o p) DPICKBEEIEWET L, T5L,
Np,x =~ Op(=1)%2 L% D E:=FE U---UE, 22X/ o : X — Y 23FAE
5,

3RTCLLT DI 7 7 ) SRRIZ T CIcpiE N0 3, 1 XIEP OATH
. 2XJGiZ Del Pezzo Wi, 3 Jotid [1],[2],[5],[4] Ic & b Sty 4XIL7 7
J SRRIC D WTIE, OB H DDA TH ), Rk BEDOHETH =EIR
MH5 (T 21F, 6] 22H), 27T, AT LELORBIEICZ HvT, /MR
WizR>7 7 ) ko Bkl % 5.2 %,

2  B{&Hl

FT.V = PPOFREREZ (X : X1 0 Xo : X3 Xy) 55, 2 S =
(XoXs - X1 Xo =Xy =0} LEMC ={X1 =X3 =X, =0} 2EZX 2%, ¢, :=(1:
0:0:0:0),c0:=(0:0:0:1:0) EBFIX, SNC ={c1,c0} TH 5,

a: V' = VzCiths7le7a—7y 7L L, % SOREEMMLET D, 3: X —
V' ZS Wik =7y 78T 5, Fim ClBNTMRIEIC X D X IZBERI T
D32 b A/NEZ RO 2 L2350 5 ([3] Example 2.6)
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Ml X377 ) SRR TH B,

GEH) FEOMBTD c X ITHL T, — Ky I >0:%5 2 ERESHITRE S,
Ltvbfof (—Kx)* > 023304 ;c\ RERHBERICE ) —Ky IZ8ETH S,
HOREE (—Kx)* Z231E T 272 0ICRONT%2EZ S -

o [:7u—=7v7 [:X =V OFISHT
e BE:7u—=7v7a:V =V OFINETDBICEEEERL
o H:=(aoB3)Opi(l)

INSIKDVWTREES GEHIEROEE SIH) ¢

1) H?EF = HE*F = HEF? =0

(

(2) FE® =0, F2E?2 =2, F3E = -2, F4= 12
(3) H3F =0, HF?* = -2, HF3 = —6, H* =1
(4) EH® =0, E2H?> =0, E°H = 1, E* =3

Ky =-bH+2E+F &,

(~Kx)' = Ky
= (—=5H +2E+F)*
= 625H" —500H*(2E + F) + 150H*(2E + F)* = 20H(2E + F)*> + (2E + F)*

LB, REBDEE (1),(2),(3),(4) & 0.

H*=1,

H3(2E+ F)=2H*FE + H*F =0,

H%*(2E? + F)? = 4H?E* + H?F? + 4H?EF = -2,

HQ2E + F)? =8HE3 + 12HE*F + 6HEF? + HF® = 2,
(2E + F)* = 16E* + 32E3F + 24FE*F? + 8EF? + F* = 68

ThH2ED 5,
(—Kx)"=625-1—500-0+150- (—2) — 20 -2+ 68 = 353 > 0
2%, GEHTE)

3 RERHODEE

WNFHCXRBPrOMOFHED PP DFIZRLTHEZ EICHEETS, 7ua—
Ty TDERaof: X 5 P2 HANFIRT 2L, (aof)|yp:H—D~P I, 2
RMFEDNS L 1 mzfLE L7770 —7y 7 Thsb, LEn->T, HimDRZHE
(1),(2),(3),(4) ILBWT HZELb DI, 3RIL7 7/ kil H EORFBGEHRIC
JE T 5, BlAIX,

H?*F? = H|y(F|g)?
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D BAICRREDGETE S, £/, FE? F?E? [PE E* I3t E LD
RIBIIFE I 2HNTES, ZITIEF*D Jﬁ%%x% I P o= { X, =
0} CP'2EZ%, PIR2Xilll S LEMRC 280 LIERT %, PO X IZBIT
DERFER L P LETEICT S, X FoRTE LT,

P=H—-E—-F
% 5 BI6R (BUBFIME) 236 3,
FAREIET 2720, T O % 4§ 5
o hy:={X;=X5=X,=0}
o hy:={Xo=X; = X4 =0}
ec, (i=12):2M7a—=7v7alg: S — S DHHHER
o B (i=1,2): alg 1T X B h; DFeFA

o H;:=(B|r)h;
e S:=PNF
e :=EnNS
e h,:=H,NS

o [P H B F =S DT 7AN—

FIR  FICBUIART LMo HBOFRE L TREES !

