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Remarks for a classification of ideals with fixed codimension in the local rings

for irreducible curve singularities

Masahiro Watari

We discuss a classification problem of ideals by codimension in case the ring is the local ring for irreducible

curve singularity. Our aim is to intoroduce an effective method for computing order sets for fixed

codemension. The order sets admit us to decomposse the set of all ideals with given codimension into some

families. We determine the normal forms of such families for the A2d singularity.
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Γ := {ord(f)| f ∈ O}

O Γ

S Γ- 2

(i) s1 + s2 ∈ S for ∀s1, s2 ∈ S,

(ii) s+ γ ∈ S for ∀s ∈ S, ∀γ ∈ Γ.

Γ- S Γ- A = {α1, . . . , αm}
(i.e. S = {γ +

∑m
i=1 αi| γ ∈

Γ}), S = 〈A〉 = 〈α1, . . . , αm〉 Γ

c := min
{
n| I(n) ⊂ O}

I 0

O τ(I) := dimk O/I

I r O

Ir := {I| I τ(I) = r O }

Γ(I) := {ord(f) | f ∈ I} I

G(I) := Γ \ Γ(I)
Γ(I) Γ-

1. I r

�G(I) = r

Proof. I r

(1) O/I =

{
r−1∑
i=0

ait
di | ai ∈ k, d0 = 0, di < di+1

}

(1) �G(I) = r
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2. Ir Γ-

Proof. Ir I G(I) =

{0, d1, . . . , dr−1} (1)

d1, . . . , dr−1

Γ(I) = Γ \G(I)

Γ- S

I(S) I(S)
Ir

Γ- S1, . . . , Sl , Ir

(2) Ir =

l⋃
i=1

I(Si).

i �= j I(Si) ∩ I(Sj) = ∅. (2)

Ir
(3) Sr := {S1, . . . , Sl}

Si Ai

Ar := {A1 . . . , Al}
I I �= (1) I �= (0) O

G1(I) := G(I) \ {0} b1 := min{G1(I)}
B1(I) := G1(I) ∩ (b1 + Γ)

G1(I) �= B1(I) b2 := min{G1(I) \
B1(I)}, B2 := {G1(I)\(b1+Γ)}∩ (b2+Γ)

G1(I) �=
∪j−1
i=1Bi(I) bj := min{G1(I) \ ∪j−1

i=1Bi(I)}
Bj(I) := {G1(I) \ ∪j−1

i=1Bi(I)} ∩ (bj +Γ)

�G1(I) < ∞ n

G1(I) = ∪n
i=1Bi(I) i

di := max{Bi(I)}

3.

Γ- ( )

Γ- S (Γ- )

α1 := min{S} α1 + Γ =

{α1 + γ| γ ∈ Γ} S �= α1 +Γ

α2 := min{S \ (α1 + Γ)} ∪2
i=1(αi + Γ)

S �= ∪2
i=1(αi + Γ) α3 :=

min{S \∪2
i=1(αi+Γ)}

S �= ∪j−1
i=1 (αi + Γ)

αj := min
{
S\∪j−1

i=1 (αi+Γ)
} ∪j

i=1(αi+Γ)

S � S \ (α1 + Γ) � · · · � S \ ∪j
i=1(αi + Γ) � · · ·

{a ∈ N| a ≥ α1 + c} S α1 +Γ

�{S \ (α1+Γ)} < ∞

S = ∪m
i=1(αi+Γ) m

A = {α1, . . . , αm}
S = 〈A〉

3. Γ(I) = 〈α1, . . . , αm〉 Ir−1

I , G(I ′) = G(I)∪ {αi} (i )

I ′ Ir . G1(J) =

∪n
i=1Bi(J) Ir J i

G(J ′) = G(J) \ {di} J ′ Ir−1

Proof. I Γ(I) = 〈α1, . . . , αm〉 Ir−1

. i

S = [Γ(I) \ {αi}] ∪ {αi + γ| γ ∈ Γ \ {0}}

Γ- .

fγ = tγ (γ ∈ S)

I ′

Γ(I ′) = S G(I ′) = G(I) \ {αi}. I ∈
Ir−1 , 1 �G(I) = r − 1

. �G(I ′) = r. 1 I ′ ∈ Ir

.

J Ir , G(J) = ∪n
i=1Bi(J)

i Γ(J) ∪ {di} Γ-

fγ = tγ (γ ∈ Γ(J) ∪ {di})

J ′ Γ(J ′) = Γ(J)∪
{di} G(j′) = r − 1 1

J ′ ∈ Ir−1 .

3 Ir−1 Sr−1 Ir
Sr

Sr−1 Sr ( )

Sr−1 = {S1, . . . , Sl} Si

Ai =

{αi,1, · · · , αi,m(i)} (i = 1, . . . , l) 3

i ∈ {1, . . . , l}, j ∈ {1, . . . ,m(i)}

(4) S := [Si \ {αi,j}] ∪ {αi,j + γ| γ ∈ Γ \ {0}}

Sr 3

Ir I Γ(I) Γ(I)∪{di}
Ir−1 Sr (4)
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r

Sr

4 (Sr ). Sr 1

i

1 S1 = {Γ(mO)} Γ(mO)

i (i = 2, . . . , r): Si−1

Si Ai

Proof. I1 = {mO} S1 =

{Γ(mO)}

4 Sr Sr

A2d

k[[t2, t2d+1]]

5. k[[t2, t2d+1]] I

Γ(I) = 〈α1, α2〉 (α1 < α2) I

(5) f1 = tα1 +
∑

j∈G(I),j>α1

ajt
j , f2 = tα2 .

Γ(I) = 〈α1〉
I f1 .

4.

A6

k[[t2, t7]] 1 ≤ τ ≤ 6

. Γ- (3)

Sr = {Sr,1, · · · , Sr,l}

Ir (2)

Ir,i = I(Sr,i) (i = 1, · · · , l)

Γ = {0, 2, 4, 6, 7, 8, . . .} .

4

τ order sets

1 S1,1 = 〈2, 7〉
2 S2,1 = 〈4, 7〉, S2,2 = 〈2〉
3 S3,1 = 〈6, 7〉, S3,2 = 〈4, 9〉
4 S4,1 = 〈7, 8〉, S4,2 = 〈6, 9〉, S4,3 = 〈4〉
5 S5,1 = 〈8, 9〉, S5,2 = 〈7, 10〉, S5,3 = 〈6, 11〉
6 S6,1 = 〈9, 10〉, S6,2 = 〈8, 11〉, S6,3 = 〈7, 12〉

S6,4 = 〈6〉
5

τ ideals

1 I1,1 = (t2, t7)

2 I2,1 = (t4, t7), I2,2 = (t2 + at7)

3 I3,1 = (t6, t7), I3,2 = (t4 + at7, t9)

4 I4,1 = (t7, t8), I4,2 = (t6 + at7, t9)

I4,3 = (t4 + at7 + bt9)

5 I5,1 = (t8, t9), I5,2 = (t7 + at8, t10)

I5,3 = (t6 + at7 + bt9, t11)

6 I6,1 = (t9, t10), I6,2 = (t8 + at9, t11),

I6,3 = (t7 + at8 + bt10, t12)

I6,4 = (t6 + at7 + bt9 + ct11)
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