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This is the fourth part of the series of articles that records and further develops essentials of the Mathematics and
Chemistry Interdisciplinary Symposium 2013 Tsuyama, whose main themes were symmetry, periodicity, and repetition.
The symposium was held on April 5th and 6th in Tsuyama city, Okayama, Japan, in conjunction with the Fukui Project and
was devoted to the memory of the late Professor Kenichi Fukui (1981 Nobel Prize) who initiated the project. The present
series also provides challenging cross-disciplinary problems which are directly related to the Fukui conjecture and to recent
carbon nanotube research. Most of these problems are formulated using mathematical language of unique factorization
domain (UFD) and related notions, which are not well known among chemists despite the importance of these notions in
elucidating additivity and high-speed asymptotic phenomena in molecules having many repeating identical moieties.
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3. Challenging Cross-disciplinary Problems
Related to the Fukui Conjecture and to the
Chemistry of Carbon Nanotubes |

Shigeru Arimoto, Nobuyuki Fukuda, Masaaki Yokotani and
Peter Zizler

In this section, let Z* and R denote respectively the set of
all positive integers and real numbers. In what follows, we
retain the notation given in the “Nanotube Series, parts | ~
111 published in the Journal of Mathematical Chemistry” .
The reader is referred to refs. 15)-23) and references therein
for the science and technology of carbon nanotubes.

Recall that in ref. 3) we formulated the following Problem
Al using Propositions Al and All with Note Al:

Problem Al. Is it possible to prove the following proposition
via the Weierstrass Preparation Theorem or other methods?

Proposition Al. Let £be a fixed positive real number. Let | =
[— & 1+g. Let p € C?(I)[A] be a monic polynomial of
degree q  Z" given by

p= A+ A+ L+ ey 1)
Suppose that for any € < 1, the polynomial
Evo(p) = 27+ ci(2™ + ... + ¢(9) @

over the field R has q real roots. Define the mapping f: | —
R[A] by

f(6) = Evy(p), @)
and let rj (f(&) denote the jth root of f(6) counted with
multiplicity, arranged in the increasing order, where j e
{1, ..., q}. Let pbe a real-analytic function defined on R. Let

E= > co(rj(f[ﬁ

k

))- @

N

N g

1 j=1

Then, there exist real numbers « (@), A(¢) € R such that
Ey=a(@N+ Hg)+o(1) ®)

asN — oo,



Note Al. The following proposition, which is easily
established via Taylor’s theorem, is fundamental in
investigating Proposition Al.

Proposition All. Let | = [0, 1]. Let Cl(l) denote the set of all
continuously differentiable functions (C1 functions) defined
onl.Let g e C*(l).ForeachN e Z", let

E, = Zg[%] ©®)

k=1

Then, there exist real numbers «, £ € R such that
Ey=aN+B+0(1) O]
asN — oo,

We formulate a new problem by changing the underlined
part in the above Proposition Al. Our new challenging
problem is:

Problem BI. Let & be any positive real number and let # be
any real number, and let ¢:,: R — R be a function defined
by @.,(X) = [Xx — 5 Recall the Practical Asymptotic
Linearity Theorem (PALT)™, and check if the following
Proposition Bl is true, and then investigate the asymptotic

speed of E,, .

Proposition BI. Let ¢be a fixed positive real number. Let | =
[— & 1+g. Let p € C?(I)[A] be a monic polynomial of
degree q € Z" given by

p=At+c A+ L+, 8)
Suppose that for any & < |, the polynomial
Evo(p) = 2+ ci(A7 + ... + ¢(0) )

over the field R has q real roots. Define the mapping f: | —
R[] by

f(6) = Evo(p), (10)
and let r; (f(@) denote the jth root of f(6) counted with
multiplicity, arranged in the increasing order, where j e
{1, .., }. Let ¢ = @, where ¢;,is defined in Problem BI.
Let

0 <q<f{ﬁ]>>. (1)
Then, there exist real numbers « (@), A(¢) € R such that
Ey=a(@N+ Ag)+o(1) 12)

asN — oo,

By Theorem 2 in 9), we know that the following Proposition
Bl is true. (We remark that Theorem 2 was derived from the

Taylor Zizler
Asymptotic Linearity Theorem.)
Proposition BII. Let I = [0, 1]. Let AC(l) denote the set of all

absolutely continuously functions defined on I. Let ¢ €
AC(I). Foreach N e Z", let

N k‘
E, = —| 13
N ; g [ I (13)
Then, there exist real numbers «, £ € R such that
Ey=aN+B+0(1) (14)

asN — oo,

Our next challenging problem is:

Problem BII. Let P(l) denote the set of all polynomial
functions with real coefficients defined on I. Is it possible to
prove the above Proposition BIl using the same closure
extension procedure from P to AC as we did in the proof of
the Asymptotic Linearity Theorem?
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