S H, H, E, E,
fl1 0 0 0 0
hy | -2 -1 1 1 0

hy| =2 1 -1 0 1
er | 1 1 0 -1 0
e | 1 0 1 0 -1

(GF) Plp=SIcHET 2, £7
(S-flr=(P-f)x =
ThHhsb, 7/, i=1,21TR LT,
(5-hi)r = (P hy) = ~
(S-&)p=(P-&) =1
ThHb, ZOMIZOVTIES LOZREGIRIHET 5, HlZI1E,

E; - gz‘ = (B|F)*€z : gz‘ =€ (ﬁ|F>*éVz =€ e =—1
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214 %, GEW)

FiE 2 S|g = —(hy + hy + 261 + 26,) TH %,
G S~ S IES~P xP D27 0—7y 7 ThsI BT,
Pic(S") = Z[h] & Zlho] © Z[61] © Z[é3)]

THBNG, B o
S|§ = a1h1 + (Ighg + blévl + bgévg

2: E%%%}I a]_,a2,b]_,b2 753\"{??_‘:’:'3‘%0 J:‘(“'f%':f: F ‘:gbi%izﬁﬁo)%i b\

(Slg-é@)g=(S-&)r=1
Th o0, ISR

—a1+ay+b = -2

ap—as+by = =2
a; — bl = 1
a9 — b2 = 1

2135, ek, GEPIR)

TR Flp=-S+H +H, TH 5,

(RiEEH)
Pic(F) = Z[§]@(B\F)*P16(§’) )
= 2[5 0 (81x)" (2ln] ® Zlis] © Z[77] © Z[53])
= Z[S]|® Z[H,) ® Z[H] & Z|E\] & Z|Ey]
THEDG,

Flp = aS + biHy + by Hy + c1 By + coEy
&iﬁ%?&%ﬁa,bl,bg,cl,cz 753\@&‘@‘50 Ff:—l Td% b\ Z.:1,2¢:()l13‘(
F-h;=2 F-&=0
Thsrro, HVTERER

a=—-1—-2a—b;+by+c; =
—2a—|—b1—bg—|—02 =
a+b—c =
a—+by—co =

2145, INzM@TIEE v, GEPIRK)

S O NN
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XC, kXD,
(=8 = (=8ls)*
= (—(hy + hy + 261 +26))?
= (h1+ha)? + 4(h1 + ho) (61 + &) + 4(61 + &2)?
= 0+4-2+4-(-2)
=0

S*(Hy + Hy) = Sl|g-(H, + Hy)lg
= —(hy + ho + 261 +263) - (b + h»)
= —4

—S - (Hy + Hy)? = —((Hy + Hy)|g)? = —(hy + hy)? = 0

(Hy+ Hy)* = ((Blp)"(By + hy))* =0

ERDBD6,
F* = (Flp)®
(=S + Hy + Hy)?
= (=5)*+3S%(H, + H,) — 3S(H, + Hy)?* + (H, + H,)?
= 043-(—4)—3-040
- —12
5,
References

[1] V. A. Iskovskih, Fano threefolds. I. (Russian) Izv. Akad. Nauk SSSR Ser. Mat.
41 (1977), no. 3, 516-562, 717.

2] V. A. Iskovskih, Fano threefolds. II. (Russian) Izv. Akad. Nauk SSSR Ser. Mat.
42 (1978), no. 3, 506-549.

[3] Y. Kawamata, Small contractions of four-dimensional algebraic manifolds. Math.
Ann. 284 (1989), no. 4, 595-600.

[4] S. Mori and S. Mukai, Classification of Fano 3-folds with By > 2, Manuscripta
Math. 36, 147-162 (1981/82) Erratum: Manuscripta Math. 110, 407 (2003)

[5] V. V. Shokurov, Smoothness of a general anticanonical divisor on a Fano variety,
Izv. Akad. Nauk SSSR Ser. Mat. 43 (1979), no. 2, 430-441

[6] T. Tsukioka, On the minimal length of extremal rays for Fano four-folds. Math.
Z. 271 (2012), no. 1-2, 555-564.

61






(V) BLDOFER 7 7 A R —% 3 KFEFOFEH 2 @
HH 7 7 A _—pfm 111

ENTEH

1 FEEEEE

iH 3 IR D —fX DL 2T 9 RO R 2R D, N AT 5 &, S8
D/V— MEF By E—7 /b U A 2k &3 5 EEMhE A5 5405 ([10]).
WIZ, B2 & OB N2 A EFE i 9 Bl Y 7e (—1) HifR OMEkIIC X
0, 77 AN—OI N 3 RO L. AT X OFE N
FEH 2 B f 0 X — P B [EERIS, FFR 72856 & bR TR S~ O 3 B
v: X P2 REFEELT, f DX T 7A3—0 v I KDM@ 0N Fmihfro~ oo
A ZET. B8 p(X) 1IZR LT, A OFSITERITFES LIAD THA D &
p(X)—1MTH 5. EREMETLFT, A ITHEET 2 HEGH Oy - P? --> P!
MWHIED f: X = P BEILEND.

f ouUkiE X Eofhfre 272 LT, BORAEDN —1 L 20Wi% (—1) Bl
&S

EE 1 ([2], [1], [4], [6]). X ZIEFFEA MM, [ X — P ZAH%H0 )2 i
2 IR E T, B p(X) IOV, 11 < p(X) <14 THD. f O—f
TrAN—% F TET. p(X)# 14 F72F f OF—T )V« V= A 2FENIEA B
EARET UL, BAES X — P2 BMFETDH. 61, ZENHDONT F OBOR
BN 2D X ICHAENZRS L, F OBOR RS OFE & EEE K O
INKREEITIRDIEY TH B,

(A) p(X)=11 DL &, 5 HEAENOD 4 HAEHOVHE 13 KR,

(B1) p(X) =12 7> f 25 (—1) Uiz bo L =,
NOD 3 EEE oD 2 \WAA S OYR 9 Wi,

(B2) p(X) =12 2> f 2% (—1) Glr&2 b 722 & &
SHEmRE+FD 2 BRAE L OV 7 Kih#R,
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(C) p(X) =13 DL &, N\>D 2 FEfixk b OV 6 KA,
(D) p(X) =14 O L =, 2 HRZ O 4 K.

(A), (B1), (B2), (C) KU (D) ®IADIZHEZIT T 5 L, [11, &8 3,7, 8 KV
9 MEH LS L 20, f OF—T N T a2 EBETE D, HOoDHAEETNE
MUK LT, KB DOE—T L« U= f 2 OREEITEHTE TS, 22T
I, F—T N VoA 2R ERARGSICHKR bT2ND. (C) %A, T—T
Ve Tz A 2BERAR IR FIX (V) BORR T 7 A =% 2L 22T (V) &

X, JI 3] 12k o T 6 Rt ~FEE 2 iR OFFR T 7 A N—=3 S 2w
D 1RFHETHDH. (B2) o4, (V) BOFR T 7 A R"—% 2 Kb L, E—T /b -
VA 2BENRERR [ X 5 P OBIRERTETWS. f: X - P23 (V) &
DFFE 7 7 4 N—% 3 Kb O 5HIF, [3, EEL 2] LV p(X) = 11 BHEV, (A) @
Fpgk72 sty 70 . S HIT, DR D D,

EE 2 ([7, BE 4)). HEME O 2 I, (V) MORRT 7 ~"—% 3
KESORBITE—FTN - Yo A 2BENARICRD.

AL 2 BRI OB 7 7 A X—DIR)I « L3 [8] IZX 25 ONT, IROANFE
AN B IZ K DD (V) BORR T 7 A N—ITHYE T 5: (8, p. 13, 1-1V],
8, p. 15, 1-VIII-3], [8, p. 33, 3—IV*—IIy], [8, p. 36, 3—IV*—II,], H%A% n %
e T (8, p. 42, 5-IIT;], ARE n KO p - T 8, p. 42, 5-1II;_]. LA~L,
AELdhm O 2 thR RS (V) BORR T 7 A N—% 3 KFFo L &, (V) o
7 7 A =% [8, p. 15, 1-VIII-3], [8, p. 33, 3—IV*~IIg) KU n=p=1%
o T [8, p. 42, 5—1II]_;| DWT NN TH D ([7, EEE 3]). IO DMK 7T 71%
1OEY THD. K1 D [3-IV —Ip] K [1-VII-3] I\ T, k& LT
3EICEEND (—2) Hif e (=3) RO HEKIT 2 TH DA, Ried 2 TR
bd e XL 31V —II] i, 1 T2 EICHET D & &% [1-VII-3] T & XF
ho. £z, K1 o (b1, ] BT 5 “O” 1T H R RED (—1) THEATFELA
1 Ofh#REFRT. ZOIRITREZF 20D, FEfLSEZFF OG0T (8, p. 42,
51| DR T 7 A4 N—% [5-II7_(N)] B & [5—IIF_,(S)] BUTIEOMy 1F 5 &
T 5.

EE 3. (01:09: 03) ZEAMTEHEZERH P(1,2,3) OEASHEFREREE T 5.
(V) BUDRR 7 7 A N—% 3 KFFOFE 2 OFE T 7 A AN—lhif f: X - P @
BV 2T, T 7 4 VHES P(1,2,3) \ {0105 =0} TH 5.

Le—F L Vx g 2R ABDNO p(X) = 13 O L &, ERFBEXLRETE TS (5, £ 13))
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[3—IV*—IIy] &% [1—VIII-3]

1 2 3 2

X 1.

0} — 4010y — 1603 = 0 TEFZRIND P(1,2,3) LO#RE C LB<. FERIZ,
40_;13 + 20’10’2 — 03 = 0 Tﬁiﬂ%éﬂé H;E;,f‘%idlf C3, O'i)) — 20’3 =0 Tﬁ%éi‘bé Hﬁ;’fyﬁ%
Cy, 08 — dotoy + 160303 — 6402 = 0 TEFZ SN D HMRE C; THET.

e P(1:2:3)\ ({0103 =0}UC,UC3UCLUCs) EDFITHIGT 2 f I, THE
BADKHRE T 7 A N—%FfO. AR T 7 A =X g 5117, (S)]
Thon. BBRRRFR T 7 A= 22 KL b, FRE L LTHE ORI R EZA
T2 [8,p. 28, 3-L1_g_o] DEIRT 7 A N"—Th %.

e 5 i (1:—-8:-12), (8:—137:—144), (2: —-7:4),(0:1:0), (1: —2:0)
ZIR< C3 LORITHIET D f 1%, TE 4 RORRT 7 4 S—%&FKo. M
— OB R T 7 A N—IF, FRAL LTHE—DOORERZAT D 8,
p.- 28,311 g o) DEOIBRT 7 ANRN—ThH 5. AIKIRKRT 74 /3— 3 KD
N, TEE 2 RKO7 7 A4 3=0 [6-1II;_(S)]| M TH 5. 755 1 KOAKIZ2KF
BT 7 AN—L 3-IV'—II)| B TH 5.

® 6/ (4:842y/—1:444y/-1), (8: —137:—144), (2: =7:4), (2:1:0),
(0:1:0) ZF&< C5 LORIZHIST D f 11X, TE 4 RKOFR7 74 \—%
FFo. ME—DRERI 2R BT 7 A S—13, FFRA L L THE—D O/ HEiRZ AT
% (8, p. 28, 3-T1_o_o] DED BT 7 A N—Tih 2. AHIREERT 7 4 N—
SERDON, TEE2ARKDTZ 7 A /3= [5-1II;_1(S)| WTHD. 555 1 KOHAK
IEER T 7 A A—1T 511, (N)] BT 5.

e 3 (2:-7:4),(2:1:0),(0:1:0) < Cy LORIZHIET D fIX, T
JE 4 ROFERT 7 A4 N—% k5D, 3 ROFHIRFFR T 7 A =TT b
[5—-II7_1(S)] T TH %, Me—DBEKIREFR T 7 A S —1F, Fpsm L LTHE—
DREEHTD [8,p. 17, 2-1,—11-0 DL H T 7 A "—TH 5.

© 2 (2:—7:4),(0:1:0) ZFr< Cy LOSUTHIET S f 1%, TH 4 KOS
T A N—EE. 3RO RRIRER T 7 A4 A=y -1 (S)]

/

=
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Thd. ME—DOBERRFRT 7 A4 N —I3, Bl R L LT DR Z2 A7
é [8, p. 37, 4—11,1,0] O)c]: 5 73?77/(/*—’6‘3?)5

o5 (1:—8:—12), (4:8+2y/=1 : 4+ 4y=1), (8 : —137 : —144),
(2:—T:4) TEHET 5 f 1%, BERREER T 7 4 S—% i, S, f
DR T 7 A N—|TTE 3 RKTH5S.

(a) 14 (1:=8: —12) T T D f I, [3—IV* Il BDOKFET 7 A /R—
2 AL [5-1I1;_,(S)] TR T 7 A N—Z 5.

(b) 2 A (4:842y/—1:4+4y/-1) IZxHET 2 £ 1, -1, (N)] B OFF
BTy A RN—2 KL [5-1;_(S)] BIOFFE T 7 A /R—Z KD,

(c) 142 (8: —137: —144) IZxHET 5 I, [3—IV*—IL] Bl & [5—1T7_, (N)] %,
[5—1II7_,(S)] DK 7 7 A N —ZF5o.

(d) 1AL (2: =7 : 4) BT 2 f 1, 5T, (S)] BOKER T 7 A /~N—
2 AL [1-VII-3] MORRT 7 4 N—% o,

BEE. PIFEELE R CEEEW TS VR Y Y Ak AL RO S
CTEXF U7, B ISE A Gl TS A s B 35 DR % TH\ - S 4 32
BEICHER L% Ui, 72, 40— A0 oI - WO < LTI E8 A
T TR L BEOWEE < 1S o 1 A ORI, RIS, PRI
AN DI L L B

2 FIEBAD#IRE

— AT, AR M R 2 2 7o A S i O AR R E AR L, ST B R & [F] U
Hi#E oD P R~ 2 B A E . )1 [3] TlE 2 BB O SIERE IS X,
PR T oD R B & LT, R 2 BRI DRFEL T 7 A S —3 6 RIS
nNTW5. il [3] DR R E AR OBRAISENT S &, fiEEERIC L S
B P! x P! Th 5F &K 7 O EIEF 5300, IR 1 23R 515 2 5
BS OB RV IAD D,

X 13 C ECERSNIEFFRABME T, £ X — PSRRI e FiEL 2 dh
MRETDH, SBIC fI1T (V) BOER T 7 4 "—% 3 KEFO LRET D, FHRE
WEH O X --» PLx P T2 AT, ZOHERF% B35, F—lo~D
e pry :PLx P 5P O—%7 7 A 3—% T THEL, F ki ~DHE pr, O
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—f 7 7 A N—% A TET. 3] LV, B~6A+8 THDH. 22 CTD~D T
DOOREF D & D BHAFETH L Z L Z2ERT 5. (s:t,u:v) & P x P O
WHREE T 5. sv—tu=0 BNEFRT D5 pry : P! x P! - P! OGllia O, &8
X 00, T RO T DZENZENTt=0,t—5=0 KW s=0NEHXETDHE pr,
D7 7 ANR—%FK L, sv? — 2suv + tu? = 0, sv? — tu? = 0, sv? — 2tuv + tu? = 0
MEFRZT D pry : P x P — P U4 Dy, Dy, Do LB, P x P! £
A(1:0,1:0), (1:1,1:1) KO (0:1,0:1) DENENE py, p1 LD po &
BX, £EICBT D Dy, Ty, T DEEFIICKIET 2 \IRITEE S p), P, v &
B P EOEEOER D 3 AL, EEBIZ LT3/ (1:0), (1:1) KO
(0:1) ~NEFTHENRTEDL. LERST, f O 3KRD (V) BLORER T 7 A S—0DHH
SHEWEGME & I DMLy, Ty KT, THDEMRELTH Mk Kb
W. By=B—-Tg—T'1 Ty £8. Ty, I KO T ODFENENE By 131 5T
6 HICHELT, 2O 1 /X By D4 HATHD. ABy=5ThdbH, By D3
DD 4 BRIZED 2 DHHE pr, OR—7 7 A "— LIZiZEN. Ko T, By I
3 M po, pL MO pee TAESE LD, 38 p), 1), P, T2EAELOLELT
H— AR KD, P x P @ 6 & po, p1, Poos Py, Py XV, TOT—7
TEn: Y 5 PLx P L n 12X 5T py, pr KO poo DEILEIAHEK S AU
% (=1) thfio X ~og4 % Ly, Ly KO Ly, TEL, 25X RE L% E,, B
KX By LB, pp, ph RO pl, OFENER~ERI SRS (1) #hi#kz B}, B &
WE, 2B, LEBR->TC, Ly~Ey—E), Ly ~E, — E, X" Lo, ~ E, — E',
Thb. £, 012X % By, Ty, 1, Tao, Dy, D1, Doo BTX O7 DZFNEIOWE
Witg % By, Ty, Ty, To, Dy, Dy, Do N Oy EB<L. nI2kD AT 023X
LI, ACRETRTHELT 5.

Iy~ —-E,—E, I'~T—-FE —E, To~T—-E,—E_
Or~A+T —FEy— E; — E.,
By ~ 6A + 50 — 4Ey — 4E, — 4E,, — 2E) — 2E}, — 2E'_

ToH5. W pry YT Do 136 & po, p1, Poos Doy D) KO pl, DINT, ppy ZFR<
b a5, [FRRIZ, Dy 1T pf ZBR< 5 WAV, Do 1L pl, ZFR< 5 HAHD.
PLENG,

Dy~2A+T —Ey—F, — E,, — E, — E'_
Dy ~2A+T —FEy—Fy — E,, — E, — E'_
Do ~2A+T —Ey— E, — E,, — E, — E|.
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L7=MoT, Ty, Ty BN T 12 X2 1D (=2) #i#, Dy, Dy, Do KOOy 13 (—1)
MTHY, RADIEAT 4, jITH LTI, =0.D; = Di.D;j = 0 B30 b,
EEORZTE L IZH LT [1.0; = DOy =0 932 Tp.Dp = 1 AR D D, Lo
T, % Ed 4 50 (—1) #ift Dy, Dy, Do T Oy 5K L2112, Ty, T RO
I, DER (—1) B TH 2205, PLED 7 HHOMH CHEISH 1 2 — P?
215, p 2k Do+ Lo, Dy + T, Do 4 Too N O DMEFISNTZ % g0, 1,
Goo XN 0y £FX<.

Do, Dy BO¥ Doy 7 p ICE VEERI SN2 ¢), ¢ RO ¢, 1ZZFNEN, q,
@ B oo ODERLIHESTHD. BRARDIWAT i, j LT Li.L; = L;.D,
Li (Dj+T5) =0 sy e, EEOEAE b Ik L

N N N N N N N 2
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X (2.1) DEDDHHKIEFITIh > THIET 2 P x Pt OFR 2 EEEL LY, £
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On the topology of compactified
Jacobians of singular plane curves

Masahiro WATARI

1 Introduction

Let X be a curve singularity. We denote by O the local ring of X. We also
use the notations O, § and ¢ for the normalization of O, the é-invariant of O
and the conductor ideal of O respectively. In [8], Rego constructed the Jacobi
factor Jx of X as the subset of the Grassmanian Gr(8, O/c), which consists of O-
submodules. Influenced by the result of Yau and Zaslow ([13]), Beauville proved
the following relation between a compactified Jacobian and Jacobi factors in [1]:
For a rational unibranched curve C, its compactified Jacobian is homeomorphic
to the direct product of the the Jacobi factors for all singular points on C. So
it is important to know the Euler number e(Jx) of Jx. He also showed the
following:

Theorem 1. Let X be an irreducible curve singularity X with semiguroup (p, q).

Then we have e(Jx) = ﬁ(p;q).

After the Beauville’s work, Fantechi, Gottsche and van Straten showed that
the Euler number of the Jacobi factor of a plane curve singularity coincides
with the multiplicity of the d-constant strata in the base of the semiuniversal
deformation of the singularity ([2]). However, their result did not contribute
to the computation of the Euler number of Jacobi factors. It was generalized
by Shende in [9]. On the other hand, by decomposing the Jocobi factors into
affine cells, Piontkowski computed the Euler number of the Jacobi factors of
plane curve singularities with semigroups (p, q), (4,2¢,s), (6,8, s) and (6,10, s)
([6]). His results were discussed by Gorsky and Mazin in view of combinatorial
structure ([4]).

Pfster and Steenbrink studied the Jacobi factors of curve singularities as
punctual Hilbert schemes of degree 26 for the singularities in [7]. Tt was shown
that a point of the Jacobi factor is in one to one correspondence with an ideal
of O whose codimension is 2. Using their methods, I and Soma analyzed the
structure of punctual Hilbert schemes for the singularities of types Eg and Ej.
In this short notes, we summarize the results in [11] from the point of view of
Jacobi factors.

In section 2, we first recall some notions about Jacobi factors and the Pfister-
Steenbrink theory for punctual Hilbert schemes introduced in [7]. Using them,
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we construct an affine cell decomposition of a Jacobi factor. In section3, We
compute the Euler number of Jacobi factors for the singularities of type Eg and
Esusing computational algorithms introduced in [11].

2 Preliminaries

Let X be a curve singularity with its local ring @. We denote by O the nor-
malization of O. For the local ring O, its d-invariant and conductor ideal are
defined to be  := dim¢c O/O and ¢ := annp(O/O) respectively. We first define
the Jacobi factor Jx of X following [6] (see also [8], [1]). Let M be a torsion
free O-module of rank 1. There exists an embedding ¢ such that ¢ C (M) C O
and dim¢(O/¢(M)) = 6§ (see [3], Lemmal.1(i)). We call ¢(M) a normalized
O-submodule of M. Such O-submodule is regard as a point of the Grassmanian
Gr(d,0/c) which consist of d-dimensional linear subspaces of O/c. Indeed, we
have dimg(O/p(M)) = dimg(¢(M)/c) = &, because X is planer. So there exist
an injection ¢ such that (1o @) (M) € Gr(5,0/c).

Definition 2. Let X be a curve singularity. We define the Jacobi factor Jx of
X by the subset of Gr(d,O/c) consisting of the §-dimensional linear subspaces
which are O-submodules.

From now on, we restrict ourselves to consider irreducible plane curve sin-
gularities with semigroup (p,q). Let f be the irreducible element of C[[z,y]]
which defines the singularity X. Then the existence of the parametrization of
X is well known. We may assume that it is given by = = t", 2 = n(t) € C|[[t]]
(cf. [12] Theorem 2.1.1). Then the local ring O = C[[z, y]]/(f) is isomorphic to
the complete local ring C[[t", n(t)]]. It follows that O = C[[t]]. Furthermore, the
S-invariant and the conductor ideal satisfy § = dimg O/¢ and ¢ = (t2°), because
X is planar (cf. [10], [5]). We call the set T := {ord(f)| f € O} the semigroup
of O. For an ideal I of O, we call the set I'(I) := {ord(f)| f € I} the order set
of I.

Next we briefly recall Pfster and Steenbrink’s theory for punctual Hilbert
schemes of curve singularities. For a positive integer r, set

Z, :={I|1 is an ideal of O with dimc O/I =r}.

A subset A of Z>¢ is called a I'-semi-module, if A +1" C A. If a I'-semi-
module A is minimally generated by aq, -+ ,am, (e A =37 (a; +T') and
A DT (e +T) for Vi € {1,...,m}), then we write A = (a1, -+, )1
We denote by Z(A) the set of all ideals of O whose order sets are A. Note that

all ideals in Z(A) have same codimension.

Lemma 3. A family of ideals Z(A) is a component of Z,. if and only if we have
sI\NA) =7
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Proof. Take an element I from Z(A). We easily see that I belongs to Z, if and
only if

O/I: {a0+a1td1+~~~+ar_1td7'fl|ai Ek,diEF\A,dl <"'<dr_1}

holds. The last condition is equivalent to §(T"\ A) = r. O

Proposition 4. For a given codimension r, there exists a finite number of
distinct I'-semi-modules Ay 1, -+, Ay such that

7, = | JZ(A). (1)

Proof. The finiteness of the number of I'-modules holds trivially, as there only a
finite number of semigroups in N of fixed colength. It follows from the definition
that (1) is a disjoint union. O

For r > 0, Pfister and Steenbrink defined a map ¢, : I, = Jx by ET(I =
t="I/(t*). Let 1 be the Pliicker embedding Gr(5,0/(t*%)) — P(A°O/(t%9))
([3], Remark 1.4). The map ¢, has following properties:

Proposition 5 ([7], Theorem 3). The map @, is injective for any r. Further-
more, it is bijective for r > 2§. The image (¥ o v,.)(Z,.) is a Zariski closed set
in P(Jx).

Set M, := ¢, (Z,). Since ¥ is injective, we identify 1(Jx) and ¢(M,) with
Jx and M, respectively.

Definition 6. We call M,. the punctual Hilbert scheme of degree r for a given
curve singularity.

For a component Z(A, ;) in (1), we put M, ; := ¢, (Z(A,;)). The decompo-
sition of M. also follows from Proposition 4.

Corollary 7. Corresponding (1), the family of k-vector spaces M., is decom-

posed as
I(r)

M, = U Mr,i~ (2)
i=1
We also identify ¢(M,.;) with M, ;. Namely, M,.; is regarded as the subset of
the punctual Hilbert scheme M, parametrizing ideals in Z(A,;).
Set [a,b] :={z € Z>¢| a <z < b}. The following fact is known:

Proposition 8 ([7], Corollary of Theorem 11). The set M, ; is isomorphic to
the affine space AN where N = Z’ye(A [0,23] 8J, where Jy = [y+ 1,26 —
1\ A,

M—r)ﬂ
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Remark 9. Forn € Z, set I(n) := { f € Ol ord(f) > n} and I(n) :=I(n)NO.
The cells M, ; in (2) are induced by the canonical flag0 C Vi C --- C Va5 =
O/(t?°) where V; = 1(26 —)/1(25). For details, see [1].

The following fact follows from Proposition 5:

Corollary 10. Any punctual Hilbert scheme M, with r > 20 coincides with
the Jacobi factor Jx.

A cell decomposition of Jx follows from Corollary 7 and 10 as Jx = uﬁff)/\/tg[;,,».
Consequently, we obtain the following theorem:

Theorem 11. For a Jacobi factor Jx, its Euler number e(Jx) equals the num-
ber 1(20) of components in (1).

Proof. Our assertion follows from Proposition 4 and 8. O

Remark 12. In our decomposition (2), the order sets of ideals of codimension
r play an important role. On the other hand, Piontkowski used 0-normalized
I-semi-modules (i.e. 0 € A) in his construction of affine cell decompositions of
Jacobi factors ([6]).

3 Main result

In this section, we will prove the following theorem:

Theorem 13. The Fuler number of the Jacobi factor for the curve singularity
of type Eg (resp. Eg) is 5 (resp. 7).

In [11], we introduced computational algorithms to determine the compo-
nents of M,.. We first recall them and apply them to the computation of Euler
number of Jacobi factors. We freely use the notations introduced in the previous
section.

Lemma 14. For a given I'-semi-module A, we obtain the set A of minimal
generators of A by the following algorithm:
INPUT: A
OUTPUT: A
DEFINE: A := 0, A := A
WHILE A # () DO
A:= AU {min{A}}
A=A\ {min{A}+~v|y €T}

Proof. 1t is trivial. So we omit the proof. O

Lemma 15. Let A = (a1, ,am)r be a I'-semi-module. If Z(A) is a compo-
nent of I,., then T(A\{«;}) is component of I,41 for eachi € {1,...,m}. Con-
versely, if T(A) is a component of Z.41, then, for each o; and vy := min{I'\{0}},
Z(AU{a; —71}) is a component of Z,.
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For a given r and the decomposition (1), set @, = {A;1,---, A0} It
follows from Lemma 15 that the following proposition.

Proposition 16. We obtain the set ©, from ®,_1 in a finite number of steps
given by the following algorithm:
INPUT: ®, 1 = {Ar_1,1, -+, Ar_11} where Ap 15 = (i1, Qm@))T
OUTPUT: D,
DEFINE: B, :=
FOR each i € {1 ...,1} and each j € {1 ...,m(¢)} DO

A= Apg i\ {ai )

IF A ¢ ©, THEN ©, := D, U {A} ELSE do nothing

Proof. Our assertion follows from Lemma 15. O

We denote by m the maximal ideal of O. It follows from Lemma 14, Propo-
sition 16 and Theorem 11 that the following theorem:

Theorem 17 (Computational algorithm for e(Jx)). For a given codimenson
r, we obtain e(Jx) by the following steps.

Step1: Set ®; = {A11} where A;; = I'(m) and find generators of I'(m) by
Lemma 14.

Stepi (i = 2,...,2§): Compute D, from D;_; by Proposition 16 and, apply-
ing Lemma 14 to each elements in ®;, determine their sets of minimal generators.
Step 20+1: By Theorem 11, we have e(Jx) = §Das.

Proof of Theorem 13 Let X; be the singularity of type Eg and O be the local
ring of X;. We have O = k[[t?,t4]]. Tt follows from ' = {0,3,4,6,7,8,9,--- }.
It follows that § = 3 and ¢ = 26 = 6. Now we apply Theorem 17 to the
singularity X;. Performing Step 1 to Step 6, we obtain the following;:

D — Ng1=(9,10,11)p, Ag2 = (8,10)r, Ag3 = (8,9)r
6 A6,4 - <7) 12>F3 AG,S = <6>F

As the result of Step 7, we have e(Jx,) = 5.

Next we consider the singularity Xy of type Eg. Let O3 be its local ring
E[[t3,t5]]. We have I' = {0,3,5,6,8,9,---}, § =4 and ¢ = 2§ = 8. By Theorem
17, we obtain

Ag1 = (12,13,14)r, As2 = (11,13,15)r, Agz = (11,12)r
Dg = Agy = (10, 14)r, Ags = (10,12), Agg = (9,16)r
Ag 7= (8)r

and we have e(Jx,) =7. O
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